
!"#$%&'&()*+&,-(.%"/01.*"(
,,,,,,,.",2*(&3%,456&7%3
849:,--,;,8<2=><?-42@,3(/,!4><>-!42,A<9?@

B"&5,CD,E%"*/3

@D,C*55,F*55*3#)"(

H = h

h
h j1 1

jr r

j2 2

X X X X X X X X
X X X X X

X X

0 0 0

0 0 0 0 0 0

0 0
0 0

0 0





Comprehensive Introduction to Linear Algebra

PART II - POLYNOMIALS AND CANONICAL FORMS

Joel G. Broida

S. Gill Williamson

Creative Commons CC0 1.0, 2012





Preface (Part II)

This book, Part 2 - Polynomials and Canonical Forms, covers Chapters 6 through 8 of the book
A Comprehensive Introduction to Linear Algebra (Addison-Wesley, 1986), by Joel G. Broida and
S. Gill Williamson. Chapter 6, Polynomials, will be review to some readers and new to others.
Chapters 7 and 8 supplement and extend ideas developed in Part I, Basic Linear Algebra, and
introduce the very powerful method of canonical forms. The original Preface, Contents and
Index are included.
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As a text, this book is intended for upper division undergraduate and begin-

ning graduate students in mathematics, applied mathematics, and fields of 

science and engineering that rely heavily on mathematical methods. However, 

it has been organized with particular concern for workers in these diverse 

fields who want to review the subject of linear algebra. In other words, we 

have written a book which we hope will still be referred to long after any final 

exam is over. As a result, we have included far more material than can possi-

bly be covered in a single semester or quarter. This accomplishes at least two 

things. First, it provides the basis for a wide range of possible courses that can 

be tailored to the needs of the student or the desire of the instructor. And 

second, it becomes much easier for the student to later learn the basics of 

several more advanced topics such as tensors and infinite-dimensional vector 

spaces from a point of view coherent with elementary linear algebra. Indeed, 

we hope that this text will be quite useful for self-study. Because of this, our 

proofs are extremely detailed and should allow the instructor extra time to 

work out exercises and provide additional examples if desired. 

gill


gill


gill
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 A major concern in writing this book has been to develop a text that 

addresses the exceptional diversity of the audience that needs to know some-

thing about the subject of linear algebra. Although seldom explicitly 

acknowledged, one of the central difficulties in teaching a linear algebra 

course to advanced students is that they have been exposed to the basic back-

ground material from many different sources and points of view. An experi-

enced mathematician will see the essential equivalence of these points of 

view, but these same differences seem large and very formidable to the 

students. An engineering student for example, can waste an inordinate amount 

of time because of some trivial mathematical concept missing from their 

background. A mathematics student might have had a concept from a different 

point of view and not realize the equivalence of that point of view to the one 

currently required. Although such problems can arise in any advanced mathe-

matics course, they seem to be particularly acute in linear algebra. 

 To address this problem of student diversity, we have written a very self-

contained text by including a large amount of background material necessary 

for a more advanced understanding of linear algebra. The most elementary of 

this material constitutes Chapter 0, and some basic analysis is presented in 

three appendices. In addition, we present a thorough introduction to those 

aspects of abstract algebra, including groups, rings, fields and polynomials 

over fields, that relate directly to linear algebra. This material includes both 

points that may seem “trivial” as well as more advanced background material. 

While trivial points can be quickly skipped by the reader who knows them 

already, they can cause discouraging delays for some students if omitted. It is 

for this reason that we have tried to err on the side of over-explaining 

concepts, especially when these concepts appear in slightly altered forms. The 

more advanced reader can gloss over these details, but they are there for those 

who need them. We hope that more experienced mathematicians will forgive 

our repetitive justification of numerous facts throughout the text. 

 A glance at the Contents shows that we have covered those topics nor-

mally included in any linear algebra text although, as explained above, to a 

greater level of detail than other books. Where we differ significantly in con-

tent from most linear algebra texts however, is in our treatment of canonical 

forms (Chapter 8), tensors (Chapter 11), and infinite-dimensional vector 

spaces (Chapter 12). In particular, our treatment of the Jordan and rational 

canonical forms in Chapter 8 is based entirely on invariant factors and the 
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Smith normal form of a matrix. We feel this approach is well worth the effort 

required to learn it since the result is, at least conceptually, a constructive 

algorithm for computing the Jordan and rational forms of a matrix. However, 

later sections of the chapter tie together this approach with the more standard 

treatment in terms of cyclic subspaces. Chapter 11 presents the basic formal-

ism of tensors as they are most commonly used by applied mathematicians, 

physicists and engineers. While most students first learn this material in a 

course on differential geometry, it is clear that virtually all the theory can be 

easily presented at this level, and the extension to differentiable manifolds 

then becomes only a technical exercise. Since this approach is all that most 

scientists ever need, we leave more general treatments to advanced courses on 

abstract algebra. Finally, Chapter 12 serves as an introduction to the theory of 

infinite-dimensional vector spaces. We felt it is desirable to give the student 

some idea of the problems associated with infinite-dimensional spaces and 

how they are to be handled. And in addition, physics students and others 

studying quantum mechanics should have some understanding of how linear 

operators and their adjoints are properly defined in a Hilbert space. 

 One major topic we have not treated at all is that of numerical methods. 

The main reason for this (other than that the book would have become too 

unwieldy) is that we feel at this level, the student who needs to know such 

techniques usually takes a separate course devoted entirely to the subject of 

numerical analysis. However, as a natural supplement to the present text, we 

suggest the very readable “Numerical Analysis” by I. Jacques and C. Judd 

(Chapman and Hall, 1987).  

 The problems in this text have been accumulated over 25 years of teaching 

the subject of linear algebra. The more of these problems that the students 

work the better. Be particularly wary of the attitude that assumes that some of 

these problems are “obvious” and need not be written out or precisely articu-

lated. There are many surprises in the problems that will be missed from this 

approach! While these exercises are of varying degrees of difficulty, we have 

not distinguished any as being particularly difficult. However, the level of dif-

ficulty ranges from routine calculations that everyone reading this book 

should be able to complete, to some that will require a fair amount of thought 

from most students. 

 Because of the wide range of backgrounds, interests and goals of both 

students and instructors, there is little point in our recommending a particular 
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course outline based on this book. We prefer instead to leave it up to each 

teacher individually to decide exactly what material should be covered to meet 

the needs of the students. While at least portions of the first seven chapters 

should be read in order, the remaining chapters are essentially independent of 

each other. Those sections that are essentially applications of previous 

concepts, or else are not necessary for the rest of the book are denoted by an 

asterisk (*). 

 Now for one last comment on our notation. We use the symbol ˙ to denote 

the end of a proof, and ! to denote the end of an example. Sections are labeled 

in the format “Chapter.Section,” and exercises are labeled in the format 

“Chapter.Section.Exercise.” For example, Exercise 2.3.4 refers to Exercise 4 

of Section 2.3, i.e., Section 3 of Chapter 2. Books listed in the bibliography 

are referred to by author and copyright date. 
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Polynomials 

 

 
 
Before continuing with our treatment of linear operators and transformations, 
we must make a digression and consider the theory of polynomials in some 
detail. The subject matter of this chapter will be quite important throughout 
much of the remainder of this text. Our basic goal is to discuss the factoriza-

tion of polynomials in detail, including many of the elementary properties that 
we all learned in high school. 
 
 
6.1  DEFINITIONS 
 
Let F be a field. In high school (or earlier), we all learned that a polynomial 
p(x) in the indeterminate (or variable) x is basically an expression of the form 
 

p(x)  =  aà + aèx + aìx2 + ~ ~ ~ + añxn 

 
where n is any nonnegative integer and aà, . . . , añ are all elements of F. Note 
that our elementary experience with polynomials tells us that if 
 

q(x)  =  bà + bèx + ~ ~ ~ + bmxm 

 
is another polynomial in x then, assuming without loss of generality that n ˘ 
m, we have (where we define aj = 0 for j > n and bj = 0 for j > m) 
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p(x) + q(x)  =  (aà + bà) + (aè + bè)x + ~ ~ ~ + (añ + bñ)xn 

and 
 

 p(x)q(x)  =  (aàbà) + (aàbè + aèbà)x + (aàbì + aèbè + aìbà)x2 

    + ~ ~ ~ + (aàbk + aèbk-1 + ~ ~ ~ + ak-1bè + akbà)xk 

    + ~ ~ ~ + anbmxn + m  . 
 
 While this has a definite intuitive appeal (to previous experience), the term 
“expression” in the above definition of polynomial is rather nebulous, and it is 
worth making this definition somewhat more precise. To accomplish this, we 
focus our attention on the coefficients aá. 
 We define a polynomial over F to be an (infinite) sequence of scalars 
 

p  =  {aà, aè, aì, . . . } 
 
such that an = 0 for all but finitely many n. The scalars aá are called the coeffi-

cients of the polynomial. If 
 

q  =  {bà, bè, bì, . . . } 
 
is another polynomial in F, then p = q if and only if aá = bá for every i. As we 
did for vector n-tuples, we define the addition of two polynomials p and q by 
 

  p + q  =  {aà + bà, aè + bè, . . . }  . 
 
Furthermore, we now also define the multiplication of p and q by 
 

pq  =  {cà, cè, cì, . . . } 
where 

 

ck = aibj
i+ j=k

! = atbk"t
t=0

k

! = a
0
bk + a1bk"1 +!+ akb0 !!.  

Since p and q have a finite number of nonzero terms, so do both p + q and pq, 
and hence both p + q and pq are also polynomials. 
 We claim that the set of all polynomials over F forms a ring. Indeed, if we 
define the zero polynomial to be the sequence {0, 0, . . . }, and the negative of 
any polynomial {aà, aè, . . . } to be the polynomial {-aà, -aè, . . . }, then 
axioms (R1) - (R6) for a ring given in Section 1.4 are clearly satisfied. As to 
axiom (R7), let p = {aà, aè, . . . }, q = {bà, bè, . . . } and r = {cà, cè, . . . }. Then 
the kth coefficient of (pq)r is the sum (using the associative property of F) 
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ambn
m+n=i

!
"

#
$$

%

&
''cj

i+ j=k

! = (ambn )cj
m+n+ j=k

! = am (bncj )

m+n+ j=k

!

= am bncj
n+ j=i

!
"

#
$
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'
'!!.

m+i=k
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But this last expression is just the kth coefficient of p(qr). Finally, to prove 
axiom (R8), we use the distributive property of F to see that the kth coeffi-

cient of p(q + r) is 
 

ai (bj
i+ j=k

! + cj ) = aibj
i+ j=k

! + aicj
i+ j=k

! !!.  

 
Again we see that this last expression is just the kth coefficient of pq + pr. 
Similarly, it is easy to see that (p + q)r = pr + qr. 
 It should be clear that the ring of polynomials is commutative, and that if 1 
is the unit element of F, then {1, 0, 0, . . . } is a unit element for the ring of 
polynomials. However, since an arbitrary polynomial does not have a multi-

plicative inverse, the ring of polynomials does not form a field (see Theorem 
6.2, Corollary 3 below). 
 
Example 6.1   Consider the polynomials 
 
             p  =  {0, 1, 0, 0, . . . } 

   q  =  {1, 2, -1, 0, . . . } . 
 

Then 
p + q  =  {1, 3, -1, 0, . . . } 

and 
 
 pq  =  {0(1), 0(2) + 1(1), 0(-1) + 1(2) + 0(1), 
      0(0) + 1(-1) + 0(2) + 0(1), . . . } 
 
  =  {0, 1, 2, -1, 0, . . . }  .  ! 
 
 Since the reader probably thought he (or she) already knew what a polyno-

mial was, and since our definition may not be what it was he (or she) had in 
mind, what we will do now is relate our formal definition to our earlier ele-

mentary experience with polynomials. We will explain shortly why we are 
going through all of this apparently complicated formalism. 
 Given any element a " F, we associate a polynomial aæ defined by 
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aæ  =  {a, 0, 0, . . . } . 
 
This is clearly a one-to-one mapping of F into the set of all polynomials with 
coefficients in F. We also note that if a, b " F, then aæ = {a, 0, . . .   } and bæ = 
{b, 0, . . . } so that 
 

(a + b)æ  =  {a + b, 0, . . . }  =  aæ + bæ 
and 

   (ab)æ  =  {ab, 0, . . . }  =  aæ  bæ  . 
 
If Fæ denotes the set of all polynomials aæ obtained in this manner, then Fæ is a 
field isomorphic to F. Because of this isomorphism, we shall identify the ele-

ments of F with their corresponding polynomials, and write a = {a, 0, . . . }. 
 Now let the symbol x denote the polynomial {0, 1, 0, 0, . . . }. We call the 
symbol x an indeterminate. Applying our definition of polynomial multipli-

cation, we see that x 2 = {0, 0, 1, 0, . . . } and, in general, 
 

xn  =  {0, . . . , 0, 1, 0, . . . } 
 
where the 1 is in the nth position (remember that we start our numbering with 
0). We also see that for any a " F we have (applying our multiplication rule) 
 

   axn  =  {a, 0, . . . }{0, . . . , 1, 0, . . . }  =  {0, . . . , a, 0, . . . }  . 
 
This means that an arbitrary polynomial p = {aà, aè, . . . , añ, 0, . . . } can be 
uniquely expressed in the familiar form 
 

   p  =  aà + aèx + aìx2 + ~ ~ ~ + añxn  . 
 
 This discussion has now established a precise meaning to the term 
“expression” used at the beginning of this chapter. We will denote the com-

mutative ring of all polynomials over F by F[x]. In summary, we see that that 
while a polynomial was actually defined as a sequence, we showed that any 
polynomial p = {aà, aè, . . . } " F[x] could be uniquely expressed in terms of 
the indeterminate x as 

 

p = a
0
+ a

1
x +!+ anx

n = aix
i

i=1

n

! !!. 

 Now suppose we are given both a polynomial p = Íaáxi " F[x] and any 

element c " F. We define the element p(c) " F by p(c) = Íaáci. In other 
words, given a polynomial p " F[x], the polynomial function p(x) is the 
mapping from F to F that takes c " F into the element p(c) " F. We call p(c) 
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the value of the polynomial p when c is substituted for x. Because of this, a 
polynomial p " F[x] is frequently denoted by p(x). 
 The reason for this apparently complicated technical definition is that it is 
possible for two different polynomials in F[x] to result in the same polyno-

mial function (see Exercise 6.1.1). 
 
Theorem 6.1   Suppose p, q " F[x] and c " F. Then 
 (a)  (p ± q)(c) = p(c) ± q(c). 
 (b)  (pq)(c) = p(c)q(c). 
 

Proof (a)  Writing p = aà + aèx + ~ ~ ~ + amxm and q = bà + bèx + ~ ~ ~ + bñxn 
we have 
 

 

(p ± q)(c) = (a0 ± b0 )+ (a1 ± b1)c+ (a2 ± b2 )c
2 +!

= (a0 + a1c+ a2c
2 +!)± (b0 + b1c+ b2c

2 +!)

= p(c)± q(c)!!.

 

 
 (b)  Using p and q from part (a) and the definition of pq, we have 
 

 

(pq)(c) = a0b0 + (a0b1 + a1b0 )c+ (a0b2 + a1b1 + a2b0 )c
2 +!

= (a0 + a1c+ a2c
2 +!)(b0 + b1c+ b2c

2 +!)
 

  = p(c)q(c)!!.   ˙ 

 
 It should now be clear that the definitions given above for the algebraic 
properties of polynomials in terms of sequences are just those that we all 
learned in high school for adding and multiplying polynomials together. It 
should be easy for the reader to show that Example 6.1 may be repeated in 
terms of our elementary notion of polynomial addition and multiplication. 

 If p = aà + aèx + ~ ~ ~ + añxn # 0 and añ # 0, then we say that the degree of 
the polynomial p is n, and write we write deg p = n. The term añ is called the 
leading coefficient of the polynomial, and if añ = 1, then the polynomial is 
said to be monic. If deg p = 0, then p is said to be constant. By convention, 
the degree of the zero polynomial is not defined. 
 
Theorem 6.2   Suppose p, q " F[x] are nonzero. Then 
 (a)  deg(p + q) ¯ max{deg p, deg q}    (where p + q # 0). 
 (b)  deg(pq) = deg p + deg q . 
 

Proof (a)  Let p = aà + aèx + ~ ~ ~ + amxm and q = bà + bèx + ~ ~ ~ + bñxn where 
am, bñ # 0. Then 
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p + q  =  (aà + bà) + (aè + bè)x + ~ ~ ~ + (aÉ + bÉ)xk 

 
where k = max{m, n}. Therefore deg(p + q) ¯ max{deg p, deg q} where the 
inequality follows since aÉ + bÉ could equal 0. 
 (b)  From the definition of pq, we see that (using the same p and q from 

part (a)) the kth term is cÉxk where cÉ = Íi+j=k aábé. But if k > m + n, then 
necessarily either aá or bé is zero, and therefore cÉ = 0 for k > m + n. Since F is 
a field and therefore also a division ring, it follows that am, bñ # 0 implies 
ambñ # 0 (if ambñ = 0, then multiplying from the left by amî says that bñ = 0, 
a contradiction). Thus deg pq = m + n = deg p + deg q.  ˙ 
 
Corollary 1   If p, q " F[x] are both nonzero, then deg p ¯ deg pq. 
 
Proof   Since p and q are nonzero, deg p ˘ 0 and deg q ˘ 0, and hence deg p ¯ 
deg p + deg q = deg pq.  ˙ 
 
Corollary 2   If p, q, r " F[x], then 
 (a)  pq = 0 implies that either p = 0 or q = 0. 
 (b)  If pq = rq where q # 0, then p = r. 
 
Proof (a)  If p # 0 and q # 0, then deg pq ˘ 0 implies that pq # 0. 
 (b)  Since F[x] is a ring, we see that if pq = rq, then (p - r)q = 0. But q # 0, 
so that by (a) we must have p - r = 0, or p = r.  ˙ 
 
 We note that part (a) of this corollary shows that F[x] has no zero divisors, 
and hence F[x] forms an integral domain (see Section 1.5). 
 
Corollary 3   Let p # 0 be an element of F[x]. Then there exists q " F[x] such 
that pq = 1 if and only if deg p = 0, and hence F[x] is not a field. 
 
Proof   If deg p = 0 then p = a " F with a # 0, and thus there exists q = aî " 
F (hence q = aî " F[x]) such that pq = aaî = 1. On the other hand, if pq = 1 
we have 

   0  =  deg 1  =  deg pq  =  deg p + deg q  . 
 
But p # 0 implies that deg p ˘ 0, and if q # 0, we must also have deg q ˘ 0. It 
then follows that deg p = 0.  ˙ 
 
 We now prove a very useful and fundamental result known as the division 
algorithm. Essentially, we will show the existence of the polynomial quotient 
f/g (although technically this symbol as of yet has no meaning). The polyno-
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mials q and r defined in the following theorem are called the quotient and 
remainder respectively. After the proof, we will give an example which 
shows that this is just the “long division” we all learned in elementary school. 
 
Theorem 6.3 (Division Algorithm)   Given f, g " F[x] with g # 0, there exist 
unique polynomials q, r " F[x] such that 
 

f  =  qg + r 
 
where either r = 0 or deg r < deg g. 
 
Proof   The basic idea of the proof is to consider all possible degrees for the 
polynomials f and g, and show that the theorem can be satisfied in each case. 
After proving the existence of the polynomials q and r, we shall prove their 
uniqueness. 
 If f = 0 we simply choose q = r = 0. Now suppose that 
 

 

f = a
0
+ a

1
x +!+ amx

m

g = b
0
+ b

1
x +!+ bnx

n
 

 
where am, bñ # 0. If m = n = 0, then by Corollary 3 of Theorem 6.2, there 
exists gî " F[x] such that gîg = 1, and therefore f = f(gîg) = (fgî)g + 0 
satisfies our requirements. Next, if m = 0 and n > 0, then we may write f = 
0g + f with deg r = deg f < deg g. 
 We now assume that m > 0 and proceed by induction on m. In other 
words, we assume that q and r can be found for all polynomials f with deg f ¯ 
m - 1 and proceed to construct new polynomials q and r for deg f = m. First 
note that if n > m we may again take f = 0g + f to satisfy the theorem. Thus we 
need only consider the case of n ¯ m. 
 Define the polynomial 
 

   fè  =  f - (am/bñ)xm-ng  . 
 

Then the coefficient of the xm term in fè is 0 (it cancels out on the right hand 
side), and hence deg fè ¯ m - 1. Therefore, by our induction hypothesis, there 
exist polynomials qè and rè in F[x] with either rè = 0 or deg rè < deg g such that 
fè = qèg + rè. Substituting the definition of fè in this equation yields 

 

   f  =  [(am/bñ)xm-n + qè]g + rè  . 
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 If we define r = rè and q = (am/bñ)xm-n + qè  , we see that f = qg + r where 
either r = 0 or deg r < deg g. This proves the existence of the polynomials q 
and r, and all that remains is to prove their uniqueness. 
 Suppose that 

f  =  qg + r  =  qæg + ræ 
 
where both r and ræ satisfy the theorem, and assume that r # ræ. Then 
 

r - ræ  =  (qæ - q)g  #  0 
where 

deg(r - ræ)  <  deg g 
 
by Theorem 6.2(a). On the other hand, from Theorem 6.2(b) we see that 
 

   deg(r - ræ)  =  deg[(qæ - q)g]  =  deg(qæ - q) + deg g  ˘  deg g  . 
 
This contradiction shows that in fact ræ = r. We now have (qæ - q)g = 0 with 
g # 0, and hence by Corollary 2(a) of Theorem 6.2, we have qæ - q = 0, and 
therefore qæ = q.  ˙ 
 
 Let us give an example of the division algorithm that should clarify what 
was done in the theorem. 
 
Example 6.2   Consider the polynomials 
 

f = 2x4 + x2 ! x +1

g = 2x !1!!.
 

 
Following the proof of Theorem 6.3 we have 
 

   fè  =  f - x3g  =  x3 + x2 - x + 1  . 
 

Now let 

   f2  =  fè - (1/2)x2g  =  (3/2)x2 - x + 1  . 
 
Again, we let 

f3  =  f2 - (3/4)xg  =  (-1/4)x + 1 
 

so that 
   f4  =  f3 + (1/8)g  =  7/8  . 
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Since deg(7/8) < deg g, we are finished with the division. Combining the 
above polynomials we see that  
 

f  =  [x3 + (1/2)x2 + (3/4)x - (1/8)]g + f4 
 

and therefore 
q = x3 + (1 2)x2 + (3 4)x ! (1 8)

r = 7 8!!.
 

 
This may also be written out in a more familiar form as 
 

 

!!!!!!!!!!!!!x3 + (1 2)x2 + (3 4)x!!!(1 8)

2x !1 2x4 !!!!!!!!!!!!!!!+!!!!!!!!!x2 !!!!!!!!!!x +1!!!!!!!

!!!!!!!!!!2x4 !!!!!!!!!!x3 !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!x3 +!!!!!!!!!x2 !!!!!!!!!!x +1

!!!!!!!!!!!!!!!!!!!!!!!!!!!!x3 !!(1 2)x2 !!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(3 2)x2 !!!!!!!!!!x +1

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(3 2)x2 ! (3 4)x!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(1 4)x +1

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(1 4)x + (1 8)

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!7 8

 

 
It should be noted that at each step in the division, we eliminated the highest 
remaining power of f by subtracting the appropriate multiple of g.  ! 
 
 
Exercises  
 
1. Let F = {0, 1} be the field consisting of only two elements, and define 

addition and multiplication on these elements in the obvious way (see 

Exercise 1.5.17). Show that the distinct polynomials x2 - x and 0 define 
the same polynomial function. 

 
2. Use the division algorithm to find the quotient and remainder when f = 

2x4 - x3 + x - 1 " ®[x] is divided by g = 3x3 - x2 + 3 " ®[x]. 
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3. Consider the polynomials p = {2, 0, 1, 1} and q = {1, 1, -1} over ®. 
Evaluate the product pq by applying the definition. Show that this yields 
the same result as directly multiplying together the polynomial functions p 
and q. 

 

4. Given a polynomial p = añxn + ~ ~ ~ + aèx + aà, we define its formal 

derivative to be the polynomial Dp = nañxn-1 + ~ ~ ~ + 2aìx + aè. In other 
words, D: F[x] ‘F[x] is a differentiation operator. Prove D(p + q)  =  
Dp + Dq and D(pq)  =  p(Dq) + (Dp)q  . 

 

5. Find the remainder when ix9 + 3x7 + x6 - 2ix + 1 " ç[x] is divided by 
x + i " ç[x]. 

 
 
6.2   FACTORIZATION OF POLYNOMIALS 
 
If f(x) is a polynomial in F[x], then c " F is said to be a zero (or root) of f if 
f(c) = 0. We shall also sometimes say that c is a solution of the polynomial 
equation f(x) = 0. We will see that information about the roots of a polynomial 
plays an extremely important role throughout much of the remainder of this 
text. 
 If f, g " F[x] and g # 0, then we say that f is divisible by g (or g divides 
f ) over F if f = qg for some q " F[x]. In other words, f is divisible by g if the 
remainder in the division of f by g is zero. In this case we also say that g is a 
factor of f (over F). It is standard notation to write g|f when we wish to say 
that g divides f, or to write g | fÖ when g does not divide f. 
 The next theorem is known as the remainder theorem, and its corollary is 
known as the factor theorem. 
 
Theorem 6.4 (Remainder Theorem)   Suppose f " F[x] and c " F. Then the 
remainder in the division of f by x - c is f(c). In other words, 
 

   f(x)  =  (x - c)q + f(c)  . 
 
Proof   We see from the division algorithm that f = (x - c)q + r where either 
r = 0 or deg r < deg (x - c) = 1, and hence either r = 0 or deg r = 0 (in which 
case r " F). In either case, we may substitute c for x to obtain 
 

      f(c)  =  (c - c)q(c) + r  =  r  .  ˙ 
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Corollary (Factor Theorem)   If f " F[x] and c " F, then x - c is a factor of 
f if and only if f(c) = 0. 
 
Proof  Rephrasing the statement of the corollary as f = q(x - c) if and only if 
f(c) = 0, it is clear that this follows directly from the theorem.  ˙ 
 

Example 6.3   If we divide f = x3 - 5x2 + 7x by g = x - 2, we obtain q = x2 - 
3x + 1 and r = 2. It is also easy see that f(2) = 8 - 5(4) + 7(2) = 2 as it should 
according to Theorem 6.4.  ! 
 
 Let R be a commutative ring with unit element. An element u " R is 
called a unit (not a unit element) if there exists r " R such that ur = 1. Other 
ways to say this are that u divides 1, or that a unit is an element whose inverse 
is also in the ring. We leave it to the reader to show that u " R is a unit if and 
only if it is a factor of every element of R (see Exercise 6.2.1). An element 
p " R that is neither zero nor a unit is said to be prime if p = ab implies that 
either a or b is a unit. Thus a prime element is one that can not be factored in a 
nontrivial way. 
 
Example 6.4   Since for any integer n # ±1 the number 1/n is not an integer, it 
should be clear that the ring of integers Û has only the units 1 and -1. On the 

other hand, if F is any field and a " F, then aî is also a member of F, and 
hence any nonzero element of a field is a unit. In particular, the units of the 
ring F[x] are just the polynomials of degree zero (i.e., the nonzero constant 
polynomials). 
 If we consider the ring of integers Û, then a number p " Û with p # ±1 or 
0 will be prime if the only divisors of p are ±1 and ±p. However, if we 
consider the field ®, then any nonzero element of ® (i.e., any nonzero real 
number) is a unit, and hence the notion of a prime real number is not very 
useful.  ! 
 
 In the particular case of R = F[x], a prime polynomial is frequently called 
an irreducible polynomial. A polynomial that is not irreducible is said to be 
reducible. Two polynomials f, g " F[x] are said to be associates if f = cg for 
some nonzero c " F, and in general, two elements a, b " R are said to be 
associates if a = ub where u is a unit of R. We leave it to the reader to show 
that this defines an equivalence relation on a commutative ring with unit 
element (Exercise 6.2.3). 
 It should be clear that any nonzero polynomial has exactly one monic 
polynomial as an associate since we can always write 
 

   aà + aèx + ~ ~ ~ + añxn  =  añ(aàañî + aèañîx + ~ ~ ~ + xn)  . 
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It should also be clear that any polynomial f with deg f ˘ 1 has its associates 
and the set of nonzero constant polynomials as divisors. Thus we see that a 
nonzero polynomial f is prime if and only if f = gh implies that either g or h is 
of degree zero, and hence the other is an associate of f. 
 It is important to realize that whether or not a polynomial is prime depends 

on the particular field F. For example, since x2 - 2 = (x - “2”)(x + “2”), we see 

that x2 - 2 is prime over Œ, but is not prime over ®. 
 Returning to our commutative ring R with unit element, we say that an 
element d " R is a greatest common divisor (frequently denoted simply by 
gcd) of the elements aè, . . . , añ " R if 
 
 (1)  d|aá for every i = 1, . . . , n (i.e., d is a common divisor of the aá); 
 (2)  If c " R is such that c|aá for every i = 1, . . . , n, then c|d. 
 
Two distinct elements a, b " R are said to be relatively prime if their greatest 
common divisor is a unit of R. Note that we have referred to a greatest com-

mon divisor, implying that there may be more than one. This is only true in a 
certain sense as the next theorem shows. 
 
Theorem 6.5   Let fè, . . . , fñ be nonzero polynomials in F[x]. Then there 
exists at least one greatest common divisor d of the set {fè,   . . . , fñ}. 
Moreover, this greatest common divisor is unique up to a unit factor, and can 
be expressed in the form d = Í iˆ= 1háfá for some set of polynomials há " F[x]. 
 
Proof   Consider the set S of all polynomials in F[x] of the form gèfè + ~ ~ ~ + 
gñfñ where each gá is an arbitrary element of F[x]. Then in particular, each fá 
is an element of S, and in addition, if p " S and q " F[x], then pq " S. Let D 
be the set of degrees of all nonzero polynomials in S. Then D is just a collec-

tion of nonnegative integers, and hence by the well-ordering principle 
(Section 0.5), D has a least element å. This means that there exists a nonzero 
polynomial d = hèfè + ~ ~ ~ + hñfñ " S such that å = deg d ¯ deg c for all 
nonzero polynomials c " S. We first show that d|fá for every i = 1, . . . , n. 
 By the division algorithm, for each i = 1, . . . , n we have fá = qád + rá 
where either rá = 0 or deg rá < deg d. But rá = fá - qád " S so that if rá # 0, we 
would have deg rá < deg d which contradicts the definition of d. Therefore we 
must have rá = 0 and hence fá = qád so that d|fá for every i = 1, . . . , n. While 
this shows that d is a common divisor of {fá}, we must show that it is in fact a 
greatest common divisor. 
 If c is any other common divisor of {fè, . . . , fñ}, then by definition there 
exist polynomials gá such that fá = gác for each i = 1, . . . , n. But then 
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d  =  Íháfá  =  Íhá(gác)  =  (Íhágá)c 

 
so that c|d. This proves that d is a greatest common divisor. 
 Now suppose dæ is another greatest common divisor of the set {fè, . . . , fñ}. 
Then by definition of greatest common divisor we must have both d|dæ and 
dæ|d, so that dæ = ud and d = vdæ for some polynomials u, v " F[x]. Multiplying 
the second of these equations by u, we see that uvdæ = ud = dæ, and therefore 
dæ(1 - uv) = 0. By Corollary 2(a) of Theorem 6.2, we then have 1 - uv = 0 so 
that uv = 1 and hence u and v are units. (Alternatively, the fact that deg d = 
deg dæ implies that u and v must be of degree zero, and hence are units.)  ˙ 
 
 What we have shown is that a gcd exists, and is unique up to its associates. 
Therefore, if we restrict ourselves to monic greatest common divisors, then we 
have proved the existence of a unique gcd. 
 
Corollary 1   Let qè, . . . , qñ " F[x] be relatively prime (i.e., they have no 
common divisors other than units). Then there exist elements hè, . . . , hñ " 
F[x] such that hèqè + ~ ~ ~ + hñqñ = 1. 
 
Proof   This is an obvious special case of Theorem 6.5.  ˙ 
 
Corollary 2   Suppose f, g, p " F[x] where p is prime and p|fg. Then either p|f 
or p|g. 
 
Proof   Since p is prime, its only divisors are units and its associates. 
Therefore, if we assume that p | fÖ, then the only greatest common divisor of p 
and f is a unit, and thus p and f are relatively prime. Applying Theorem 6.5, 
we may write up + vf = 1 for some u, v " F[x], and hence multiplying by g 
yields pug + fgv = g. But p|fg so that fg = qp for some q " F[x], and thus we 
have p(ug + qv) = g so that p|g. It is obvious that had we started with the 
assumption that p | gÖ, we would have found that p|f.  ˙ 
 
 By choosing f = fè and g = fì ~ ~ ~ fñ in Corollary 2 we have the following 
obvious generalization. 
 
Corollary 2æ    If p, fè, fì, . . . , fñ " F[x] where p is prime and p|fèfì ~ ~ ~ fñ, 
then p|fá for some i = 1, . . . , n. 
 
 While Theorem 6.5 proves the existence of a greatest common divisor, it 
is not of any help in actually computing one. Given two polynomials, we can 
find their gcd by a procedure known as the Euclidean algorithm (compare 
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Section 0.7). This approach, illustrated in the next example, is also an alterna-

tive proof of Theorem 6.5, the general case as stated in the theorem following 
by induction. 
 
Example 6.5 (Euclidean algorithm)   Suppose f, g " F[x] and f # 0. We 
show the existence of a unique monic polynomial d " F[x] such that 
 (1)  d|f and d|g. 
 (2)  If c " F[x] is such that c|f and c|g, then c|d. 
 First note that if g = 0 and am is the leading coefficient of f, then the monic 
polynomial d = amîf satisfies both requirements (1) and (2). Now assume that 
g # 0 also. By the division algorithm, there exist unique polynomials qè and rè 
such that 

f  =  gqè + rè 
 
with either rè = 0 or deg rè < deg g. If rè = 0, then g|f and d = g satisfies (1) and 
(2). If rè # 0, then we apply the division algorithm again to obtain polynomials 
qì and rì such that 

   g  =  rèqì + rì  . 
 
If rì = 0, then rè|g which implies that rè|f, and thus d = rè is a common divisor. 
(It still remains to be shown that this d is a greatest common divisor.)  If rì # 
0, then we continue the process, thus obtaining the following progression: 
 

 

f = gq1 + r1 !!!!!!!!!!!!!!deg!r1 < deg!g

g = r1q2 + r2 !!!!!!!!!!!!!deg!r2 < deg!r1

r1 = r2q3 + r3 !!!!!!!!!!!!deg!r3 < deg!r2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

rk!2 = rk!1qk + rk !!!!!!!!!!deg!rk < deg!rk!1

rk!1 = rkqk+1

 

 
This progression must terminate as shown since the degree of any polynomial 
is a positive integer and deg rè > deg rì > ~ ~ ~ > deg rÉ ˘ 0. Letting rÉ be the 
last nonzero remainder, we claim that rÉ = d. 
 To see this, first note that rÉ|rk-1 since rk-1 = rÉqk+1  . Next, we see that 
 

rk-2  =  rk-1 qÉ + rÉ  =  rÉ  qk+1 qÉ + rÉ 
 
and therefore rÉ|rk-2. Continuing this procedure, we find that rÉ|rk-1, rÉ|rk-2, 
. . . , rÉ|rè, rÉ|g and finally rÉ|f. This shows that d = rÉ satisfies (1). Now sup-

pose that c|f and c|g. Then, since r1 = f - gq1 we must have c|rè. Similarly r2 = 
g - r1qì so that c|rì. Continuing this process, it is clear that we eventually 
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arrive at the conclusion that c|rÉ, thus proving (2) for the choice d = rÉ. 
Finally, if r is the leading coefficient of rÉ, then rîrÉ is a monic polynomial 
satisfying (1) and (2), and its uniqueness follows exactly as in the proof of 
Theorem 6.5.  ! 
 
Example 6.6   As a specific illustration of the preceding example, consider 

the polynomials f = x4 - x3 - x2 + 1 and g = x3 - 1 over the field Œ. Dividing 
f by g we obtain 

   x4 - x3 - x2 + 1  =  (x3 - 1)(x - 1) + (-x2 + x)  . 
 

Now divide g by rè = -x2 + x to obtain 
 

   x3 - 1  =  (-x2 + x)(-x - 1) + (x - 1)  . 
 
Lastly, we divide rè by rì = x - 1 to find 
 

-x2 + x  =  (x - 1)(-x) 
 
and therefore the gcd of f and g is x - 1.  ! 
 
 Our next very important result is known as the unique factorization theo-

rem. Recall that by definition, a prime polynomial is not a unit, and thus has 
positive degree. 
 
Theorem 6.6 (Unique Factorization Theorem)   Every nonzero element f " 
F[x] is either a unit, or is expressible as a unique (up to associates) finite 
product of prime elements. 
 
Proof   We first show that f " F[x] is expressible as a product of prime poly-

nomials. Afterwards we will prove uniqueness. Our approach is by induction 
on deg f; in other words, we assume that deg f > 1 (if deg f = 0 then f is a unit, 
and if deg f = 1 the theorem is obvious), and suppose that the theorem is true 
for all g " F[x] with deg g < deg f. We will show that the theorem is true for 
f. 
 Assume f is reducible (or else there is nothing to prove) so that f = pq 
where neither p nor q is a unit. By Theorem 6.2(b) we have deg p < deg p + 
deg q = deg f, and similarly deg q < deg f. Therefore, by our induction 
hypothesis, both p and q can be written as a finite product of prime elements 
in F[x], and hence the same is true of f = pq. 
 To prove the uniqueness of the product, assume that 
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f  =  pèpì ~ ~ ~ pñ  =  qèqì ~ ~ ~ qm 
 
where each of the pá and qé are prime. Since pè|pè pì ~ ~ ~ pñ, it follows that 
pè|qè qì ~ ~ ~ qm . By Corollary 2æ of Theorem 6.5, it then follows that pè|qé for 
some j = 1, . . . , m. But since both pè and qé are prime and pè|qé, they must be 
associates, and hence qé = uèpè where uè is a unit in F[x]. This means that 
 

   pè pì ~ ~ ~ pñ  =  qè qì ~ ~ ~ qm  =  qè qì ~ ~ ~ qj-1uè pèqj+1 ~ ~ ~ qm  . 
 
Cancelling pè from both sides of this equation (using Theorem 6.2, Corollary 
2) results in 

   pì ~ ~ ~ pñ  =  uèqè ~ ~ ~ qj-1qj+1 ~ ~ ~ qm  . 
 
Repeating this argument, we next eliminate pì and one of the remaining fac-

tors on the right. Continuing in this manner, we pairwise eliminate one of the 
pá and one of the qÉ with each operation, always replacing a qÉ with a corre-

sponding uÉ. But the primes on one side of this equation can not be eliminated 
before those on the other side because this would imply that a product of 
prime polynomials was equal to 1 which is impossible. Therefore n = m, and 
the expansion of f as a product of prime elements must be unique up to an 
associate.  ˙ 
 
 Note that the expansion proved in this theorem for f " F[x] is completely 
unique (except for order) if we require that the prime polynomials be monic. 
 

Example 6.7   Consider the polynomial p = 3x4 - 3x2 - 6 " F[x]. Using the 
fields Œ, ® and ç we can factor p three different ways depending on F: 
 

 

3(x2 ! 2)(x2 +1)!!!!!!in Œ[x]

3(x + 2)(x ! 2)(x2 +1)!!!!!! in ®[x]

3(x + 2)(x ! 2)(x + i)(x ! i)!!!!!!in ç[x]

 

 
In each case, p is a product of prime polynomials relative to the appropriate 
field.  ! 
 
 
Exercises  
 
1. Let R be a commutative ring with unit element. Show that u " R is a unit 

of R if and only if u is a factor of every element of R. 
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2. Let R be an integral domain with unit element and suppose it is true that 
a|b and b|a for some a, b " R. Show that a = ub where u is a unit in R. 

 
3. Show that the property of being associates defines an equivalence relation 

on a commutative ring with unit element. 
 
4. Let F be an arbitrary field, and suppose p " F[x] is of degree ¯ 3. Prove 

that p is prime in F[x] if and only if p is either of degree 1, or has no 
zeros in F. Give an example to show that this result is not true if deg p > 
3. 

 
5. Factor the following polynomials into their prime factors in both ®[x] and 

Œ[x]: 

 (a)  2x3 - x2 + x + 1. 

 (b)  3x3 + 2x2 - 4x + 1. 

 (c)  x6 + 1. 

 (d)  x4 + 16. 
 
6. Let F = {0, 1} be the field consisting of only two elements, and define 

addition and multiplication on F in the obvious way. Factor the following 
polynomials into primes in F[x]: 

 (a)  x2 + x + 1. 

 (b)  x3 + 1. 

 (c)  x4 + x2 + 1. 

 (d)  x4 + 1. 
 
7. Let F be as in the previous problem. Find the greatest common divisor of 

x3 + x2 + x + 1 and x5 + x4 + x3 + x2 + x + 1 over F[x]. 
 
8. Find the greatest common divisor of the following pairs of polynomials 

over ®[x]. Express your result in the form defined in Theorem 6.5. 

 (a)  4x3 + 2x2 - 2x - 1 and 2x3 - x2 + x + 1. 

 (b)  x3 - x + 1 and 2x4 + x2 + x - 5. 

 (c)  x4 + 3x2 + 2 and x5 - x. 

 (d)  x3 + x2 - 2x - 2 and x4 - 2x3 + 3x2 - 6x. 
 

9. Use the remainder theorem to find the remainder when 2x5 - 3x3 + 2x + 
1 " ®[x] is divided by: 

 (a)  x - 2 " ®[x]. 
 (b)  x + 3 " ®[x]. 
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10. (a)  Is x - 3 a factor of 3x3 - 9x2 - 7x + 21 over Œ[x]? 

 (b)  Is x + 2 a factor of x3 + 8x2 + 6x - 8 over ®[x]? 

 (c)  For which k " Œ is x - 1 a factor of x3 + 2x2 + x + k over Œ[x]? 

 (d)  For which k " ç is x + i a factor of ix9 + 3x7 + x6 - 2ix + k over 
ç[x]? 

 
11. (a)  Construct an example to show that the division algorithm is not true 

if F is replaced by the integral domain Û. 
 (b)  Prove that if the division algorithm is true for polynomials over an 

integral domain D, then D must be a field. 
 
12. Determine the monic associate of: 

 (a)  2x3 - x + 1 " Œ[x]. 

 (b)  -ix2 + x + 1 " ç[x]. 
 

13. Let f = aà + aèx + ~ ~ ~ + añxn " Û[x] be a polynomial with integer coeffi-

cients, and suppose r/s " Œ is a rational root of f. Assume that r and s are 
relatively prime. Prove that r|aà and s|añ. 

 
 
6.3   POLYNOMIAL IDEALS 
 
We now apply the formalism of Section 1.5 to polynomials. If the reader has 
not yet studied that section (or does not remember it), now is the time to go 
back and do so (again if necessary). 
 
Example 6.8   Let A and B be ideals of F[x]. We show that 
 

A ⁄ B  =  {f " F[x]: f " A and f " B} 
and 

A + B  =  {f + g " F[x]: f " A and g " B} 
 
are both ideals of F[x]. Indeed, if f, g " A ⁄ B, then f ± g " A and f ± g " B 
since A and B are ideals. Therefore f ± g " A ⁄ B so that A ⁄ B is a 
subgroup of F[x] under addition. Similarly, if f " A ⁄ B and g " F[x], then 
fg " A and fg " B so that fg " A ⁄ B, and hence A ⁄ B is an ideal. Now 
suppose fè + gè, fì + gì " A + B. Then 
 

(fè + gè) ± (fì + gì)  =  (fè ± fì) + (gè ± gì)  "  A + B 
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so that A + B is also a subgroup of F[x] under addition. Finally, suppose that 
f1 + g1 " A + B and h " F[x]. Then 
 

(f1 + g1)h  =  f1h + g1h  "  A + B 
 
so that A + B is an ideal also.  ! 
 
 Recall that F[x] is not only a ring, it is in fact an integral domain (Corol-
lary 2 of Theorem 6.2). Since F[x] is a ring, we see that if p " F[x], then p 
can be used to generate the principal ideal (p) of F[x]. Note that by con-

struction, the ideal (p) can not contain any prime polynomials (other than 
associates of p) even if p itself is prime. This is because any q " (p) can be 
written in the form q = pr for some r " F[x], and hence p|q. We will also write 
the principal ideal (p) in the form 
 

   (p)  =  pF[x]  =  {pf: f " F[x]}  . 
 
 Our next theorem is frequently useful when working with quotient rings 
(see Theorem 1.13) of the general form F[x]/(p). 
 

Theorem 6.7   Suppose p = aà + aèx + ~ ~ ~ + añxn " F[x], an # 0, and let I = 
(p). Then every element of F[x]/I can be uniquely expressed in the form 
 

I + (bà + bèx + ~ ~ ~ + bn-1xn-1) 
 
where bà, . . . , bn-1 " F. 
 
Proof   Choose any I + f " F[x]/I. By the division algorithm (Theorem 6.3) 
we can write f = pq + r for some q, r " F[x] with either r = 0 or deg r < deg p. 
But by definition of I, we have pq " I so that 
 

   I + f  =  I + (pq + r)  =  I + r  . 
 
This shows that I + f has the form desired. 
 To prove the uniqueness of this representation, suppose that 
 

   I + (bà + bè x + ~ ~ ~ + bn-1xn-1)  =  I + (cà + cè x + ~ ~ ~ + cn-1xn-1)  . 
 

Then (by adding I + (-cà - cèx - ~ ~ ~ - cn-1xn-1) to both sides) we see that 
 

   (bà - cà) + (bè - cè)x + ~ ~ ~ + (bn-1 - cn-1)xn-1  "  I  . 
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But the degree of any nonzero polynomial in I must be greater than or equal to 
n = deg p (by definition of I and Theorem 6.2(b)), and therefore it follows that 
 

   (bà - cà) + (bè - cè)x + ~ ~ ~ + (bn-1 - cn-1)xn-1  =  0  . 
 
Since two polynomials are equal if and only if their coefficients are equal, this 
means that bá = cá for every i = 0, . . . , n - 1.  ˙ 
 
 It is an interesting fact that every ideal of F[x] is actually a principal ideal. 
We prove this in our next theorem. 
 
Theorem 6.8   Every ideal of the ring F[x] is a principal ideal. 
 
Proof   Let I be any ideal of F[x]. If I = {0}, then I is just the principal ideal 
(0). Now assume that I # {0} and let g be any nonzero polynomial of least 
degree in I. (That g exists follows from the well-ordering principle. In other 
words, if S is the set of degrees of all polynomials in F[x], then S has a least 
element.)  From the definitions it is clear that (g) ™ I. We now show that I ™ 
(g) which will then prove that I = (g). 
 By the division algorithm, for any f " I there exist polynomials q, r " F[x] 
such that f = gq + r where either r = 0 or deg r < deg g. Since f " I and gq " I, 
it follows that r = f - gq " I. But if r # 0 we have deg r < deg g which contra-
dicts the definition of g as the polynomial of least degree in I. Therefore r = 0 
so that f = gq " (g), and hence I ™ (g).  ˙ 
 
Corollary   Every ideal of F[x] is generated by a unique monic polynomial. 
 
Proof   Since every ideal of F[x] is principal, suppose that (p) = (q) or, equiv-

alently, p F[x] = q F[x]. Then clearly p " p F[x] so that p = qfè for some fè " 
F[x]. Similarly, we see that q = pfì for some fì " F[x] and hence 
 

   p  =  qf1  =  pfìf1  . 
 
Since F[x] is an integral domain it follows that fèfì = 1. But this means that fè 
and fì are units (i.e., constant polynomials), and hence q = cp for some c " F. 
Noting that cp F[x] is the same as p F[x], we see that any ideal p F[x] may be 
written in the form cp F[x] for arbitrary c " F. By choosing c to be the 
inverse of the leading coefficient of p, we have shown that any ideal of F[x] 
has a unique monic generator.  ˙ 
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 In Section 6.2 we discussed the greatest common divisor of a collection of 
polynomials. We now treat a related concept that the reader may be 
wondering about. If f, g " F[x] then, by the least common multiple (or 
simply lcm) of f and g, we mean the polynomial m " F[x] such that f|m and 
g|m, and if mæ " F[x] is another polynomial that satisfies f|mæ and g|mæ, then 
m|mæ. 
 As a useful observation, note that if f, g " F[x] and f|g, then g = fq for 
some q " F[x]. But (f ) = f F[x] and hence 
 

   (g)  =  gF[x]  =  fqF[x]  ™  (f )  . 
 
In other words, f|g implies that (g) ™ (f ). 
 
Example 6.9   Let A and B be ideals of F[x]. By Theorem 6.8 and Example 
6.8 we may write A = h F[x] and B = k F[x], and also A ⁄ B = m F[x] and 
A + B = d F[x]. We claim that d is a greatest common divisor of h and k, and 
that m is a least common multiple of h and k. 
 To see this, first note that since h " h F[x] = A, it follows that h = h + 0 " 
A + B, and hence h = dhè for some hè " F[x]. Similarly, we must have k = dkè 
for some kè " F[x]. Therefore d|h and d|k so that d is a common divisor of h 
and k. We must show that if dæ|h and dæ|k, then dæ|d. Now, if dæ|h and dæ|k, then 
A = (h) ™ (dæ) and B = (k) ™ (dæ). But then A + B ™ (dæ) because for any 
f + g " A + B we have f " A ™ (dæ) and g " B ™ (dæ), and therefore f + g " 
(dæ) since (dæ) is an ideal. This means that d " A + B ™ (dæ) so that d = dæp for 
some p " F[x], and hence dæ|d. 
 Now note that m " A ⁄ B so that m " A implies m = hmè and m " B 
implies m = kmì for some polynomials mè, mì " F[x]. This means that h|m 
and k|m so that m is a common multiple of h and k. Next, note that if h|mæ 
then (mæ) ™ (h) = A, and if k|mæ then (mæ) ™ (k) = B. Therefore we see that 
mæ " (mæ) ™ A ⁄ B = (m) so that mæ = mq for q " F[x]. Hence m|mæ and m is 
a least common multiple of h and k.  ! 
 
 Greatest common divisors and least common multiples will be of 
considerable use to us in the next chapter. The following important theorem 
relates least common multiples and greatest common divisors. Rather than 
prove it directly, we simply note that it follows easily from Theorem 6.10 
below. 
 
Theorem 6.9   Suppose h, k " F[x] and let d and m be the greatest common 
divisor and least common multiple respectively of h and k. Then hk = dm. 
 



6.3   POLYNOMIAL IDEALS  

 

273 

 Recall from Theorem 6.6 that any polynomial h " F[x] is expressible as a 
unique product of prime polynomials. If h contains the prime factor gá " F[x] 

repeated rá times, then we write gárá as one of the factors of h. Therefore we 

may write the decomposition of h in the form h = $ágárá. If k " F[x] is another 

polynomial, then it may also be factored in the same manner as k = $éqésé. In 
fact, we may write both h and k as a product of the same factors if we allow 
the exponent to be zero for any factor that does not appear in that expansion. 

In other words, we may write h = $iˆ= 1párá and k = $iˆ= 1pásá where rá ˘ 0 and 
sá ˘ 0 for each i = 1, . . . , n. 
 The next theorem contains Theorem 6.9 as an immediate and obvious 
corollary. 
 
Theorem 6.10   Suppose that h, k " F[x] and write 

h = pi
ri

i=1

n

! !!!!!!!!!!k = pi
si

i=1

n

!  

where each rá ˘ 0 and each sá ˘ 0. For the given rá and sá, define the polyno-

mials 

! = pi
ri

ri >si

" !!!!!!!!!!# = pi
ri

ri $si

" !!!!!!!!!!% = pi
si

si <ri

" !!!!!!!!!!& = pi
si

si 'ri

"  

so that h = å% and k = ©&. Then the least common multiple m of h and k is 
given by 

m =!" = pi
max(ri ,! si )

i=1

n

#  

and the greatest common divisor d is given by 

d = !" = pi
min(ri ,! si )

i=1

n

# !!. 

Proof   Since the expressions for h and k are given in terms of the same set of 
prime polynomials pá, a moment’s thought should make it clear that the least 
common multiple is given by 

m = pi
max(ri ,! si )

i=1

n

!  

Formally, we see that h|m and k|m, and if mæ is another polynomial such that 

h|mæ and k|mæ, then by Theorem 6.6 again we can write mæ = $i ˆ= 1pátá where 
we must have tá ˘ rá and tá ˘ sá for each i = 1, . . . , n in order that mæ be a com-

mon multiple of h and k. But this means that m|mæ so that m is the least 
common multiple of h and k. In any case, m is exactly the same as the product 
å&. 
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 That the greatest common divisor is given by $i ˆ= 1pámin (rá, sá) = %© fol-

lows from a similar argument.  ˙ 
 
 By Theorem 1.13, the quotient structure F[x]/(p) is a ring for any p, and 
we now show that it is actually a field for appropriate p. 
 
Theorem 6.11   Suppose p " F[x], and let I = (p). Then F[x]/I is a field if and 
only if p is prime over F. 
 
Proof   We first show that if p is reducible over F, then F[x]/I is not a field. 
(This is the contrapositive to the statement that if F[x]/I is a field, then p must 
be prime.)  To see this, assume that p = ab where neither a nor b is a unit, and 
each is of degree less than that of p. From the definition of a principal ideal, 
we see that the degree of any polynomial in I must be greater than or equal to 
deg p, and hence neither a nor b can be an element of I. Since I is the zero 
element of F[x]/I, we see that I + a # I and I + b # I must both be nonzero 
elements of F[x]/I. But then 
 

(I + a)(I + b)  =  I + ab  =  I + p  =  I 
 
where we used the fact that p " I. This shows that the product of two nonzero 
elements of F[x]/I yields the zero element of F[x]/I, and thus the set of 
nonzero elements of F[x]/I is not closed under multiplication. Hence F[x]/I is 
neither a division ring nor an integral domain, so it certainly is not a field. 
 Conversely, suppose that p is prime. Since F[x] is a commutative ring, it 
follows that for any a, b " F[x] we have that F[x]/I is also a commutative 
ring. The identity element in F[x]/I is easily seen to be I + 1 where 1 is the 
unit element for the field F. Therefore, all that remains is to show the 
existence of a multiplicative inverse for each nonzero element in F[x]/I. 
 If I + f is any nonzero element in F[x]/I, then f !  I so that p|f Ö. Since p is 
prime, its only divisors are units and its associates, and therefore the greatest 
common divisor of p and f is a unit (i.e., p and f are relatively prime). 
Applying Corollary 1 of Theorem 6.5 we see there exist u, v " F[x] such that 
up + vf = 1. Then 1 - vf = up " I and hence 
 

   I + 1  =  I + up + vf  =  I + vf  =  (I + v)(I + f )  . 
 
This shows that I + v is a multiplicative inverse of I + f.  ˙ 
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Exercises  
 
1. Referring to Theorem 6.7, show that {I + c: c " F } is a subfield of F[x]/I 

isomorphic to F. 
 

2. Let p = 1 + x2 " ®[x] and let I = (p). 
 (a)  Show ®[x]/I is a field. 
 (b)  Show ®[x]/I is isomorphic to ç. [Hint: Justify defining the mapping œ: 

®[x]/I ‘ ç by œ(I + (a + bx)) = a + ib. Show that œ is bijective and pre-

serves addition. To show that œ preserves multiplication, note that 
 

   (I + (a + bx))(I + (c + dx))  =  I + (ac + (ad + bc)x + bdx2)  . 
 
 Write this in the form I + (u + vx) by following the first part of the proof 

of Theorem 6.7. Now show that 
 

    œ[(I + (a + bx))(I + (c + dx))]  =  œ(I + (a + bx))œ(I + (c + dx))  .] 
 
3. Suppose f, g " F[x]. Prove that (f ) = (g) if and only if f and g are associ-

ates. 
 
4. Suppose f, g " F[x]. Prove or disprove the following: 
 (a)  If (f ) = (g), then deg f = deg g. 
 (b)  If deg f = deg g, then (f ) = (g). 
 (c)  If f " (g) and deg f = deg g, then (f ) = (g). 
 
5. Find the greatest common divisor and least common multiple of the 

following pairs of polynomials: 

 (a)  (x - 1)(x + 2)2 and (x + 2)(x - 4). 

 (b)  (x - 2)2(x - 3)4(x - i) and (x - 1)(x - 2)(x - 3)3. 

 (c)  (x2 + 1)(x2 - 1) and (x + i)3(x3 - 1). 
 
6. (a)  Suppose fè, . . . , fñ " F[x], and let I = f1F + ~ ~ ~ + fnF be the set of all 

polynomials of the form g = f1g1 + ~ ~ ~ + fngn where gá " F[x]. Show that I 
is an ideal. This is called the ideal generated by {fè, . . . , fñ}. 

 (b)  Show, in particular, that F[x] is an ideal generated by {1}. This is 
called the unit ideal. 

 (c)  Let d be the unique monic generator of I. Show that d divides each of 
the fi. 

 (d)  If c " F[x] divides each of the fi, show that c|d. 
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 (e) Suppose {fè, fì, f3} generates the unit ideal. Show that we can always 
find polynomials fáé " F[x] such that 

 
f
1

f
2

f
3

f
21

f
22

f
23

f
31

f
32

f
33

=1!!.  

 
 [Hint:  Show there exists g1, g2, g3 " F[x] such that Ígáfá = 1, and let å = 

gcd{gè, gì}. Next, show there exists hè, hì " F[x] such that (gè/å)hè + 
(gì/å)hì = 1. Now use the polynomials gá, há and å to form the fáé.] 

 
 
6.4   POLYNOMIALS OVER ALGEBRAICALLY CLOSED FIELDS 
 
We now turn to a discussion of polynomials over the fields ® and ç. These are 
well worth considering in more detail since most practical applications in 
mathematics and physics deal with these two special cases. By way of termi-

nology, a field F is said to be algebraically closed if every polynomial f " 
F[x] with deg f > 0 has at least one zero (or root) in F. 
 Our next theorem is called the Fundamental Theorem of Algebra. While 
most proofs of this theorem involve the theory of complex variables, this 
result is so fundamental to our work that we present a proof in Appendix A 
that depends only on some relatively elementary properties of metric spaces. 
Basically, if the reader knows that a continuous function defined on a compact 
space takes its maximum and minimum values on the space, then there should 
be no problem understanding the proof. However, if the reader does not even 
know what a compact space is, then Appendix A presents all of the necessary 
formalism for a reasonably complete understanding of the concepts involved. 
 
Theorem 6.12 (Fundamental Theorem of Algebra)   The complex number 
field ç is algebraically closed. 
 
Proof   See Appendix A.  ˙ 
 

 Let p = aà + aè x + ~ ~ ~ + añxn be a polynomial of degree n ˘ 1 over an 
algebraically closed field F. Then there exists an element åè " F such that 
p(åè) = 0. Hence applying the factor theorem (Corollary to Theorem 6.4) we 
have 

p  =  (x - åè)q 
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where q is a polynomial of degree n - 1. Again, if n - 1 > 0, we see that q has 
a zero åì in F, and continuing this process we obtain 
 

p  =  c(x - åè)(x - åì) ~ ~ ~ (x - åñ) 
 
where c is a unit of F. We thus see that any polynomial of degree n ˘ 1 over 
an algebraically closed field has exactly n roots (although they need not be 
distinct). We repeat this statement as part of the next theorem. 
 
Theorem 6.13   Let F be an algebraically closed field. Then every prime 
polynomial p " F[x] has (up to a unit factor) the form x - a where a " F. 
Moreover, every monic polynomial f " F[x] can be factored into the form 

f = (x ! ai )
i=1

n

"  

where each aá " F. 
 
Proof   Let p " F[x] be prime. Since F is algebraically closed, there exists 
a " F such that p(a) = 0. By the factor theorem, x - a must be a factor of p. 
But p is prime so its only factors are its associates and units. This proves the 
first part of the theorem. 
 Now let f " F[x] be of degree n ˘ 1. The second part of the theorem is 
essentially obvious from the first part and Theorem 6.6. However, we may 
proceed as follows. Since F is algebraically closed there exists a1 " F such 
that f(aè) = 0, and hence by the factor theorem, 
 

f  =  (x - aè)qè 
 
where qè " F[x] and deg qè = n - 1 (Theorem 6.2(b)). Now, by the algebraic 
closure of F there exists aì " F such that qè(aì) = 0, and therefore 
 

qè  =  (x - aì)qì 
 
where deg qì = n - 2. It is clear that we can continue this process a total of n 
times, finally arriving at 
 

f  =  c(x - aè)(x - aì) ~ ~ ~ (x - añ) 
 
where c " F is a unit. In particular, c = 1 if qn-1 is monic.  ˙ 
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 While Theorem 6.13 shows that any polynomial of degree n over an alge-

braically closed field has exactly n (not necessarily distinct) roots, a more 
general result is the following. 
 
Theorem 6.14   Any polynomial p " F[x] of degree n ˘ 1 over F has at most 
n roots in F. 
 
Proof   We proceed by induction on the degree n of p. If n = 1, then p = aà + 
aèx so that -aè/aà is the unique root of p, and the theorem thus holds in this 
case. Now assume that n > 1 and that the theorem holds for all polynomials of 
degree less than n. If p has no roots, then the conclusion of the theorem is 
valid, so we assume that p has at least one root c. Then (x - c)|p so that p = 

(x - c) q for some q " F[x] with deg q = n - 1 (Theorem 6.2(b)). By our 
induction hypothesis, q has at most n - 1 roots in F, so the proof will be 
finished if we can show that p has no roots in F other than c and the roots of 
q. Suppose that b " F is such that p(b) = (b - c)q(b) = 0. Since the field F can 
have no zero divisors (Exercise 1.5.12),  it must be true that either b - c = 0 or 
q(b) = 0. In other words, if p(b) = 0, then either b = c or else b is a root of q.  ˙ 
 
Corollary   Every polynomial p of degree n ˘ 1 over an algebraically closed 
field F has n roots in F. 
 
Proof   While this was proved in Theorem 6.13, we repeat it here in a slightly 
different manner. As was done in the proof of Theorem 6.14, we proceed by 
induction on the degree of p. The case n = 1 is true as above, so we assume 
that n > 1. Since F is algebraically closed, there exists at least one root c " F 
such that p = (x - c)q where deg q = n - 1. By our induction hypothesis, q has 
n - 1 roots in F which are also clearly roots of p. It therefore follows that p 
has at least n - 1 + 1 = n roots in F, while Theorem 6.14 shows that p has at 

most n roots in F. Therefore p must have exactly n roots in F.  ˙ 
 
 While we proved in Theorem 6.12 that the field ç is algebraically closed, 
it is not true that ® is algebraically closed. This should be obvious because 

any quadratic equation of the form ax2 + bx + c = 0 has solutions given by the 
quadratic formula 

!b ± b2 ! 4ac

2a
 

 

and if b2 - 4ac < 0, then there is no solution for x in the real number system. 
(Recall that the quadratic formula follows by writing 
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0  =  x2 + bx/a + c/a  =  (x + b/2a)2 - b2/4a2 + c/a 
 
and solving for x.)  However, in the case of ®[x], we do have the following 
result. 
 

Theorem 6.15  Suppose f = aà + aèx + ~ ~ ~ + añxn " ®[x]. If å " ç is a root of 
f, then so is å*. Furthermore, if å # å*, then (x - å)(x - å*) is a factor of f. 
 

Proof   If å " ç is a root of f, then aà + aèå + ~ ~ ~ + añån = 0. Taking the com-

plex conjugate of this equation and remembering that each aá " ®, we obtain 

aà + aèå* + ~ ~ ~ + añå*n = 0 so that å* is also a root of f. The second part of 
the theorem now follows directly from the factor theorem.  ˙ 
 
Corollary   Every prime polynomial in ®[x] is (up to a unit factor) either of 

the form x - a or x2 + ax + b where a, b " ® and a2 - 4b < 0. 
 
Proof   Let f " ®[x] be prime, and let å " ç be a root of f (that å exists fol-

lows from Theorem 6.13). Then x - å is a factor of f so that if å " ®, then f = 
c(x - å) where c " ® (since f is prime). But if å ! ®, then å " ç and å* # å 

so that by Theorem 6.15, f has the factor 
 

   (x - å)(x - å*)  =  x2 - (å + å*)x + åå*  . 
 
Writing å = u + iv we see that 
 

-a  =  å + å*  =  2u  "  ® 
and 

b  =  åå*  =  u2 + v2  "  ® 
 

so that f has the form (up to a unit factor) x2 + ax + b. Finally, note that 
 

      a2 - 4b  =  4u2 - 4(u2 + v2)  =  -4v2  <  0  .  ˙ 
 

 

Exercises  
 

1. Suppose xn + an-1xn-1 + ~ ~ ~ + aèx + aà " ç[x] has zeros åè, . . . , åñ. Prove 
that aà = ±å1 ~ ~ ~ åñ and an-1 = -(åè + ~ ~ ~ + åñ). 

 
2. Let Vn ™ F[x] denote the set of all polynomials of degree ¯ n, and let a0, 

a1, . . . , an " F be distinct. 
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 (a)  Show that Vn is a vector space over F with basis {1, x, x2, . . . , xn}, 
and hence that dim Vn = n + 1. 

 (b)  For each i = 0, . . . , n, define the mapping Tá: Vn ‘F by Tá(f ) = f(aá). 
Show that the Tá are linear functionals on Vn , i.e., that Tá " Vn*. 

 (c)  For each k = 0, . . . , n define the polynomial 
 

 

pk (x) =
(x ! a0 )!!!(x ! ak!1)(x ! ak+1)!!!(x ! an )

(ak ! a0 )!!!(ak ! ak!1)(ak ! ak+1)!!!(ak ! an )

=
x ! ai
ak ! ai

"

#
$

%

&
'

i(k

) *Vn !!.

 

 
 Show that Tá(pé) = &áé. 
 (d)  Show that p0, . . . , pn forms a basis for Vn, and hence that any f " Vn 

may be written as 

f = f (ai )pi
i=0

n

! !!.  

 (e)  Now let bà, bè, . . . , bñ " F be arbitrary, and define f = Íbápá . Show 
that f(aé) = bé for 0 ¯ j ¯ n. Thus there exists a polynomial of degree ¯ n 
that takes on given values at n + 1 distinct points. 

 (f )  Now assume that f, g " F[x] are of degree ¯ n and satisfy f(aé) = bé = 
g(aé) for 0   ¯ j ¯ n. Prove that f = g, and hence that the polynomial defined 
in part (e) is unique. This is called the Lagrange interpolation formula. 

 
3. Suppose Q ™ Mì(ç) is the set of all complex matrices of the form 
 

z w

!w * z *

"

#
$

%

&
'!!. 

 
 (a)  Prove that Q is a division ring (i.e., that the nonzero elements of Q 

form a multiplicative group). Q is called the ring of quaternions. 
 (b)  Prove that Q is not a field. 

 (c)  Prove that x2 + 1 " Q[x] has infinitely many roots in Q (where 1 
denotes the unit element of Q, i.e., the 2 x 2 identity matrix). 

 
4. Prove that f, g " ç[x] are relatively prime if and only if they have no root 

in common. 
 
5. Let D be the differentiation operator defined in Problem 6.1.4, and sup-

pose f " ç[x] is a monic polynomial. Prove that f = (x - åè) ~ ~ ~ (x - åñ) 
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where åè, . . . , åñ " ç are distinct if and only if f and Df are relatively 
prime. 

 

6. If f " F[x] has a root å, and f = (x - å)mg where g(å) # 0, then å is said 
to be a root of multiplicity m. In other words, m is the largest integer such 

that (x - å)m|f. Let å be a root of f " F[x] and assume that deg f ˘ 1. 
Show that the multiplicity of f is > 1 if and only if Df(å) = 0, and hence 
that the multiplicity of å is 1 if Df(å) # 0. (See Problem 6.1.4 for the defi-

nition of Df.) 
 
7. Show that the following polynomials have no multiple roots in ç (see the 

previous problem for the definition of multiplicity): 

 (a)  x4 + x. 

 (b)  x5 - 5x + 1. 

 (c)  x2 + bx + c where b, c " ç and b2 - 4c # 0. 
 
 
6.5   THE FIELD OF QUOTIENTS 
 
What we will do in this section is show how to construct a field out of the ring 
F[x]. Rather than talk about polynomials specifically, we use the fact that 
F[x] is an integral domain and treat the problem on a more general footing. 
 Notice that the set Û of all integers has the property that if ab = 0 for some 
a, b " Û, then either a or b must equal 0. Since Û is a ring, this shows that Û is 
in fact an integral domain. Also note though, for any a " Û, a # 1, we have 
aî = 1/a !  Û, so that Û is not a field. However, if we enlarge the set Û to 
include all of the rational numbers, then we do indeed obtain a field. What this 
really entails is taking all pairs a, b " Û and forming the object a/b with the 
appropriate algebraic operations defined on it. In this particular case, we say 
that a/b = c/d if and only if ad = bc, and we define the operations of addition 
and multiplication  by 
 

a/b + c/d  =  (ad + bc)/bd 
and 

   (a/b)(c/d)  =  (ac)/(bd)  . 
 
 In order to generalize this result, we make the following definition. Let D 
be an integral domain (i.e., a commutative ring with no zero divisors), let Dæ 
denote the set of all nonzero elements of D, and let Q be the set of all ordered 
pairs 

 Q  =  {(a, b) " D ª Dæ}  . 
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(You may think of (a, b) as the quotient a/b.)  We define a relation – on Q by 
(a, b) – (c, d) if ad = bc, and we claim that this is an equivalence relation (for 
example, 2/3 is “equivalent” to 8/12). To prove this, we must verify the three 
requirements given in Section 0.3. First, for any (a, b) " Q we have (a, b) – 
(a, b) since ab = ba. Next, for any (a, b), (c, d) " Q we see that (a, b) – (c, d) 
implies ad = bc, and hence cb = da which thus implies (c, d) – (a, b). Finally, 
suppose (a, b), (c, d), (e, f ) " Q where (a, b) – (c, d) and (c, d) – (e, f ). Then 
ad = bc and cf = de, and therefore bde = bcf = adf. But  D is commutative, and 
hence this is just afd = bed.  By assumption d # 0 so that, since D is an in-

tegral domain, we must have af = be and thus (a, b) – (e, f ). 
 We are now in a position to show that any integral domain can be enlarged 
in a similar manner to form a field. By way of terminology, if there is a one-

to-one homomorphism (i.e., an isomorphism) of a ring R into a ring Ræ, then 
we say that R can be embedded in Ræ. Furthermore, if R and Ræ are both rings 
with unit elements 1 and 1æ respectively, then we require that the embedding 
take 1 into 1æ. The ring Ræ is also called an extension of R. 
 The proof of the next theorem appears to be quite involved, but it is actu-

ally nothing more than a long series of simple steps. 
 
Theorem 6.16   Every integral domain D can be embedded in a field. 
 
Proof   Let Dæ be the nonzero elements of D, and let Q be the set of all ordered 
pairs (a, b) " D ª Dæ as defined above. We let [a, b] denote the equivalence 
class in Q of (a, b) as constructed above. In other words, 
 

   [a, b]  =  {(x, y) " D ª Dæ: (a, b) – (x, y)}  . 
 
We claim that the set FD of all such equivalence classes forms a field. To 
prove this, we must first define addition and multiplication in FD. 
 Guided by the properties of Û, we define addition in FD by the rule 
 

   [a, b] + [c, d]  =  [ad + bc, bd]  . 

Since D is an integral domain, we know that bd # 0 for any nonzero b, d " D, 
and hence [ad + bc, bd] " FD. We still must show that this addition is well-

defined, i.e., if [a, b] = [aæ, bæ] and [c, d] = [cæ, dæ], then 
 

   [a, b] + [c, d]  =  [aæ, bæ] + [cæ, dæ]  . 
 
This is equivalent to showing that 
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[ad + bc, bd]  =  [aædæ + bæcæ, bædæ] 
 
or, alternatively, that 
 

   (ad + bc)bædæ  =  bd(aædæ + bæcæ)  . 
 
From [a, b] = [aæ, bæ] we have abæ = baæ, and similarly cdæ = dcæ. Therefore we 
indeed have 
 

(ad + bc) !b !d = ad !b !d + bc !b !d = a !b d !d + b !b c !d = b !a d !d + b !b d !c

= bd !a !d + bd !b !c = bd( !a !d + !b !c )!!.
 

 
 Since D is commutative, it should be clear that if c # 0 then 
 

   [a, b]  =  [ac, bc]  =  [ca, cb]  . 
Therefore 
 

[a, b] + [0, c]  =  [ac + b0, bc]  =  [ac, bc]  =  [a, b] 
 
so that [0, c] is a zero element for addition. We now see that 
 

[a, b] + [-a, b]  =  [ab - ba, bb]  =  [0, b] 
 
and hence [-a, b] is the negative of [a, b]. The reader should now have no 
trouble showing that FD is an abelian group under addition. 
 To complete our ring structure, we define multiplication in FD by the rule 
 

   [a, b][c, d]  =  [ac, bd]  . 
 
As was the case with addition, the fact that b, d # 0 means that bd # 0, and 
hence the product is an element of FD. We leave it to the reader to show that 
the product is well-defined (see Exercise 6.5.1). It is also easy to see that 
[x, x] is a unit element in FD for any nonzero x " D, and that the nonzero 
elements of FD (i.e., those of the form [a, b] with a # 0) form an abelian group 
under multiplication with the inverse of an element [a, b] given by [a, b]î = 
[b, a] (where [b, a] " FD since a # 0). 
 As to the ring axioms, we show only one of the distributive laws, and 
leave the others to the reader. This will complete the proof that FD forms a 
field. If [a, b], [c, d], [e, f] " FD, then 
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[a,!b]([c,!d]+ [e,! f ]) = [a,!b][cf + de,!df ] = [acf + ade,!bdf ]

= [b(acf + ade),!bbdf ] = [(ac)(bf )+ (bd)(ae),!(bd)(bf )]

= [ac,!bd]+ [ae,!bf ] = [a,!b][c,!d]+ [a,!b][e,! f ]

 

 
 What we have accomplished up to this point is the construction of a field 
FD from an arbitrary integral domain D. It still must be shown that D can be 
embedded in FD. As was noted above, for any nonzero x, y " D we have 
[ax, x] = [ay, y] because (ax)y = x(ay). This means that we can denote the ele-

ment [ax, x] " FD by [a, 1]. (It is important to realize that the ring D does not 
necessarily contain a unit element, so that there need not exist a unit element 
1 " D. What we have just done is define the element [a, 1] " FD. Everything 
that follows in the remainder of this proof holds if we replace the symbol 1 by 
an arbitrary nonzero element x " D.) 
 We now define the mapping ƒ: D ‘FD by ƒ(a) = [a, 1] for all a " D. If 
ƒ(a) = ƒ(aæ), then [a, 1] = [aæ, 1] so that a1 = 1aæ and hence a = aæ, thus proving 
that ƒ is one-to-one. (As we just mentioned, the symbol 1 could actually be 
replaced by any x # 0 since the fact that D is an integral domain then says that 
if ax = xaæ, then x(a - aæ) = 0 which also implies that a = aæ.)  To finish the 
proof, we need only show that ƒ is a homomorphism. But for any a, b " D we 
have 
 

ƒ(a + b)  =  [a + b, 1]  =  [a1 + b1, 1~1]  =  [a, 1] + [b, 1]  =  ƒ(a) + ƒ(b) 
 
and 

     ƒ(ab)  =  [ab, 1]  =  [ab, 1~1]  = [a, 1][b, 1]  =  ƒ(a)ƒ(b)  .  ˙ 
 
 The field FD constructed in this theorem is usually called the field of quo-

tients of D. If we start with the ring of integers Û, then this construction yields 
the rational field Œ. While we have shown that any integral domain D can be 
embedded in its field of quotients, there can be other fields in which D can 
also be embedded. However, it can be shown that FD is the “smallest” field in 
which D can be embedded (see Exercise 6.5.2). 
 
 
Exercises  
 
1. Referring to the proof of Theorem 6.16, show that the product in FD is 

well-defined. 
 
2. Show that FD is the smallest field in which an integral domain D can be 

embedded. In other words, show that if K is any field containing an inte-

gral domain isomorphic to D, then K contains a field isomorphic to FD . 
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[Hint: For simplicity, assume that D is actually a subring of K . Now, for 
any a, b " D show that the map ƒ: FD ‘K  defined by ƒ([a, b]) = abî is 
one-to-one and preserves addition and multiplication. Thus ƒ is an iso-

morphism of FD onto a subfield of K .] 
 
3. Show that FD obeys all of the axioms for a ring. 
 
 
6.6   POLYNOMIALS OVER FINITE FIELDS * 

 
With very few exceptions (e.g., Exercise 1.5.15), the fields we have been 
using (such as ® and ç) contain an infinite number of elements. However, it is 
also possible to construct many fields that contain only a finite number of ele-
ments. This section is meant to be only an introduction to the theory of finite 
fields. 
 Recall from Example 1.11 that two integers a, b " Û are said to be 

congruent modulo n (where n " Û+ ) if n|(a - b), and we write this as 
 

   a ^ b(mod n)  . 
 

We also saw in Exercise 1.5.2 that for each n " Û+, this defines an 
equivalence relation on Û that decomposes Û into n distinct congruence 
classes. We shall denote the congruence class (for a fixed n) of an integer k " 
Û by [k]. If there is any possible ambiguity as to the value of n under 
discussion, we will write [k]ñ. For example, if n = 5 we have 
 

   [2]  =  [7]  =  [-33]  =  {. . . , -8, -3, 2, 7, 12, . . .}  . 
 
We also refer to any of the integers in [k] as a representative of [k]. For 
example, 2 is the smallest positive representative of the class [7] (or the class 
[-33] etc.). We emphasize that [k] is a subset of Û for each k. 
 From Example 1.11, we say that the collection 
 

{[0], [1], [2], . . . , [n - 1]} 
 
forms a complete set of congruence classes modulo n, and we denote this 
collection by Ûñ. We first show that Ûñ can be made into an abelian group. 
For any [a], [b] " Ûñ we define a group “addition” operation [a] • [b] " Ûñ 
by 

   [a] • [b]  =  [a + b]  . 
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(Note that the symbol • is used in an entirely different context when we talk 
about direct sums.) It should be obvious that [0] will serve as the additive 
identity element since [a] • [0] = [a + 0] = [a] and [0] • [a] = [0 + a] = [a]. 
Noting that, for example with n = 5 again, we have [3] = [18] and [4] = [-1], 
we must be sure that [3] • [4] = [18] • [-1]. Clearly this is true because [3] • 
[4] = [7] = [2] and [18] • [-1] = [17] = [2]. In other words, we must be sure 
that this addition operation is well-defined. That this is in fact the case is 
included in the next theorem. 
 
Theorem 6.17   The set Ûñ is an abelian group with respect to the operation • 
defined above. 
 
Proof   We leave it to the reader to show that • is indeed well-defined (see 
Exercise 6.6.1). As to the group properties, we prove associativity, leaving the 
rest of the proof to the reader (see Exercise 6.6.2). We have 
 

 

[a]! ([b]! [c]) = [a]! [b + c] = [a + (b + c)] = [(a + b)+ c]

= [a + b]! [c] = ([a]! [b])! [c]!!.!!˙
 

 
 By virtue of this theorem, Ûñ is called the group of integers modulo n (or 
simply mod n). We can also define another operation on Ûñ that is analogous 
to multiplication. Thus, we define the “multiplication” operation · on Ûñ by 
 

   [a] · [b]  =  [ab]  . 
 
(Again, this symbol should not be confused with the tensor product to be 
introduced in Chapter 11.)  For example, if n = 6 we have [2] · [5] = [10] = 
[4] and [3] · [-4] = [-12] = [0]. The closest analogue to Theorem 6.17 that 
we have for · is the following. 
 
Theorem 6.18   The operation · defined above on Ûñ is well-defined, obeys 
the associative and commutative laws, and has [1] as the identity element. 
 
Proof   See Exercise 6.6.3.  ˙ 
 
 Since [1] is the identity element for ·, it is easy to see that [0] has no mul-

tiplicative inverse in Ûñ, and hence Ûñ can not possibly form a group under ·. 
Let us denote the set Ûñ - [0] = {[1], [2], . . . , [n - 1]} by Ûn±. It turns out 
that for some (but not all) values of n, Ûn± will in fact form a group with 
respect to ·. We will leave specific examples of this to the exercises at the 
end of this section. 
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 With the operations • and · defined, it is now easy to see that Ûñ actually 
forms a commutative ring. All we must do is verify the axioms given in 
Section 1.4. We will show that the first half of axiom (R8) is obeyed, and 
leave it to the reader to verify the rest of the ring axioms (see Exercise 6.6.4). 
We therefore have 
 

[a]! ([b]" [c]) = [a]! [b + c] = [a(b + c)] = [ab + ac]

= [ab]" [ac] = ([a]! [b])" ([a]! [c])!!.
 

 
 Now consider the ring Ûñ and assume that n is not prime. Then we may 
write n = rs where r, s > 1. But then [r] · [s] = [rs] = [n] = [0] where [r], [s] # 
[0]. Since [0] is the zero element of Ûñ, this shows that Ûñ is not an integral 
domain if n is not prime. On the other hand, suppose that n = p is prime. We 
claim that Ûp is an integral domain. For, suppose [a] " Ûp and [a] # [0]. We 
may assume that a is the smallest positive representative of the equivalence 
class [a], and hence a < p. Now assume that [b] " Ûp is such that [a] · [b] = 
[ab] = [0] (where we again choose b < p to be the smallest positive representa-

tive of the class [b]). Then by definition we have p|ab. But p is prime so (by 
Theorem 0.9) this implies that either p|a or p|b. Since a < p, it is impossible for 
p to divide a, and therefore p|b. Since 0 ¯ b < p, we must have b = 0, and thus 
Ûp is an integral domain. This proves the next result. 
 
Theorem 6.19   The ring Ûñ is an integral domain if and only if n is prime. 
 
 Noting that Ûñ consists of n equivalence classes, we now claim that Ûñ is 
in fact a field if n is prime. This is an immediate consequence of the following 
general result. Recall that a field is a commutative ring with identity element 
in which the nonzero elements form a multiplicative group (i.e., a commuta-

tive division ring). Furthermore, any field is necessarily an integral domain 
(see Exercise 1.5.6 or 1.5.12). 
 
Theorem 6.20   Every finite integral domain is a field. 
 
Proof   Let D be a finite integral domain (which is commutative by 
definition). We must show that 1 " D, and that every nonzero a " D has a 
multiplicative inverse that is also in D. In other words, we must show that for 
every nonzero a " D there exists b " D such that ab = 1 " D. Let {xè, . . . , 
xñ} denote all the elements of D, and consider the set {axè, . . . , axñ} where 
a " D and a # 0. If axá = axé for i # j, then a(xá - xé) = 0 which (since D has no 
zero divisors) implies that xá = xé, contradicting the assumption that i # j. Thus 
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axè, . . . , axñ are all distinct. Since D contains n elements, it follows that in 
fact we have D   = {axè, . . . , axñ}. In other words, every y " D can be written 
in the form axá = xáa for some i = 1, . . . , n. In particular, we must have a = 
axià for some ià = 1, . . . , n. Then for any y = xáa " D we have 
 

yxià  =  (xáa)xià  =  xá(axià)  =  xáa  =  y 
 
so that xià may be taken as the identity element 1 in D. Finally, since we have 
now shown that 1 " D, it follows that 1 = axé for some particular j = 1, . . . , n. 
Defining b = xé yields 1 = ab and completes the proof.  ˙ 
 
Corollary   Ûñ is a field if and only if n is prime. 
 
 We now turn our attention to the question of whether there exist any finite 
fields that do not contain a prime number of elements. As with groups, we 
refer to the number of elements in a finite field as its order. This is not sur-

prising since any field is a ring, and any ring is an additive group. We will 
frequently denote a finite field by F rather than by F. 
 
Example 6.10   Let Sì(F) ™ Mì(F) denote the set of all matrices of the form 
 

!!x y

!y x

"

#
$

%

&
'!!. 

 
We will show that Sì(F) is a field when F = Û3 but not when F = Û5 . 
 We leave it as a simple exercise for the reader to show that if A, B " 
Sì(F), then A + B and AB are also in Sì(F). Furthermore, AB = BA so that 
Sì(F) is commutative. Note that Sì(F) also contains the zero and identity 
matrices, and if A " Sì(F), then so is -A. Thus Sì(F) is easily seen to be a 
subring of Mì(F). We now consider the problem of inverses. If 
 

A =
!!x y

!y x

"

#
$

%

&
'  

 
has inverse 

A!1 =
!!a b

!b a

"

#
$

%

&
'  

 
then AAî = I yields the two simultaneous equations 
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ax ! by =1

ay+ bx = 0!!.
 

 
Since x, y, a, b " F we can (formally) solve these for a and b to obtain 
 

a =!! x(x2 + y2 )!1

b = !y(x2 + y2 )!1 !!.
 

 

The element (x2 + y2)-1 will exist as long as x2 + y2 # 0. 
 In Û3 we have x, y = {0, 1, 2} and it is easy to see by direct calculation 

that x2 + y2 # 0 as long as (x, y) # (0, 0). For example, if x = 1 and y = 2 we 

have x2 + y2 = 1 + 1 = 2. Thus every nonzero matrix in Sì(Û3) is invertible, 
and hence Sì(Û3) is a field with 9 elements. 

 On the other hand, in Û5 we see that 12 + 22 = 0 so that the matrix with x = 
1 and y = 2 is not invertible, and hence Sì(Û5) is not a field.  ! 
 
Example 6.11   Since Û3 is a field, we can consider polynomials in Û3[x]. 
These may be used to generate a field of order 9 as follows. We define the set 
F9 ™ Û3[x] consisting of the nine polynomials of degree ¯ 1 with coefficients 
in Û3: 

   F9  =  {0, 1, 2, x, x + 1, x + 2, 2x, 2x + 1, 2x + 2}  . 
 
It is easy to see that this set is closed under ordinary polynomial addition. For 
example, remembering that our scalars lie in Û3 we have (x + 1) + (2x + 1) = 
2. However, we must be careful in defining multiplication. This is because, for 

example, (x + 1)(2x + 1) = 2x2 + 1 !  F9  even though it is in Û3[x]. To ensure 
that multiplication is closed, we multiply as usual in Û3[x] and then reduce 

modulo x2 + 1. In other words, we subtract off multiples of x2 + 1. For exam-

ple, we have 
 

 

(x +1)(2x +1) = 2x2 +1 (in ¸
3
[x])

= 2(x2 +1)+ 2

= 2 (in F9 )!!.

 

As another example, 
 

 

(2x +1)(x) = 2x2 + x (in ¸
3
[x])

= 2(x2 +1)+ (x +1)

= x +1 (in F9 )!!.
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Using the constant polynomials 0 and 1 as the 0 and 1 elements of a ring, it is 
easy to show that F9 forms a commutative ring. That F9 in fact is a field fol-

lows from the observation that each nonzero element of F9 has the inverse 
shown below: 
 

Element: 1 2 !!x x+1 x+2 2x 2x+1 2x+2

Inverse: 1 2 2x x+2 x+1 !!x 2x+2 2x+1
 

 
We leave verification of these facts to the reader.  ! 
 
 Let G be any group, and let e be the identity element of G. If there exists 
an element x " G such that every element in G is a power of x, then G is said 
to be a cyclic group generated by x. The cyclic group generated by x is usu-

ally denoted by ÓxÔ. If we consider the set of all powers of the generator x, 
then this set will consist of either all distinct elements, or else some elements 
will be repeated. In the case of repeated elements, there will exist a positive 

integer m > 0 such that xm = e while no smaller nonzero power of x is also 

equal to e. For example, if i ¯ j and xi = xj, we have e = xj(xi)î = xj  x-i = xj-i. 
Then let m be the smallest nonzero value of all such differences j - i. 

 We say that G = {e, x, x2, . . . , xm -1} is a cyclic group of order m, and 
we denote this group by Cm. We are using the letter e to denote the identity 
element of a general group so that we may distinguish between the multi-
plicative identity (usually written as 1) of some groups and the additive 
identity (usually written as 0) of other groups. Note that given any k " Û we 
may write k = qm + r (where 0 ¯ r < m), and hence 
 

   xk  =  (xm)q xr  =  eq xr  =  xr  . 
 
Thus all powers of x can indeed be written in terms of the first m powers of x. 
 In the case that all powers of x are distinct, then the group 
 

G  =  { . . . , x-2, x-1, e, x, x 2, . . . } 
 
contains an infinite number of elements. We denote such an infinite cyclic 
group by CŸ. Of importance to us is the fact that many apparently diverse 
groups are isomorphic to cyclic groups (either finite or infinite). We will see a 
simple example of this below. 

 If x " G and m > 0 is the smallest integer such that xm = 1, then m is 
called the order of x, and will also be denoted by o(x). (This should not be 
confused with the order of G which is the number of elements in G. It is for 
this reason that o(G) is frequently denoted by \G\.)  If o(x) ¯ o(G), then it is 



6.6   POLYNOMIALS OVER FINITE FIELDS  

 

291 

easy to see that ÓxÔ is simply a subgroup of G, and furthermore that o(x) = 
o(ÓxÔ) (see Exercise 6.6.9). 
 
Example 6.12   Let us show that the set of integers Û under addition is iso-

morphic to CŸ = ÓxÔ. We define the mapping ƒ: Û ‘ CŸ by ƒ(n) = xn. Clearly 
ƒ is a homomorphism of groups since 
 

   ƒ(n + m)  =  xn +m  =  xn xm  =  ƒ(n)ƒ(m)  . 
 
(Note that n + m in ƒ(n + m) denotes the “product” of two group elements in 
Û while ƒ(n)ƒ(m) denotes the product of two elements in CŸ.)  It should also 

be obvious that ƒ is surjective because every xk " CŸ is just the image of k " 
Û. Finally, ƒ is injective since Ker ƒ = {0}. We have thus constructed an iso-

morphism of Û onto CŸ. 
 We leave it to the reader to show that Ûm is isomorphic to Cm  (see 
Exercise 6.6.7).  ! 
 
 Let F be any field. Since F is closed under addition and contains the mul-

tiplicative identity element 1, we see that for any n " Û+, the sum 1 + ~ ~ ~ + 1 
of n 1’s is also in F. For example,  2 = 1 + 1 " F as is 3 = 1 + 1 + 1 and so on. 
(However, it is important to stress that in an arbitrary field these elements 
need not be distinct.)  Therefore the positive integers form a (not necessarily 
infinite) cyclic subgroup Ó1Ô of the additive group of F. In other words 
 

Ó1Ô  =  {0, 1, 2, . . . } 
 
where each n " Ó1Ô denotes 1 + ~ ~ ~ + 1 (n times) in F. 
 Now consider the special case where F is a finite field. Note that since Ó1Ô 
is a subgroup of F, Theorem 1.9 tells us that o(Ó1Ô)|o(F). The number o(Ó1Ô) is 
called the characteristic of F (see Section 1.5). For example, if F = Ûp, then 
Ó1Ô = {0, 1, 2, . . . , p - 1} = Ûp and hence the characteristic of Ûp is o(Ó1Ô) = 
p = o(F). The characteristic of an infinite field may or may not be finite. 
 
Example 6.13   Let us show that the characteristic of any finite field must be a 
prime number (if it is nonzero). By definition, the characteristic of F is the 

smallest m " Û+ such that m~1 = 1 + ~ ~ ~ + 1 = 0. If m # 0 is not prime, then 
we may write m = rs for some integers 0 < r < m and 0 < s < m. But then we 
have rs = 0 which implies (since we are in a field) that either r = 0 or s = 0. In 
either case this contradicts the definition of m as the least positive integer such 
that m = 0. Thus m must be prime. Note that this proof actually applies to any 
finite integral domain with an identity element.  ! 
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 We now wish to prove that if a finite field exists, then its order must be a 
prime power. For example, we have seen that Ûñ is a field if and only if n is 

prime, and the field F9 discussed above is of order 9 = 32. Our claim will fol-

low as an immediate corollary of the next theorem. The reader should recall 
that the direct product of two groups was defined in Exercise 1.1.5. The direct 
product of a finite number of groups follows by an obvious induction argu-

ment. 
 
Example 6.14   Consider the cyclic groups Cì = ÓxÔ = {1, x} and C3 = ÓyÔ = 

{1, y, y2}. Then the product Cì ª C3 consists of the six elements 
 

   Cì ª C3  =  {(1, 1), (1, y), (1, y2), (x, 1), (x, y), (x, y2)}  . 
 
To show that this product group is isomorphic to C6, let z = (x, y) " C2 ª C3 . 

Then by definition of the group product in Cì ª C3 we have z2 = (1, y2), z3 = 

(x, 1), z4 = (1, y), z5 = (x, y2), z6 = (1, 1). Therefore Cì ª C3 = {z, z2, . . . , z6} 
which is just a cyclic group of order 6.  ! 
 
Theorem 6.21   If F is a finite field of characteristic p, then for some r ˘ 1, the 

additive group of F is isomorphic to the r-fold direct product (Cp)r. Thus 

o(F) = pr. 
 
Proof   We leave it to the reader to show that Ûp is isomorphic to a subfield of 
F, and hence that F may be considered to be a vector space V over the field 
Ûp . Since F is finite, r = dim V must also be finite. By the corollary to 

Theorem 2.8, V is isomorphic to (Ûp)r = Ûp ª ~ ~ ~ ª Ûp . Noting that Ûp = 
{0, 1, . . . , p - 1} = Ó1Ô is isomorphic to the (additive) cyclic group Cp, it fol-

lows that V is isomorphic to (Cp)r (i.e., the set of all r-tuples of field ele-

ments). Thus V has pr elements.  ˙ 
 
Corollary   The order of a finite field must be a prime power. 
 
Proof   This follows from Example 6.13 and Theorem 6.21.  ˙ 
 
 We now comment briefly on the construction of finite fields. What we 
shall do is generalize the procedure demonstrated in Example 6.11 where we 
constructed the field F9. Recall that the problem came in defining a closed 
multiplication in Û3[x]. A more general way to view the solution to this 
problem is to define an equivalence relation — on Û3[x] by the requirement 

that a — b if (x2 + 1)|(a - b). Note that x2 + 1 is prime in Û3[x]. We may now 
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take the elements of F9 to be the equivalence classes of the nine polynomials 
that were previously used in Example 6.11 to define F9. Another way to say 
this is that these nine polynomials of degree ¯ 1 form a complete set of repre-

sentatives of the classes. In this case, addition and multiplication are defined 
as expected by 

[a] + [b]  =  [a + b] 
and 

   [a][b]  =  [ab]  . 
 

 Note that if (x2 + 1)|(a - b), then the remainder of a divided by x2 + 1 must 

be the same as the remainder of b divided by x2 + 1. Since there are only a 
finite number of polynomials in Û3[x], there can be only a finite number of 
distinct remainders, and the degree of each remainder must be less than that of 

x2 + 1. Referring to Theorem 6.7 and its proof, a moments thought should 

convince you that all we are doing is considering the cosets Û3[x]/(x2 + 1) 

where (x2 + 1) denotes the principal ideal generated by k = x2 + 1 " Û3[x]. 
This is because any p " Û3[x]/(k) = Û3[x]/I is of the form I + h where h " 
Û3[x]. But h = qk + r for some q " Û3[x] and where deg r < deg k, and hence 
qk " I. Therefore p must actually be of the form I + r, and thus there can be 
only as many distinct such p as there are distinct r. 
 The next theorem shows that this approach works in general. 
 
Theorem 6.22   Let k " Ûp[x] be a prime polynomial of degree r, and define 
an equivalence relation on Ûp[x] by a — b if and only if k|(a - b). Then the cor-

responding set of equivalence classes in Ûp[x] is a field of order pr. 
 

Proof   First note that if aá " Ûp[x], then there are pr distinct polynomials of 

the form aà + aèx + ~ ~ ~ + ar-1xr-1. This set of pr polynomials (which consists 
of all distinct polynomials of degrees 0, 1, 2, . . . , r - 1) forms a complete set 

of representatives of the classes, and hence there are pr classes in all. Since 
these equivalence classes are just the cosets Ûp[x]/(k) where k is prime, it 
follows from Theorem 6.11 that Ûp[x]/(k) is a field.  ˙ 
 

 One consequence of this theorem is that to construct a field of order pr we 
need only find a prime polynomial of degree r in Ûp[x]. While this is easy 
enough to do in most common cases, it is fairly hard to prove that there exists 
at least one prime polynomial for every choice of p and r. We refer the inter-

ested reader to e.g., the very readable book by Biggs (1985). 
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Exercises  
 
1. Show that the operation • defined on Ûñ is well-defined. In other words, 

show that if [aè] = [aì] and [bè] = [bì] then [aè + bè] = [aì + bì]. 
 
2. Finish the proof that Ûñ forms an additive group. 
 
3. Prove Theorem 6.18. 
 
4. Finish the proof that Ûñ forms a ring. 
 
5. Finish the details in Example 6.10. 
 
6. Finish the details in Example 6.11. 
 
7. Prove that Ûm is isomorphic to Cm. 
 
8. If m and n are relatively prime positive integers, prove that Cm ª Cñ is 

isomorphic to Cmn. [Hint: Suppose Cm = ÓxÔ and Cñ = ÓyÔ. Let z = 
(x,   y) " Cm ª Cñ have order r. Show that r = mn and then conclude that 
Cm ª Cñ must be a cyclic group.] 

 
9. Let G be a group, and suppose ÓxÔ ™ G. If o(x) ¯ o(G), show that ÓxÔ is a 

subgroup of G and that o(x) = o(ÓxÔ). 
 
10. Fill in the details in the proof of Theorem 6.22. 
 
11. For each of the following expressions in Û5, write the answer as [0], [1], 

[2], [3] or [4]: 
 (a)  [3] • [4] 
 (b)  [2] • [-7] 
 (c)  [17] • [76] 
 (d)  [3] · [4] 
 (e)  [2] · [-7] 
 (f )  [17] · [76] 
 (g)  [3] · ([2] • [4]) 
 (h)  ([3] · [2]) • ([3] · [4]) 
 
12. Repeat the previous problem in Û6. 
 
13. (a)  Which elements of Û4 are zero divisors? 
 (b)  Which elements of Û10 are zero divisors? 
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14. Show that ([2], [0]) is a zero divisor in Û3 ª Û3. 
 

15. (a)  Show that 1 + x + x2 " Ûì[x] is prime over Ûì. 

 (b)  Show that 1 + x2 " Û3[x] is prime over Û3. 
 [Hint: Use the factor theorem.] 
 

16. (a)  Show that 1 + x2 + x3 " Ûì[x] is prime over Ûì, and use this to con-

struct a field of order 8. 
 (b)  What is the order of its multiplicative group? 
 

17. Prove that for every prime number p there exist fields of order p2 and p3. 
 

18. For which of the following primes p can we construct a field of order p2 

by using the polynomial 1 + x2? 
 

   p  =  3, 5, 7, 11, 13, 19, 23  . 
 
 Describe the multiplicative group for the first two cases in which the field 

can be constructed. 
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Linear Transformations 

and Polynomials 
 
 
 
 

 
We now turn our attention to the problem of finding the basis in which a given 
linear transformation has the simplest possible representation. Such a repre-
sentation is frequently called a canonical form. Although we would almost 
always like to find a basis in which the matrix representation of an operator is 
diagonal, this is in general impossible to do. Basically, in this chapter as well 
as in Chapters 8 and 10, we will try and find the general conditions that 
determine exactly what form it is possible for a representation to take. 
 In the present chapter, we focus our attention on eigenvalues and eigen-
vectors, which is probably the most important characterization of a linear 
operator that is available to us. We also treat the triangular form theorem from 
two distinct viewpoints. Our reason for this is that in this chapter we discuss 
both quotient spaces and nilpotent transformations, and the triangular form 
theorem is a good application of these ideas. However, since we also treat this 
theorem from an entirely different (and much simpler) point of view in the 
next chapter, the reader should feel free to skip Sections 7.10 to 7.12 if 
desired. (We also point out that Section 7.9 on quotient spaces is completely 
independent of the rest of this chapter, and may in fact be read immediately 
after Chapter 2.) 
 In Chapter 8 we give a complete discussion of canonical forms of matrices 
under similarity. All of the results that we prove in the present chapter for 
canonical forms of operators also follow from the development in Chapter 8. 
The reason for treating the “operator point of view” as well as the “matrix 
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point of view” is that the proof techniques and way of thinking can be quite 
different. The matrix point of view leads to more constructive and insightful 
proofs, while the operator point of view leads to techniques that are more 
likely to extend to infinite-dimensional analogs (although there is no complete 
extension to the infinite-dimensional version). 
 
 
7.1   MINIMAL POLYNOMIALS 
 

Let f = aà + aèx + ~ ~ ~ + añxn ! F[x] be any polynomial in the indeterminate x. 
Then, given any linear operator T ! L(V), we define the linear operator f(T) ! 
L(V) as the polynomial in the operator T defined by substitution as 
 

f(T)  =  aà1 + aèT + ~ ~ ~ + añTn 

 
where 1 is the identity transformation on V. Similarly, given any matrix A ! 
Mm(F), we define the matrix polynomial f(A) by 

 

f(A)  =  aàI + aèA + ~ ~ ~ + añAn 

 
where now I is the m x m identity matrix. If T is such that f(T) = 0, then we 
say that T is a root or zero of the polynomial f. This terminology also applies 
to a matrix A such that f(A) = 0. 
 If A ! Mm(F) is the representation of T ! L(V) relative to some (ordered) 

basis for V, then (in view of Theorem 5.13) we expect that f(A) is the repre-
sentation of f(T). This is indeed the case. 
 
Theorem 7.1   Let A be the matrix representation of an operator T ! L(V). 
Then f(A) is the representation of f(T) for any polynomial f ! F[x]. 
 
Proof   This is Exercise 7.1.1.  ˙ 
 
 The basic algebraic properties of polynomials in either operators or 
matrices are given by the following theorem. 
 
Theorem 7.2   Suppose T ! L(V) and let f, g ! F[x]. Then 
 (a)  f(T)T = Tf(T). 
 (b)  (f±g)(T) = f(T)±g(T). 
 (c)  (fg)(T) = f(T)g(T). 
 (d)  (cf )(T) = cf(T)  for any c ! F. 
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Furthermore, these same results also hold for any matrix representation A ! 
Mn(F). 

 
Proof   In view of Theorem 6.1, we leave this as an easy exercise for the 
reader (see Exercise 7.1.2).  ˙ 
 
 From this theorem and the fact that the ring of polynomials is commuta-
tive, it should be clear that any two polynomials in the operator T (or matrix 
A) also commute. 
 This discussion is easily generalized as follows. Let A be any algebra over 

F with unit element e, and let f = aà + aèx + ~ ~ ~ + añxn be any polynomial in 

F[x]. Then for any å ! A we define 
 

   f(å)  =  aàe + aèå + ~ ~ ~ + añån  ! A  . 
 
If f(å) = 0, then å is a root of f and we say that å satisfies f. We now show 
that in fact every å ! A satisfies some nontrivial polynomial in F[x]. Recall 

that by definition, an algebra A is automatically a vector space over F. 
 
Theorem 7.3   Let A be an algebra (with unit element e) of dimension m over 

F. Then every element å ! A satisfies some nontrivial polynomial in F[x] of 
degree at most m. 
 
Proof   Since dim A = m, it follows that for any å ! A, the m + 1 elements e, 

å, å2, . . . , åm ! A must be linearly dependent (Theorem 2.6). This means 
there exist scalars aà, aè, . . . , am ! F not all equal to zero such that 

 

   aàe + aèå + ~ ~ ~ + amåm  =  0  . 

 
But then å satisfies the nontrivial polynomial 
 

f  =  aà + aèx + ~ ~ ~ + amxm  ! F[x] 

 
which is of degree at most m.  ˙ 
 
Corollary   Let V be a finite-dimensional vector space over F, and suppose 

dim V = n. Then any T ! L(V) satisfies some nontrivial polynomial g ! F[x] 

of degree at most n2. 
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Proof   By Theorem 5.8, L(V) is an algebra over F, and by Theorem 5.4 we 

have dim L(V) = dim L(V, V) = n2. The corollary now follows by direct 
application of Theorem 7.3.  ˙ 
 
 While this corollary asserts that any T ! L(V) always satisfies some poly-

nomial g ! F[x] of degree at most n2, we shall see a little later on that g can 

be chosen to have degree at most n (this is the famous Cayley-Hamilton theo-
rem). 
 Now, for a given T ! L(V), consider the set of all f ! F[x] with the prop-
erty that f(T) = 0. This set is not empty by virtue of the previous corollary. 
Hence (by well-ordering) we may choose a polynomial p ! F[x] of least 

degree with the property that p(T) = 0. Such a polynomial is called a minimal 

polynomial for T over F. (We will present an alternative definition in terms 

of ideals in Section 7.4.) 
 
Theorem 7.4   Let V be finite-dimensional and suppose T ! L(V). Then there 
exists a unique monic polynomial m ! F[x] such that m(T) = 0 and, in addi-

tion, if q ! F[x] is any other polynomial such that q(T) = 0, then m|q. 
 
Proof   The existence of a minimal polynomial p ! F[x] was shown in the 
previous paragraph, so all that remains is to prove the uniqueness of a partic-
ular (i.e., monic) minimal polynomial. Suppose 
 

p  =  aà + aèx + ~ ~ ~ + añxn 

 
so that deg p = n. Multiplying p by añî we obtain a monic polynomial m ! 
F[x] with the property that m(T) = 0. If mæ is another distinct monic polyno-
mial of degree n with the property that mæ(T) = 0, then m - mæ is a nonzero 
polynomial of degree less than n (since the leading terms cancel) that is satis-
fied by T, thus contradicting the definition of n. This proves the existence of a 
unique monic minimal polynomial. 
 Now let q be another polynomial satisfied by T. Applying the division 
algorithm we have q = mg + r where either r = 0 or deg r < deg m. 
Substituting T into this equation and using the fact that q(T) = 0 and m(T) = 0 
we find that r(T) = 0. But if r " 0, then we would have a polynomial r with deg 
r < deg m such that r(T) = 0, contradicting the definition of m. We must 
therefore have r = 0 so that q = mg, and hence m|q.  ˙ 
 
 From now on, all minimal polynomials will be assumed to be monic 
unless otherwise noted. Furthermore, in Section 7.3 we will show (as a 
consequence of the Cayley-Hamilton theorem) the existence of a minimal 
polynomial for matrices. It then follows as a consequence of Theorem 7.1 that 
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any T ! L(V) and its corresponding matrix representation A both have the 
same minimal polynomial (since m(T) = 0 if and only if m(A) = 0). 
 Recall that T ! L(V) is invertible if there exists an element Tî ! L(V) 
such that TTî = TîT = 1 (where 1 is the identity element of L(V)). It is 
interesting to note that for any invertible T ! L(V), its inverse Tî is actually a 
polynomial in T. This fact is essentially shown in the proof of the next 
theorem. 
 
Theorem 7.5   Let V be finite-dimensional over F. Then T ! L(V) is invert-

ible if and only if the constant term in the minimal polynomial for T is not 
equal to zero. 
 
Proof   Let the minimal polynomial for T over F be 

 

   m  =  aà + aèx + ~ ~ ~ + an-1xn-1 + xn  . 

 
We first assume that aà " 0. Since m is the minimal polynomial for T, we have 
 

m(T)  =  aà1 + aèT + ~ ~ ~ + an-1Tn-1 + Tn  =  0 

 
and hence multiplying by aàî and using Theorem 7.2 yields  
 

 
0 =1+ a0

!1T (a11+ a2T +!+ a
n!1T

n!2 +T n!1)  

or 

 

1= T [!a0
!1(a11+ a2T +!+ a

n!1T
n!2 +T n!1)]

= [!a0
!1(a11+ a2T +!+ a

n!1T
n!2 +T n!1)]T !!.

 

 

This shows that Tî = -aàî(aè1 + aìT + ~ ~ ~ + an-1 Tn-2 + Tn-1), and hence T is 

invertible. 
 Now suppose T is invertible, but that aà = 0. Then we have 
 

 

0 = a1T + a2T
2 +!+ a

n!1T
n!1 +T n

= (a11+ a2T +!+ a
n!1T

n!2 +T n!1)T !!.
 

 
Multiplying from the right by Tî yields 
 

0  =  aè1 + aìT + ~ ~ ~ + an-1Tn-2 + Tn-1 

 

and hence T satisfies the polynomial p = aè + aìx + ~ ~ ~ + an-1 xn-2 + xn-1 ! 

F[x]. But deg p = n - 1 < n which contradicts the definition of m as the mini-

mal polynomial. Therefore we must have aà " 0.  ˙ 
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Corollary   Let V be finite-dimensional over F, and assume that T ! L(V) is 

invertible. Then Tî is a polynomial in T over F. 
 

Proof   If T is invertible, then m(T) = a01 + a1T + ~ ~ ~ + an-1Tn-1 + Tn = 0 with 

a0 " 0. Multiplying by a0î then shows that 

 

      Tî  =  -a0î(a11 + a2T + ~ ~ ~ + an-1Tn-2 + Tn-1)  .  ˙ 

 
 While we have so far shown the existence of minimal polynomials, most 
readers would be hard-pressed at this point to actually find one given any par-
ticular linear operator. Fortunately, we will discover a fairly general method 
for finding the minimal polynomial of a matrix in Chapter 8 (see Theorem 
8.10). 
 As we stated earlier, V will always denote a finite-dimensional vector 
space over a field F. In addition, we will let 1 ! L(V) denote the identity 

transformation on V (i.e., the unit element of L(V)), and we let I ! Mn(F) be 

the identity matrix. 
 
 
Exercises  
 
1. Prove Theorem 7.1. 
 
2. Prove Theorem 7.2. 
 
3. Let V be finite-dimensional over F, and suppose T ! L(V) is singular. 

Prove there exists a nonzero S ! L(V) such that ST = TS = 0. 
 
4. Suppose V has a basis {e1, e2}. If T ! L(V), then Tei = Íjejaji for some 

(aij) ! M2(F). Find a nonzero polynomial of degree 2 in F[x] satisfied by 

T. 
 
5. Repeat the previous problem, but let dim V = 3 and find a polynomial of 

degree 3. 
 
6. Let å ! F be fixed, and define the linear transformation T ! L(V) by 

T(v) = åv. This is called the scalar mapping belonging to å. Show that T 
is the scalar mapping belonging to å if and only if the minimal polynomial 
for T is m(x) = x - å. 
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7.2   EIGENVALUES AND EIGENVECTORS 
 
We now make a very important definition. If T ! L(V), then an element ¬ ! 
F is called an eigenvalue (also called a characteristic value or characteristic 

root) of T if there exists a nonzero vector v ! V such that T(v) = ¬v. In this 
case, we call the vector v an eigenvector (or characteristic vector) belonging 
to the eigenvalue ¬. Note that while an eigenvector is nonzero by definition, 
an eigenvalue may very well be zero. 
 Throughout the remainder of this chapter we will frequently leave off the 
parentheses around vector operands. In other words, we sometimes write Tv 
rather than T(v). This simply serves to keep our notation as uncluttered as 
possible. 
 An important criterion for the existence of an eigenvalue of T is the 
following. 
 
Theorem 7.6   A linear operator T ! L(V) has eigenvalue ¬ ! F if and only if 
¬1 - T is singular. 
 
Proof   Suppose ¬1 - T is singular. By definition, this means there exists a 
nonzero v ! V such that (¬1 - T)v = 0. But this is just Tv = ¬v. The converse 
should be quite obvious.  ˙ 
 
 Note, in particular, that 0 is an eigenvalue of T if and only if T is singular. 
In an exactly analogous manner, we say that an element ¬ ! F is an eigen-

value of a matrix A ! Mn(F) if there exists a nonzero (column) vector v ! Fn 

such that Av = ¬v, and we call v an eigenvector of A belonging to the eigen-

value ¬. Given a basis {eá} for Fn, we can write this matrix eigenvalue equa-

tion in terms of components as 

 

aij
j=1

n

! vj = "vi !,!!!!!!!!!!i =1,!…!,!n!!. 

 Now suppose T ! L(V) and v ! V. If {eè, . . . , eñ} is a basis for V, then v 
= Íiváeá and hence 

 
T(v)  =  T(Íáváeá)  =  ÍáváT(eá)  =  Íi, j eéaéává 

 
where A = (aáé) is the matrix representation of T relative to the basis {ei}. 

Using this result, we see that if T(v) = ¬v, then 
 

Íi, j eéaéává  =  ¬Íévéeé 
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and hence equating components shows that Íáaéává = ¬vé. We thus see that (as 
expected) the isomorphism between L(V) and Mn(F) (see Theorem 5.13) 

shows that ¬ is an eigenvalue of the linear transformation T if and only if ¬ is 
also an eigenvalue of the corresponding matrix representation A. Using the 
notation of Chapter 5, we can say that T(v) = ¬v if and only if [T]e[v]e = 

¬[v]e . 
 
Example 7.1   Let us find all of the eigenvectors and associated eigenvalues 
of the matrix 

A =
1 2

3 2

!

"
#

$

%
&!!.  

 
This means that we must find a vector v = (x, y) such that Av = ¬v. In matrix 
notation, this equation takes the form 
 

1 2

3 2

!

"
#

$

%
&
x

y

!

"
#
$

%
& = '

x

y

!

"
#
$

%
&  

or 
1! " 2

3 2 ! "

#

$
%

&

'
(
x

y

#

$
%
&

'
( = 0!!. 

 
This is equivalent to the system 
 

  
(1! ")x + 2y = 0

3x + (2 ! ")y = 0
 (*) 

 
Since this homogeneous system of equations has a nontrivial solution if and 
only if the determinant of the coefficient matrix is nonzero (Corollary to 
Theorem 4.13), we must have 
 

1! " 2

3 2 ! "
= "2 ! 3" ! 4 = (" ! 4)(" +1) = 0!!.  

 
We thus see that the eigenvalues are ¬ = 4 and ¬ = -1. (The roots of this 
polynomial are found either by inspection, or by applying the quadratic 
formula proved following Theorem 6.14.) 
 Substituting ¬ = 4 into (*) yields 
 

!3x + 2y = 0

3x ! 2y = 0
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or y = (3/2)x. This means that every eigenvector corresponding to the eigen-
value ¬ = 4 has the form v = (x, 3x/2). In other words, every multiple of the 
vector v = (2, 3) is also an eigenvector with eigenvalue equal to 4. If we sub-
stitute ¬ = -1 in (*), then we similarly find y = -x, and hence every multiple 
of the vector v = (1, -1) is an eigenvector with eigenvalue equal to -1.  ! 
 
 We will generalize this approach in the next section. However, let us first 
take a brief look at some of the relationships between the eigenvalues of an 
operator and the roots of its minimal polynomial. 
 
Theorem 7.7   Let ¬ be an eigenvalue of T " L(V). Then p(¬) is an eigen-
value of p(T) for any p " F[x]. 
 
Proof   If ¬ is an eigenvalue of T, then there exists a nonzero v " V such that 
Tv = ¬v. But then 
 

T2(v)  =  T(Tv)  =  T(¬v)  =  ¬T(v)  =  ¬2v 
 

and by induction, it is clear that Tk(v) = ¬kv for any k = 1, 2, . . .  . If we 

define p = aà + aèx + ~ ~ ~ + am xm, then we have 

 

p(T)  =  aà1 + aèT + ~ ~ ~ + amTm 

 
and hence 

  

p(T )v = a0v+ a1!v+!+ am!
mv

= (a0 + a1! +!+ am!
m )v

= p(!)v!!.!!˙

 

 
Corollary   Let ¬ be an eigenvalue of T " L(V). Then ¬ is a root of the mini-
mal polynomial for T. 
 
Proof   If m(x) is the minimal polynomial for T, then m(T) = 0 by definition. 
From Theorem 7.7, we have m(¬)v = m(T)v = 0 where v # 0 is an eigenvector 
corresponding to ¬. But then m(¬) = 0 (see Theorem 2.1(b)) so that ¬ is a root 
of m(x).  ˙ 
 
 Since any eigenvalue of T is a root of the minimal polynomial for T, it is 
natural to ask about the number of eigenvalues that exist for a given T " L(V). 
Recall from the corollary to Theorem 6.4 that if c " F is a root of f " F[x], 

then (x - c)|f. If c is such that (x - c)m|f but no higher power of x - c divides 
f, then we say that c is a root of multiplicity m. (The context should make it 
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clear whether we mean the multiplicity m or the minimal polynomial m(x).) In 
counting the number of roots that a polynomial has, we shall always count a 
root of multiplicity m as m roots. A root of multiplicity 1 is frequently called a 
simple root. 
 If dim V = n then, since the minimal polynomial m for T ! L(V) is of 

degree at most n2 (Corollary to Theorem 7.3), there can be at most n2 roots of 
m (Theorem 6.14). In particular, we see that any T ! L(V) has a finite number 
of distinct eigenvalues. Moreover, if the field over which V is defined is alge-
braically closed, then T will in fact have at least as many (not necessarily dis-
tinct) eigenvalues as is the degree of its minimal polynomial. 
 
Theorem 7.8   If vè, . . . , vr are eigenvectors belonging to the distinct eigen-

values ¬è, . . . , ¬r of T ! L(V), then the set {vè, . . . , vr} is linearly indepen-

dent. 
 
Proof   If r = 1 there is nothing to prove, so we proceed by induction on r. In 
other words, we assume that the theorem is valid for sets of less than r eigen-
vectors and show that in fact it is valid for sets of size r. Suppose that 
 
  

 
a
1
v
1
+!+ a

r
v
r
= 0  (1) 

 
for some set of scalars aá ! F. We apply T to this relation to obtain 

 
  

 
a1T (v1)+!+ a

r
T (v

r
) = a1!1v1 +!+ a

r
!
r
v
r
= 0!!. (2) 

 
On the other hand, if we multiply (1) by ¬r and subtract this from (2), we find 

(since Tvi = ¬ivi) 
 

   aè(¬è - ¬r)vè + ~ ~ ~ + ar-1(¬r-1 - ¬r)vr-1  =  0  . 

 
By our induction hypothesis, the set {vè, . . . , vr-1} is linearly independent, 

and hence aá(¬á - ¬r) = 0 for each i = 1, . . . , r - 1. But the ¬á are distinct so 

that ¬á - ¬r " 0 for i " r, and therefore aá = 0 for each i = 1, . . . , r - 1. Using 

this result in (1) shows that ar = 0 (since vr " 0 by definition), and therefore 

aè = ~ ~ ~ = ar = 0. This shows that the entire collection {vè, . . . , vr} is inde-

pendent.  ˙ 
 
Corollary 1   Suppose T ! L(V) and dim V = n. Then T can have at most n 
distinct eigenvalues in F. 
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Proof   Since dim V = n, there can be at most n independent vectors in V. 
Since n distinct eigenvalues result in n independent eigenvectors, this corol-
lary follows directly from Theorem 7.8.  ˙ 
 
Corollary 2   Suppose T ! L(V) and dim V = n. If T has n distinct eigenval-
ues, then there exists a basis for V which consists of eigenvectors of T. 
 
Proof   If T has n distinct eigenvalues, then (by Theorem 7.8) T must have n 
linearly independent eigenvectors. But n is the number of elements in any 
basis for V, and hence these n linearly independent eigenvectors in fact form a 
basis for V.  ˙ 
 
 It should be remarked that one eigenvalue can belong to more than one 
linearly independent eigenvector. In fact, if T ! L(V) and ¬ is an eigenvalue 
of T, then the set V¬ of all eigenvectors of T belonging to ¬ is a subspace of V 

called the eigenspace of ¬. It is also easy to see that V¬ = Ker(¬1 - T) (see 

Exercise 7.2.1). 
 
 
Exercises  
 
1. (a)  If T ! L(V) and ¬ is an eigenvalue of T, show that the set V¬ of all 

eigenvectors of T belonging to ¬ is a T-invariant subspace of V (i.e., a 
subspace with the property that T(v) ! V¬ for all v ! V¬). 

 (b)  Show that V¬ = Ker(¬1 - T). 

 

2. An operator T ! L(V) with the property that Tn = 0 for some n ! Û+ is 
said to be nilpotent. Show that the only eigenvalue of a nilpotent 
operator is 0. 

 
3. If S, T ! L(V), show that ST and TS have the same eigenvalues. [Hint: 

First use Theorems 5.16 and 7.6 to show that 0 is an eigenvalue of ST if 
and only if 0 is an eigenvalue of TS. Now assume ¬ " 0, and let ST(v) = 
¬v. Show that Tv is an eigenvector of TS.] 

 

4. (a)  Consider the rotation operator R(å) ! L(®2) defined in Example 1.2. 
Does R(å) have any eigenvectors?  Explain. 

 (b)  Repeat part (a) but now consider rotations in ®3. 
 
5. For each of the following matrices, find all eigenvalues and linearly inde-

pendent eigenvectors: 
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 (a)!!
2 2

1 3

!

"
#

$

%
&!!!!!!!!!!!!!!!(b)!!

4 2

3 3

!

"
#

$

%
&!!!!!!!!!!!!!!!(c)!!

5 '1

1 !!3

!

"
#

$

%
&  

 
6. Consider the spaces D[®] and F[®] defined in Exercise 2.1.6, and let d: 

D[®] ‘ F[®] be the usual derivative operator. 
 (a)  Show that the eigenfunctions (i.e., eigenvectors) of d are of the form 

exp(¬x) where ¬ is the corresponding eigenvalue. 
 (b)  Suppose ¬1, . . . , ¬r ! ® are distinct. Show that the set 

 
S  =  {exp(¬1x), . . . , exp(¬rx)} 

 
 is linearly independent. [Hint: Consider the linear span of S.] 
 
7. Suppose T ! L(V) is invertible. Show that ¬ is an eigenvalue of T if and 

only if ¬ " 0 and ¬î is an eigenvalue of Tî. 
 
8. Suppose T ! L(V) and dim V = n. If T has n linearly independent eigen-

vectors, what can you say about the matrix representation of T? 
 
9. Let V be a two-dimensional space over ®, and let {e1, e2} be a basis for 

V. Find the eigenvalues and eigenvectors of the operator T ! L(V) 
defined by: 

 (a)  Te1 = e1 + e2  Te2 = e1 - e2. 

 (b)  Te1 = 5e1 + 6e2 Te2 = -7e2. 
 (c)  Te1 = e1 + 2e2 Te2 = 3e1 + 6e2. 

 
10. Suppose A ! Mn(ç) and define Rá = Íj ˆ= 1\aáé\ and Pá = Rá - \aáá\. 

 (a)  Show that if Ax = 0 for some nonzero x = (x1, . . . , xn), then for any r 

such that xr " 0 we have 

 

arr xr = arj x j
j!r

" !!.  

 
 (b)  Show that part (a) implies that for some r we have \arr\ ¯ Pr. 

 (c) Prove that if \aáá\ > Pá for all i = 1, . . . , n, then all eigenvalues of A are 
nonzero (or, equivalently, that det A " 0). 

 
11. (a)  Suppose A ! Mn(ç) and let ¬ be an eigenvalue of A. Using the pre-

vious exercise prove Gershgorin’s Theorem: \¬ - arr\ ¯ Pr for some r 

with 1 ¯ r ¯ n. 
 (b)  Use this result to show that every eigenvalue ¬ of the matrix 
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A =

4 !1 !!1 !0 !1

1 !3 !!1 !0 !0

1 !2 !3 !1 !0

1 !1 !1 !4 !0

1 !1 !!1 !1 !5

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

 

 
 satisfies 1 ¯ \¬\ ¯ 9. 
 
 
7.3   CHARACTERISTIC POLYNOMIALS 
 
So far our discussion has dealt only theoretically with the existence of eigen-
values of an operator T ! L(V). From a practical standpoint (as we saw in 
Example 7.1), it is much more convenient to deal with the matrix representa-
tion of an operator. Recall that the definition of an eigenvalue ¬ ! F and 

eigenvector v = Íváeá of a matrix A = (aáé) ! Mn(F) is given in terms of 

components by Íéaáévé = ¬vá  for each i = 1, . . . , n. This may be written in the 
form 

aijv j = ! "ijv j
j=1

n

#
j=1

n

#  

or, alternatively, as 

(!
j=1

n

" #ij $ aij )vj = 0!!.  

In matrix notation, this is 
   (¬I - A)v  =  0  . 

 
By the corollary to Theorem 4.13, this set of homogeneous equations has a 
nontrivial solution if and only if det(¬I - A) = 0. 
 Another way to see this is to note that by Theorem 7.6, ¬ is an eigenvalue 
of the operator T ! L(V) if and only if ¬1 - T is singular. But according to 
Theorem 5.16, this means that det(¬1 - T) = 0 (recall that the determinant of a 
linear transformation T is defined to be the determinant of any matrix 
representation of T). In other words, ¬ is an eigenvalue of T if and only if 
det(¬1 - T) = 0. This proves the following important result. 
 
Theorem 7.9   Suppose T ! L(V) and ¬ ! F. Then ¬ is an eigenvalue of T if 
and only if det(¬1 - T) = 0. 
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 Let [T] be a matrix representation of T. The matrix xI - [T] is called the 
characteristic matrix of [T], and the expression det(x1 - T) = 0 is called the 
characteristic (or secular) equation of T. The determinant det(x1 - T) is 
frequently denoted by ÎT(x). Writing out the determinant in a particular basis, 

we see that det(x1 - T) is of the form 
 

 

!
T
(x) =

x " a11 "a12 ! "a1n

"a21 x " a22 ! "a2n

" " "

"a
n1 "a

n2 ! x " a
nn

 

 
where A = (aáé) is the matrix representation of T in the chosen basis. Since the 
expansion of a determinant contains exactly one element from each row and 
each column, we see that (see Exercise 7.3.1) 
 

 

det(x1!T ) = (x ! a11)(x ! a22 )!(x ! a
nn

)

!!!!!!+!terms containing n !1!factors of the form x ! a
ii

!!!!!!+!+!terms with no factors containing x

= xn ! (Tr A)xn!1 +!terms of lower degree in x + (!1)n detA!!.

 

 
This polynomial is called the characteristic polynomial of T. 
 From the discussion following Theorem 5.18, we see that if Aæ = PîAP is 
similar to A, then 
 

det(xI - Aæ)  =  det(xI - PîAP)  =  det[Pî(xI - A)P]  =  det(xI - A) 
 
(since det Pî = (det P)î). We thus see that similar matrices have the same 
characteristic polynomial (the converse of this statement is not true), and 
hence also the same eigenvalues. Therefore the eigenvalues (not eigenvectors) 
of an operator T ! L(V) do not depend on the basis chosen for V. Note also 
that according to Exercise 4.2.14, we may as well write Tr T and det T (rather 
than Tr A and det A) since these are independent of the particular basis cho-
sen. Using this terminology, we may rephrase Theorem 7.9 as follows. 
 
Theorem 7.9´    A scalar ¬ ! F is an eigenvalue of T ! L(V) if and only if ¬ 

is a root of the characteristic polynomial ÎT(x). 

 
 Since the characteristic polynomial is of degree n in x, the corollary to 
Theorem 6.14 tells us that if we are in an algebraically closed field (such as 
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ç), then there must exist n roots. In this case, the characteristic polynomial 
may be factored into the form 
 

det(x1 - T)  =  (x - ¬è)(x - ¬ì) ~ ~ ~ (x - ¬ñ) 
 
where the eigenvalues ¬á are not necessarily distinct. Expanding this expres-
sion we have 
 

   det(x1 - T)  =  xn - (Í¬á)xn -1 + ~ ~ ~ + (-1)n  ¬è¬ì ~ ~ ~ ¬ñ  . 
 
Comparing this with the above general expression for the characteristic poly-
nomial, we see that 

TrT = !
i

i=1

n

"  

and 

detT = !
i

i=1

n

" !!.  

It should be remembered that this result only applies to an algebraically closed 
field (or to any other field F as long as all n roots of the characteristic polyno-
mial lie in F). 

 
Example 7.2   Let us find the eigenvalues and eigenvectors of the matrix 
 

A =
1 4

2 3

!

"
#

$

%
&!!.  

 
The characteristic polynomial of A is given by 
 

!
A
(x) =

x "1 "4

"2 x " 3
= x2 " 4x " 5 = (x " 5)(x +1)  

 
and hence the eigenvalues of A are ¬ = 5, -1. To find the eigenvectors corre-
sponding to each eigenvalue, we must solve Av = ¬v or (¬I - A)v = 0. Written 
out for ¬ = 5 this is 

!!4 !4

!2 !!2

"

#
$

%

&
'
x

y

"

#
$
%

&
' =

0

0

"

#
$
%

&
'!!.  

 
We must therefore solve the set of homogeneous linear equations 
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4x ! 4y = 0

!2x + 2y = 0
 

 
which is clearly equivalent to the single equation x - y = 0, or x = y. This 
means that every eigenvector corresponding to the eigenvalue ¬ = 5 is a mul-
tiple of the vector (1, 1), and thus the corresponding eigenspace is one-
dimensional. 
 For ¬ = -1 we have 

!2 !4

!2 !4

"

#
$

%

&
'
x

y

"

#
$
%

&
' =

0

0

"

#
$
%

&
'  

 
and the equation to be solved is (since both are the same) -2x - 4y = 0. The 
solution is thus -x = 2y so that the eigenvector is a multiple of (2, -1). 
 We now note that 

Tr A  =  1 + 3  =  4  =  Í¬á 
and 

   det A  =  3 - 8  =  -5  =  !¬á    . 
 
It is also easy to see that these relationships hold for the matrix given in 
Example 7.1.  " 
  
 It is worth remarking that the existence of eigenvalues of a given operator 
(or matrix) depends on the particular field we are working with. For example, 
the matrix 

A =
0 !1

1 !!0

"

#
$

%

&
'  

 

has characteristic polynomial x2 + 1 which has no real roots, but does have the 
complex roots ±i. In other words, A has no eigenvalues in ®, but does have 
the eigenvalues ±i in ç (see Exercise 7.3.6). 
 Returning to the general case of an arbitrary field, it is clear that letting 
¬ = 0 in ÎT(¬) = det(¬1 - T) = 0 shows that the constant term in the charac-

teristic polynomial of A is given by ÎT(0) = (-1)ndet A. In view of Theorems 

4.6, 7.5 and the corollary to Theorem 7.7, we wonder if there are any relation-
ships between the characteristic and minimal polynomials of T. There are 
indeed, and the first step in showing some of these relationships is to prove 
that every A # Mn(F) satisfies some nontrivial polynomial. This is the 

essential content of our next result, the famous Cayley-Hamilton theorem. 
 Before we prove this theorem, we should point out that we will be dealing 
with matrices that have polynomial entries, rather than entries that are simply 
elements of the field F. However, if we regard the polynomials as elements of 
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the field of quotients (see Section 6.5), then all of our previous results (for 
example, those dealing with determinants) remain valid. We shall elaborate on 
this problem in detail in the next chapter. Furthermore, the proof we are about 
to give is the standard one at this level. We shall find several other methods of 
proof throughout this text, including a remarkably simple one in the next 
chapter (see the discussion of matrices over the ring of polynomials). 
 
Theorem 7.10 (Cayley-Hamilton Theorem)   Every matrix A ! Mn(F) sat-

isfies its characteristic  polynomial. 
 
Proof   First recall from Theorem 4.11 that any matrix A ! Mn(F) obeys the 

relation 
A(adj A)  =  (det A)Iñ 

 
where adj A is the matrix whose elements are the determinants of the minor 
matrices of A. In particular, the characteristic matrix xI - A obeys 
 

(xI - A)B(x)  =  det(xI - A)I 
where we let 

   B(x)  =  adj(xI - A)  . 
 
Thus the entries of the n x n matrix B(x) are polynomials in x of degree ¯ n - 
1. For example, if 

B(x) =!

x2 + 2 x 3

!x +1 1 0

0 4 x2

"

#

$
$
$

%

&

'
'
'

 

then 
 

B(x) =

1 0 0

0 0 0

0 0 1

!

"

#
#
#

$

%

&
&
&
x2 +

!!0 1 0

'1 0 0

!!0 0 0

!

"

#
#
#

$

%

&
&
&
x +

2 0 3

1 1 0

0 4 0

!

"

#
#
#

$

%

&
&
&
!!.  

 
Hence in general, we may write B(x) in the form 
 

B(x)  =  Bà + Bèx + ~ ~ ~ + Bn-1xn-1 

 
where each Bá ! Mn(F). 

 Now write 
 

   ÎA(x)  =  det(xI - A)  =  aà + aèx + ~ ~ ~ + an-1xn-1 + xn  . 
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Then Theorem 4.11 becomes 
 

   (xI - A)(Bà + Bèx + ~ ~ ~ + Bn-1xn-1)  =  (aà + aèx + ~ ~ ~ + an-1xn-1 + xn)I  . 

 
Equating powers of x in this equation yields 
 

 

!AB
0
= a

0
I

B
0
! AB

1
= a

1
I

B
1
! AB

2
= a

2
I

!

B
n!2 ! ABn!1 = an!1I

B
n!1 = I

 

 

We now multiply the first of these equations by A0 = I, the second by A1 = A, 

the third by A2, . . .   , the nth by An-1, and the last by An to obtain 
 

 

!AB
0
= a

0
I

AB
0
! A2B

1
= a

1
A

A2B
1
! A3B

2
= a

2
A2

!

An!1B
n!2 ! A

nB
n!1 = an!1A

n!1

AnB
n!1 = A

n

 

 
Adding this last group of matrix equations, we see that the left side cancels 
out and we are left with 
 

   0  =  aàI + aèA + aìA2 + ~ ~ ~ + an-1An-1 + An   . 

 
This shows that A satisfies its characteristic polynomial.  ˙ 
 
 In view of this theorem, we see that there exists a nonempty set of nonzero 
polynomials p(x) ! F[x] such that p(A) = 0 for any A ! Mn(F). (Alterna-

tively, Theorem 7.3 and its corollary apply equally well to the algebra of 

matrices, although the degree is bounded by n2 rather than by n.)  As we did 
for linear transformations, we may define the minimal polynomial for A as 
that polynomial p(x) of least degree for which p(A) = 0. We also noted 
following Theorem 7.4 that any T ! L(V) and its corresponding represen-
tation A ! Mn(F) satisfy the same minimal polynomial. Theorem 7.4 thus 

applies equally well to matrices, and hence there exists a unique monic 
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minimal polynomial m(x) for A such that m(A) = 0. In addition, m(x) divides 
every other polynomial which has A as a zero. In particular, since A satisfies 
ÎA(x), we must have m(x)|ÎA(x). 

 
Theorem 7.11   Suppose A ! Mn(F) and m(x) is the minimal polynomial for 

A. Then m(x)|ÎA(x) and ÎA(x)|[m(x)]n. 

 
Proof   That m(x)|ÎA(x) was proved in the previous paragraph. Let m(x) = 

xk + mèxk-1 + ~ ~ ~ + mk-1x + mk. We define the matrices Bá ! Mn(F) by 

 

 

B
0
= I

B
1
= A+m

1
I

B
2
= A2 +m

1
A+m

2
I

!

B
k!1 = A

k!1 +m
1
Ak!2 +"+m

k!1I

 

 
where I = Iñ. Working our way successively down this set of equations, we 
may rewrite them in the form 
 

 

B
0
= I

B
1
! AB

0
= m

1
I

B
2
! AB

1
= m

2
I

!

B
k!1 ! ABk!2 = mk!1I

 

 
From the previous expression for Bk-1, we multiply by -A and then add and 

subtract mkI to obtain (using m(A) = 0) 

 

 

!AB
k!1 = mk

I ! (Ak +m1A
k!1 +!+m

k!1A+mk
I )

= m
k
I !m(A)

= m
k
I !!.

 

 

Now define B(x) = xk-1Bà + xk-2Bè + ~ ~ ~ + xBk-2 + Bk-1   (which may be 

viewed either as a polynomial with matrix coefficients or as a matrix with 
polynomial entries). Then, using our previous results, we find that 



7.3   CHARACTERISTIC POLYNOMIALS  

 

315 

 

(xI ! A)B(x) = xB(x)! AB(x)

= (xkB0 + x
k!1B1 +!+ x2B

k!2 + xBk!1)

!!!!!!!!!!!! (xk!1AB0 + x
k!2AB1 +!+ xAB

k!2 + ABk!1)

= xkB0 + x
k!1(B1 ! AB0 )+ x

k!2 (B2 ! AB1)

!!!!!!!!!!+!+ x(B
k!1 ! ABk!2 )! ABk!1

= xk I +m1x
k!1I +m2x

k!2I +!+m
k!1xI +mk

I

 

  = m(x)I !!.  (*) 

 
 Since the determinant of a diagonal matrix is the product of its (diagonal) 
elements (see the corollary to Theorem 4.5), we see that 
 

   det[m(x)I]  =  [m(x)]n  . 
 
Therefore, taking the determinant of both sides of (*) and using Theorem 4.8 
we find that 
 

   [det(xI - A)] [det B(x)]  =  det[m(x)I]  =  [m(x)]n  . 
 

But det B(x) is just some polynomial in x, so this equation shows that [m(x)]n 

is some multiple of ÎA(x) = det(xI - A). In other words, ÎA(x)|[m(x)]n.  ˙ 

 
Theorem 7.12   The characteristic polynomial ÎA(x) and minimal polynomial 

m(x) of a matrix A ! Mn(F) have the same prime factors. 

 
Proof   Let m(x) have the prime factor f(x) so that f(x)|m(x). Since we showed 
in the above discussion that m(x)|ÎA(x), it follows that f(x)|ÎA(x) and hence 

f(x) is a factor of ÎA(x) also. Now suppose that f(x)|ÎA(x). Theorem 7.11 

shows that ÎA(x)|[m(x)]n, and therefore f(x)|[m(x)]n. However, since f(x) is 

prime, Corollary 2æ of Theorem 6.5 tells us that f(x)|m(x).  ˙ 
 
 It is important to realize that this theorem does not say that ÎA(x) = m(x), 

but only that ÎA(x) and m(x) have the same prime factors. However, each fac-

tor can be of a different multiplicity in m(x) from what it is in ÎA(x). In 

particular, since m(x)|ÎA(x), the multiplicity of any factor in ÎA(x) must be 

greater than or equal to the multiplicity of the same factor in m(x). Since a 
linear factor (i.e., a factor of the form x - ¬) is prime, it then follows that 
ÎA(x) and m(x) have the same roots (although of different multiplicities). 

 
Theorem 7.13   Suppose A ! Mn(F) and ¬ ! F. Then ¬ is an eigenvalue of A 

if and only if ¬ is a root of the minimal polynomial for A. 
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Proof   By Theorem 7.9, ¬ is an eigenvalue of A if and only if ÎA(¬) = 0. But 

from the above remarks, ¬ is a root of ÎA(x) if and only if ¬ is a root of the 

minimal polynomial for A.  ˙ 
 
 An alternative proof of Theorem 7.13 is to note that since m(x)|ÎA(x), we 

may write ÎA(x) = m(x)p(x) for some polynomial p(x). If ¬ is a root of m(x), 

then ÎA(¬) = m(¬)p(¬) = 0 so that ¬ is also a root of ÎA(x). In other words, ¬ 

is an eigenvalue of A. The converse is just the corollary to Theorem 7.7. If we 
use this proof, then Theorem 7.12 is essentially just a corollary of Theorem 
7.13. 
 Using Theorem 7.13, we can give another proof of Theorem 7.5 which 
also applies to the characteristic polynomial of any T ! L(V). In particular, 
from Theorem 5.10 we see that T is invertible if and only if T is nonsingular if 
and only if 0 is not an eigenvalue of T (because this would mean that Tv = 
0v = 0 for some v " 0). But from Theorem 7.13, this is true if and only if 0 is 
not a root of the minimal polynomial for T. Writing the minimal polynomial 

as m(x) = aà + aèx + ~ ~ ~ + ak-1xk-1 + xk, we then see that aà = m(0) " 0 as 

claimed. 
 
Example 7.3   Consider the matrix A given by 
 

2 1 0 0

0 2 0 0

0 0 2 0

0 0 0 5

!

"

#
#
#
#

$

%

&
&
&
&

!!.  

 
The characteristic polynomial is given by 
 

ÎA(x)  =  det(xI - A)  =  (x - 2)3(x - 5) 

 
and hence Theorem 7.12 tells us that both x - 2 and x - 5 must be factors of 
m(x). Furthermore, it follows from Theorems 7.4 and 7.10 that m(x)|ÎA(x), 

and thus the minimal polynomial must be either mè(x), mì(x) or m3(x) where 

 

   mé(x)  =  (x - 2)j(x - 5)  . 
 
From the Cayley-Hamilton theorem we know that m3(A) = ÎA(A) = 0, and it 

is easy to show that mì(A) = 0 also while mè(A) " 0. Therefore the minimal 
polynomial for A must be mì(x).  # 
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 We now turn our attention to one of the most important aspects of the 
existence of eigenvalues. Suppose that T ! L(V) with dim V = n. If V has a 
basis {vè, . . . , vñ} that consists entirely of eigenvectors of T, then the matrix 
representation of T in this basis is defined by 

T (vi ) = vja ji = !ivi = " ji! jv j
j=1

n

#
j=1

n

#  

and therefore aéá = "éá¬é. In other words, T is represented by a diagonal matrix 
in a basis of eigenvectors. Conversely, if T is represented by a diagonal matrix 
aéá = "éá¬é relative to some basis {vá}, then reversing the argument shows that 
each vá is an eigenvector of T. This proves the following theorem. 
 
Theorem 7.14   A linear operator T ! L(V) can be represented by a diagonal 
matrix if and only if V has a basis consisting of eigenvectors of T. If this is the 
case, then the diagonal elements of the matrix representation are precisely the 
eigenvalues of T. (Note however, that the eigenvalues need not necessarily be 
distinct.) 
 
 If T ! L(V) is represented in some basis {eá} by a matrix A, and in the 
basis of eigenvectors vá by a diagonal matrix D, then Theorem 5.18 tells us 
that A and D must be similar matrices. This proves the following version of 
Theorem 7.14, which we state as a corollary. 
 
Corollary 1   A matrix A ! Mn(F) is similar to a diagonal matrix D if and 

only if A has n linearly independent eigenvectors. 
 
Corollary 2   A linear operator T ! L(V) can be represented by a diagonal 
matrix if T has n = dim V distinct eigenvalues. 
 
Proof   This follows from Corollary 2 of Theorem 7.8.  ˙ 
 
 Note that the existence of n = dim V distinct eigenvalues of T ! L(V) is a 
sufficient but not necessary condition for T to have a diagonal representation. 
For example, the identity operator has the usual diagonal representation, but 
its only eigenvalues are ¬ = 1. In general, if any eigenvalue has multiplicity 
greater than 1, then there will be fewer distinct eigenvalues than the 
dimension of V. However, in this case we may be able to choose an 
appropriate linear combination of eigenvectors in each eigenspace so that the 
matrix of T will still be diagonal. We shall have more to say about this in 
Section 7.7. 
 We say that a matrix A is diagonalizable if it is similar to a diagonal 
matrix D. If P is a nonsingular matrix such that D = PîAP, then we say that P 
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diagonalizes A. It should be noted that if ¬ is an eigenvalue of a matrix A 
with eigenvector v (i.e., Av = ¬v), then for any nonsingular matrix P we have 
 

   (PîAP)(Pîv)  =  PîAv  =  Pî¬v  =  ¬(Pîv)  . 
 
In other words, Pîv is an eigenvector of PîAP. Similarly, we say that T ! 
L(V) is diagonalizable if there exists a basis for V that consists entirely of 
eigenvectors of T. 
 While all of this sounds well and good, the reader might wonder exactly 
how the transition matrix P is to be constructed. Actually, the method has 
already been given in Section 5.4. If T    ! L(V) and A is the matrix 
representation of T in a basis {eá}, then P is defined to be the transformation 
that takes the basis {eá} into the basis {vá} of eigenvectors. In other words, 
vi = Pei = Íjejpji. This means that the ith column of (páé) is just the ith 

eigenvector of A. The fact that P must be nonsingular coincides with the 
requirement that T (or A) have n linearly independent eigenvectors vá. 
 
Example 7.4   Referring to Example 7.2, we found the eigenvectors vè = (1, 1) 
and vì = (2, -1) belonging to the matrix 
 

A =
1 4

2 3

!

"
#

$

%
&!!.  

 
Then P and Pî are given by 

P =
1 !!2

1 !1

"

#
$

%

&
'  

and 

P!1 =
adjP

det P
=
1 3 !!2 3

1 3 !1 3

"

#
$

%

&
'  

and therefore 
 

D = P!1AP =
1 3 !!2 3

1 3 !1 3

"

#
$

%

&
'
1 4

2 3

"

#
$

%

&
'
1 !!2

1 !1

"

#
$

%

&
' =

5 !!0

0 !1

"

#
$

%

&
'!!.  

 
We see that D is a diagonal matrix, and that the diagonal elements are just the 
eigenvalues of A. Note also that 
 

D(P!1v1) =
5 !!0

0 !1

"

#
$

%

&
'
1 3 !!2 3

1 3 !1 3

"

#
$

%

&
'
1

1

"

#
$
%

&
'  
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=
5 !!0

0 !1

"

#
$

%

&
'
1

0

"

#
$
%

&
' = 5

1

0

"

#
$
%

&
'

= (1(P
!1v1)

 

 
with a similar result holding for Pîvì.  ! 
 
Example 7.5   Let us show that the matrix 
 

A =
1 2

0 1

!

"
#

$

%
&  

 

is not diagonalizable. The characteristic  equation is (x - 1)2 = 0, and hence 
there are two identical roots ¬ = 1. If there existed an eigenvector v = (x, y), it 
would have to satisfy the equation (¬I - A)v = 0 or 
 

0 !2

0 !!0

"

#
$

%

&
'
x

y

"

#
$
%

&
' =

0

0

"

#
$
%

&
'!!.  

 
Since this yields -2y = 0, the eigenvectors must be of the form (x, 0), and 
hence it is impossible to find two linearly independent such eigenvectors. 

 Note that the minimal polynomial for A is either x - 1 or (x - 1)2. But 

since A - 1I " 0, m(x) must be (x - 1)2. We will see later (Theorem 7.24) that 
a matrix is diagonalizable if and only if its minimal polynomial is a product of 
distinct linear factors.  ! 
 
 
Exercises  
 
1. Suppose T # L(V) has matrix representation A = (aáé), and dim V = n. 

Prove that 
 
  det(x1 - T) 

   =  xn - (Tr A)xn-1 + terms of lower degree in x + (-1)ndet A. 
 
 [Hint: Use the definition of determinant.] 
 
2. Suppose T # L(V) is diagonalizable. Show that the minimal polynomial 

m(x) for T must consist of distinct linear factors. [Hint: Let T have dis-
tinct eigenvalues ¬è, . . . , ¬r  and consider the polynomial 
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   f(x)  =  (x - ¬è) ~ ~ ~ (x - ¬r)  . 
 
 Show that m(x) = f(x).] 
 
3. Prove by direct substitution that ÎA(A) = 0 if A ! Mn(F) is diagonal. 

 

4. Find, in the form a0 + a1x + a2x2 + a3x3, the characteristic polynomial of 

 

A =

1 !2 !1

0 !3 !!1

2 !0 !2

"

#

$
$
$

%

&

'
'
'
!!.  

 
 Show by direct substitution that A satisfies its characteristic polynomial. 
 
5. If T ! L(V) and ÎT(x) is a product of distinct linear factors, prove that T 

is diagonalizable. 
 
6. Consider the following matrices: 
 

A =
2 !1

1 !!4

"

#
$

%

&
'!!!!!!!!!!!!!!!!!!B =

!3 !1

13 !3

"

#
$

%

&
'  

  
 (a)  Find all eigenvalues and linearly independent eigenvectors over ®. 
 (b)  Find all eigenvalues and linearly independent eigenvectors over ç. 
 
7. For each of the following matrices, find all eigenvalues, a basis for each 

eigenspace, and determine whether or not the matrix is diagonalizable: 
 

 (a)!!

1 !3 3

3 !5 3

6 !6 4

"

#

$
$
$

%

&

'
'
'
!!!!!!!!!!!!!!!!!!!(b)!!

!3 1 !1

!7 5 !1

!6 6 !2

"

#

$
$
$

%

&

'
'
'
 

 

8. Consider the operator T ! L(®3) defined by 
 

   T(x, y, z)  =  (2x + y, y - z, 2y + 4z)  . 
 
 Find all eigenvalues and a basis for each eigenspace. 
 
9. Let A = (aij) be a triangular matrix, and assume that all of the diagonal 

entries of A are distinct. Is A diagonalizable? Explain. 
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10. Suppose A ! M3(®). Show that A can not be a zero of the polynomial f = 

x2 + 1. 
 

11. If A ! Mn(F), show that A and AT have the same eigenvalues. 

 
12. Suppose A is a block triangular matrix with square matrices Aii on the 

diagonal. Show that the characteristic polynomial of A is the product of 
the characteristic polynomials of the Aii. 

 
13. Find the minimal polynomial of 
 

A =

2 !1 !0 !0

0 !2 !!0 !0

0 !0 !!1 !1

0 !0 !2 !4

"

#

$
$
$
$

%

&

'
'
'
'

!!.  

 
14. For each of the following matrices A, find a nonsingular matrix P (if it 

exists) such that PîAP is diagonal: 
 

 (a)!!A =

3 1 1

2 4 2

1 1 3

!

"

#
#
#

$

%

&
&
&
!!!!!!!!!!!!(b)!!

!!1 !2 !!2

!!1 !2 '1

'1 !1 !!4

!

"

#
#
#

$

%

&
&
&
!!!!!!!!!!!!(c)!!

1 1 0

0 1 0

0 0 1

!

"

#
#
#

$

%

&
&
&
 

 
15. Consider the following real matrix: 
 

A =
a b

c d

!

"
#

$

%
&!!.  

 
 Find necessary and sufficient conditions on a, b, c and d so that A is diag-

onalizable. 
 

16. Let A be an idempotent matrix (i.e., A2 = A) of rank r. Show that A is 
similar to the matrix 

B =
I
r
0

0 0

!

"
#

$

%
&!!.  

 
17. Let V be the space of all real polynomials f ! ®[x] of degree at most 2, 

and define T ! L(V) by Tf   = f + fæ + xfæ where fæ denotes the usual 
derivative with respect to x. 
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 (a)  Write down the most obvious basis {e1, e2, e3} for V you can think 

of, and then write down [T]e . 

 (b)  Find all eigenvalues of T, and then find a nonsingular matrix P such 
that Pî[T]e P is diagonal. 

 
18. Prove that any real symmetric 2 x 2 matrix is diagonalizable. 
 

19. (a)  Let C ! M2(ç) be such that C2 = 0. Prove that either C = 0, or else C 

is similar over ç to the matrix 
 

0 0

1 0

!

"
#

$

%
&!!.  

 
 (b)  Prove that A ! M2(ç) is similar over ç to one of the following two 

types of matrices: 
 

a 0

0 b

!

"
#

$

%
& !!!!!!!!!!!!or!!!!!!!!!!!!

a 0

1 a

!

"
#

$

%
&!!.  

 
20. Find a matrix A ! M3(®) that has the eigenvalues 3, 2 and 2 with corre-

sponding eigenvectors (2, 1, 1), (1, 0, 1) and (0, 0, 4). 
 
21. Is it possible for the matrix 

A =

!!3 1 0 0

!1 0 0 0

!!0 0 2 1

!!0 0 3 7

"

#

$
$
$
$

%

&

'
'
'
'

 

 
 to have the eigenvalues -1, 2, 3 and 5? 
 
 
7.4  ANNIHILATORS 
 
The purpose of this section is to repeat our description of minimal polynomi-
als using the formalism of ideals developed in the previous chapter. Our 
reasons for this are twofold. First, we will gain additional insight into the 
meaning and action of minimal polynomials. And second, these results will be 
of use in the next chapter when we discuss cyclic subspaces. 
 If V is a vector space of dimension n over F, then for any v ! V and any 

T ! L(V), the n + 1 vectors v, T(v), T2(v), . . . , Tn(v) must be linearly 
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dependent. This means there exist scalars aà, . . . , añ ! F not all equal to zero, 
such that 

a
i
T i (v)

i=1

n

! = 0!!.  

If we define the polynomial f(x) = aà + aèx + ~ ~ ~ + añxn ! F[x], we see that 

our relation may be written as f(T)(v) = 0. In other words, given any (fixed) 
v ! V and T ! L(V), then there exists a polynomial f of degree ¯ n such that 
f(T)(v) = 0. 
 Now, for any fixed v ! V and T ! L(V), we define the set NT(v) by 

 
   NT(v)  =  {f(x) ! F[x]: f(T)(v) = 0}  . 

 
This set is called the T-annihilator of v. If fè, fì ! NT(v), then we have 

 
[fè(T) ± fì(T)](v)  =  fè(T)(v) ± fì(T)(v)  =  0 

 
and for any g(x) ! F[x], we also have 

 
   [g(T)fè(T)](v)  =  g(T)[fè(T)(v)]  =  0  . 

 
This shows that NT(v) is actually an ideal of F[x]. Moreover, from Theorem 

6.8 and its corollary, we see that NT(v) is a principal ideal, and hence has a 

unique monic generator, which we denote by mv(x). By definition, this means 

that NT(v) = mv(x)F[x], and since we showed above that NT(v) contains at 

least one polynomial of degree less than or equal to n, it follows from 
Theorem 6.2(b) that deg mv(x) ¯ n. We call mv(x) the minimal polynomial of 

the vector v corresponding to the given transformation T. (Many authors also 
refer to mv(x) as the T-annihilator of v, or the order of v.) It is thus the 

unique monic polynomial of least degree such that m(T)(v) = 0. 
 
Theorem 7.15   Suppose T ! L(V), and let v ! V have minimal polynomial 
mv(x). Assume mv(x) is reducible so that mv(x) = mè(x)mì(x) where mè(x) 

and mì(x) are both monic polynomials of degree ˘ 1. Then the vector w = 
mè(T)(v) ! V has minimal polynomial mì(x). In other words, every factor of 
the minimal polynomial of a vector is also the minimal polynomial of some 
other vector. 
 
Proof   First note that 
 

mì(T)(w)  =  mì(T)[mè(T)(v)]  =  mv(T)(v)  =  0 
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and thus mì(x) ! NT(w). Then for any nonzero polynomial f(x) ! F[x] with 

f(T)(w) = 0, we have f(T)[mè(T)(v)] = 0, and hence f(x)mè(x) ! NT(v) = 

mv(x) F[x]. Using this result along with Theorem 6.2(b), we see that 

 
deg mè + deg f  =  deg mèf  ˘  deg mv  =  deg mè + deg mì 

 
and therefore deg mì ¯ deg f. This shows that mì(x) is the monic polynomial 
of least degree such that mì(T)(w) = 0.  ˙ 
 
Theorem 7.16   Suppose T ! L(V), and let mu(x) and mv(x) be the minimal 

polynomials of u ! V and v ! V respectively. Then the least common 
multiple m(x) of mu(x) and mv(x) is the minimal polynomial of some vector 

in V. 
 
Proof  We first assume that mu(x) and mv(x) are relatively prime so that their 

greatest common divisor is 1. By Theorem 6.9 we then have mu(x)mv(x) = 

m(x). From Theorem 6.5 we may write mu(x)k(x) + mv(x)h(x) = 1 for some 

polynomials h, k ! F[x], and therefore 
 

   mu(T)k(T) + mv(T)h(T)  =  1  . 

 
Now define the vector w ! V by 
 

   w  =  h(T)(u) + k(T)(v)  . 
 
Then, using mu(T)(u) = 0 = mv(T)(v) we have 

 
m
u
(T )(w) = m

u
(T )h(T )(u)+m

u
(T )k(T )(v)

= m
u
(T )k(T )(v)

= [1!m
v
(T )h(T )](v)

= v

 

 
and similarly, we find that mv(T)(w) = u. This means mu(T)mv(T)(w) = 0 so 

that mu(x)mv(x) ! NT(w). 

 Now observe that NT(w) = mw(x)F[x] where mw(x) is the minimal poly-

nomial of w. Then 
 

mw(T)(u)  =  mw(T)mv(T)(w)  =  0 

and 
mw(T)(v)  =  mw(T)mu(T)(w)  =  0 
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so that mw(x) ! NT(u) ⁄ NT(v). Since NT(u) = mu(x)F[x] and NT(v) = 

mv(x)F[x], we see from Example 6.9 (along with the fact that mu(x) and 

mv(x) are relatively prime) that 

 
mw(x)  !  m(x)F[x]  =  mu(x)mv(x)F[x] 

 
and hence mu(x)mv(x)|mw(x). On the other hand, since 

 
mu(x)mv(x)  !  NT(w)  =  mw(x)F[x] 

 
we have mw(x)|mu(x)mv(x). Since mw(x), mu(x) and mv(x) are monic, it fol-

lows that mw(x) = mu(x)mv(x) = m(x). This shows that in the case where 

mu(x) and mv(x) are relatively prime, then m(x) = mu(x)mv(x) is the minimal 

polynomial of w. 
 Now let d(x) be the greatest common divisor of mu(x) and mv(x), and con-

sider the general case where (see Theorem 6.9) mu(x)mv(x) = m(x)d(x). Using 

the notation of Theorem 6.10, we write mu = å" and mv = ©#. Since mu and 

mv are minimal polynomials by hypothesis, Theorem 7.15 tells us that å and # 

are each also the minimal polynomial of some vector. However, by their con-
struction, å and # are relatively prime since they have no factors in common. 
This means that we may apply the first part of this proof to conclude that å# is 
the minimal polynomial of some vector. To finish the proof, we simply note 
that (according to Theorem 6.10) å# is just m(x).  ˙ 
 
 A straightforward induction argument gives the following result. 
 
Corollary   For each i = 1, . . . , k let mvá(x) be the minimal polynomial of a 

vector vá ! V. Then there exists a vector w ! V whose minimal polynomial 
m(x) is the least common multiple of the mvá(x). 

 
 Now suppose that T ! L(V) and V has a basis {vè, . . . , vñ}. If mvá(x) is 

the minimal polynomial of vá, then by the corollary to Theorem 7.16, the least 
common multiple m(x) of the mvá(x) is the minimal polynomial of some vec-

tor w ! V, and therefore deg m(x) ¯ dim V = n. But m(x) is the least common 
multiple, so that for each i = 1, . . . , n we have m(x) = fá(x)mvá(x) for some 

fá(x) ! F[x]. This means that 
 

m(T)(vá)  =  [fá(T)mvá(T)](vá)  =  fá(T)[mvá(T)(vá)]  =  0 

 
for each vá, and hence m(T) = 0. In other words, every T ! L(V) satisfies 
some monic polynomial m(x) with deg m(x) ¯ dim V = n. 
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 We now define the (nonempty) set 
 

   NT  =  {f(x) ! F[x]: f(T) = 0}  . 

 
As was the case with the T-annihilator, it is easy to prove that NT is an ideal 

of F[x]. Since NT consists of those polynomials in T that annihilate every 

vector in V, it must be the same as the intersection of all T-annihilators NT(v) 

in V, i.e., 
   NT  =  ⁄v´VNT(v)  . 

 
By Theorem 6.8 the ideal NT is principal, and we define the minimal polyno-

mial for T ! L(V) to be the unique monic generator of NT. We claim that the 

minimal polynomial for T is precisely the polynomial m(x) defined in the pre-
vious paragraph. 
 To see this, note first that deg m(x) ¯ dim V = n, and since m(x) is the 
minimal polynomial of some w ! V, it follows directly from the definition of 
the minimal polynomial of w as the unique monic generator of NT(w) that 

NT(w) = m(x)F[x]. Next, the fact that m(T) = 0 means that m(T)(v) = 0 for 

every v ! V, and therefore m(x) ! ⁄v´VNT(v) = NT. Since any polynomial 

in NT(w) is a multiple of m(x) and hence annihilates every v ! V, we see that 

NT(w) ™ NT. Conversely, any element of NT is automatically an element of 

NT(w), and thus NT = NT(w) = m(x)F[x]. This shows that m(x) is the 

minimal polynomial for T, and since m(x) generates NT, it is the polynomial 

of least degree such that m(T) = 0. 
 

Example 7.6   Let V = ®4 have basis {eè, eì, e3, e4} and define the operator 

T ! L(V) by 
T (e1) =!! e1 + e3 !!!!!!!!!!!!!!!! T (e2 ) = 3e2 ! e4

T (e3) = 3e1 ! e3 T (e4 ) = 3e2 ! e4
 

 
Note that since T(eì) = T(e4), the matrix representation of T has zero determi-

nant, and hence T is singular (either by Theorem 5.9 or Theorem 5.16). 
Alternatively, we have T(eì - e4) = 0 so that T must be singular since eì - e4 

" 0. In any case, we now have 
 

T2(eè)  =  T(eè + e3)  =  T(eè) + T(e3)  =  4eè 

so that 

   (T2 - 4)(eè)  =  (T - 2)(T + 2)  =  0  . 
Similarly 
 

T2(eì)  =  T(3eì - e4)  =  3T(eì) - T(e4)  =  6eì - 2e4  =  2T(eì) 
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so that 

   (T2 - 2T)(eì)  =  T(T - 2)(eì)  =  0  . 
 
Thus the minimal polynomial of eè is given by 
 

mè(x)  =  x2 - 4  =  (x - 2)(x + 2) 
 
and the minimal polynomial of eì is given by 
 

   mì(x)  =  x(x - 2)  . 
 
That these are indeed minimal polynomials is clear if we note that in neither 
case will a linear expression in T annihilate either eè or eì (just look at the 
definition of T). 
 It should be obvious that the least common multiple of mè and mì is 
 

x(x - 2)(x + 2)  =  x(x2 - 4) 
 
and hence (by Theorem 7.16) this is the minimal polynomial of some vector 

w ! ®4 which we now try to find. We know that mè(x) = x2 - 4 is the minimal 
polynomial of eè, but is x the minimal polynomial of some vector u? Since 
mì(x) = x(x - 2) is the minimal polynomial of eì, we see from Theorem 7.15 
that the vector u = (T - 2)(eì) = eì - e4 has minimal polynomial x. Now, x and 

x 2 - 4 are relatively prime so, as was done in the first part of the proof of 
Theorem 7.16, we define the polynomials hè(x) = x/4 and kè(x) = -1/4 by the 

requirement that xhè + (x2 - 4)kè = 1. Hence 
 

w  =  (T/4)(eè) + (-1/4)(u)  =  (1/4)(eè - eì + e3 + e4) 
 

is the vector with minimal polynomial x(x2 - 4). 

 We leave it to the reader to show that T2(e3) = 4e3 and T2(e4) = 2T(e4), 

and thus e3 has minimal polynomial m3(x) = x2 - 4 and e4 has minimal poly-

nomial m4(x) = x(x - 2). It is now easy to see that m(x) = x(x 2 - 4) is the 

minimal polynomial for T since m(x) has the property that m(T)(eá) = 0 for 
each i = 1, . . . , 4 and it is the least common multiple of the má(x). We also 
note that the constant term in m(x) is zero, and hence T is singular by 
Theorem 7.5.  " 
 

Example 7.7   Relative to the standard basis for ®3, the matrix 
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A =

2 !1 !!0

1 !!0 !2

0 !!1 !!1

"

#

$
$
$

%

&

'
'
'

 

 

represents the operator T ! L(®3) defined by Te1 = 2e1 + e2, Te2 = -e1 + e3 

and Te3 = -2e2 + e3. It is easy to see that T2e1 = 3e1 + 2e2 + e3 and T3e1 = 

4e1 + e2 + 3e3, and hence the set {e1, Te1, T 2e1} is linearly independent, while 

the four vectors {e1, Te1, T2e1, T3e1} must be linearly dependent. This means 

there exists a, b, c, d ! ® such that 
 

   ae1 + bTe2 + cT2 e1 + dT3 e1  =  0  . 

 
This is equivalent to the system 
 

a + 2b + 3c+ 4d = 0

b + 2c+!! d = 0

c+ 3d = 0

 

 
Since there is one free variable, choosing d = 1 we find a = -5, b = 5 and c = 

-3. Therefore the minimal polynomial of e1 is m1(x) = x3 - 3x2 + 5x - 5. 

Since the lcm of the minimal polynomials of e1, e2 and e3 must be of degree ¯ 

3, it follows that m1(x) is in fact the minimal polynomial m(x) of T (and hence 

also of A). Note that by Theorem 7.5 we have A(A2 - 3A + 5I) = 5I, and 

hence Aî = (1/5)(A2 - 3A + 5I) or 
 

 

A!1 =
1

5

!!2 !!1 !2

!1 !!2 !4

!!1 !2 !1

"

#

$
$
$

%

&

'
'
'
!!.!!!  

 

 

Exercises  
 
1. Show that NT is an ideal of F[x]. 

 
2. For each of the following linear operators T ! L(V), find the minimal 

polynomial of each of the (standard) basis vectors for V, find the minimal 
polynomial of T, and find a vector whose minimal polynomial is the same 
as that of T: 

(a) V = ®2:  Te1 = e2, Te2 = e1 + e2. 
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(b) V = ®2:  Te1 = 2e1 - 3e2, Te2 = e1 + 5e2. 

(c) V = ®3:  Te1 = e1 - e2 + e3, Te2 = -2e2 + 5e3, Te3 = 2e1 + 3e2. 

(d) V = ®3:  Te1 = 2e2, Te2 = 2e1, Te3 = 2e3. 

(e) V = ®4:  Te1 = e1 + e3, Te2 = 3e4, Te3 = e1 - e3, Te4 = e2. 

(f ) V = ®4:  Te1 = e1 + e2, Te2 = e2 - e3, Te3 = e3 + e4, Te4 = e1 - e4. 

 
3. For each of the following matrices, find its minimal polynomial over ®, 

and then find its inverse if it exists: 
 

 (a)!!
2 !1

1 !!3

"

#
$

%

&
' (b)!!

!!4 !1

!4 !!1

"

#
$

%

&
'  

 

 (c)!!

0 !0 !1

1 !0 !2

0 !1 !3

"

#

$
$
$

%

&

'
'
'

(d)!!

!!2 0 0

!1 3 0

!!5 2 1

"

#

$
$
$

%

&

'
'
'
 

 

 (d)!!

1 !!1 !!0 !!0

4 !!1 !!0 !!0

0 !!0 !!0 !3

0 !!0 !!1 !!4

"

#

$
$
$
$

%

&

'
'
'
'

(e)!!

!!1 !0 !1 !0

!!0 !1 !!0 !1

!1 !1 !!0 !0

!!0 !0 !!1 !1

"

#

$
$
$
$

%

&

'
'
'
'

 

 
 
7.5   INVARIANT SUBSPACES 
 
Recall that two matrices A, B ! Mn(F) are said to be similar if there exists a 

nonsingular matrix P ! Mn(F) such that B = PîAP. As was shown in Exer-

cise 5.4.1, this defines an equivalence relation on Mn(F). Since L(V) and 

Mn(F) are isomorphic (Theorem 5.13), this definition applies equally well to 

linear operators. We call the equivalence class of a matrix (or linear operator) 
defined by this similarity relation its similarity class. While Theorem 7.14 
gave us a condition under which a matrix may be diagonalized, this form is 
not possible to achieve in general. The approach we shall now take is to look 
for a basis in which the matrix of some linear operator in a given similarity 
class has a particularly simple standard form. As mentioned at the beginning 
of this chapter, these representations are called canonical forms. Of the many 
possible canonical forms, we shall consider only several of the more useful 
and important forms in this book. We begin with a discussion of some addi-
tional types of subspaces. A complete discussion of canonical forms under 
similarity is given in Chapter 8. 
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 Suppose T ! L(V) and let W be a subspace of V. Then W is said to be 
invariant under T (or simply T-invariant) if T(w) ! W for every w ! W. 

For example, if V = ®3 then the xy-plane is invariant under the linear transfor-

mation that rotates every vector in ®3 about the z-axis. As another example, 
note that if v ! V is an eigenvector of T, then T(v) = ¬v for some ¬ ! F, and 
hence v generates a one-dimensional subspace of V that is invariant under T 
(this is not necessarily the same as the eigenspace of ¬). 
 Another way to describe the invariance of W under T is to say that 

T(W) ™ W. Then clearly T2(W) = T(T(W)) ™ W, and in general Tn(W) ™ W 
for every n = 1, 2, . . .  . Since W is a subspace of V, this means that 
f(T)(W) ™ W for any f(x) ! F[x]. In other words, if W is invariant under T, 

then W is also invariant under any polynomial in T (over the same field as W). 
 If W ™ V is T-invariant, we may define the restriction of T to W in the 
usual way as that operator T\W: W ‘ W defined by (T\W)(w) = T(w) for 
every w ! W. We will frequently write TW instead of T\W. 

 
Theorem 7.17   Suppose T ! L(V) and let W be a T-invariant subspace of V. 
Then 
 (a)  f(TW)(w) = f(T)(w) for any f(x) ! F[x] and w ! W. 

 (b)  The minimal polynomial mæ(x) for TW divides the minimal polyno-

mial m(x) for T. 
 
Proof This is Exercise 7.5.2.  ˙ 
 
 If T ! L(V) and f(x) ! F[x], then f(T) is also a linear operator on V, and 

hence we may define the kernel (or null space) of f(T) in the usual way by 
 

   Ker f(T)  =  {v ! V: f(T)(v) = 0}  . 
 
Theorem 7.18   If T ! L(V) and f(x) ! F[x], then Ker f(T) is a T-invariant 

subspace of V. 
 
Proof   Recall from Section 5.2 that Ker f(T) is a subspace of V. To show that 
Ker f(T) is T-invariant, we must show that Tv ! Ker f(T) for any v ! 
Ker f(T), i.e., f(T)(Tv) = 0. But using Theorem 7.2(a) we see that 
 

f(T)(Tv)  =  T(f(T)(v))  =  T(0)  =  0 
as desired.  ˙ 
 
 Now suppose T ! L(V) and let W ™ V be a T-invariant subspace. 
Furthermore let {vè, vì, . . . , vn} be a basis for V, where the first m < n vec-

tors form a basis for W. If A = (aij) is the matrix representation of T relative to 
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this basis for V, then a little thought should convince you that A must be of 
the block matrix form  

A =
B C

0 D

!

"
#

$

%
&  

 
where aáé = 0 for j ¯ m and i > m. This is because T(w) ! W and any w ! W 
has components (wè, . . . , wm, 0, . . . , 0) relative to the above basis for V. The 

formal proof of this fact is given in the following theorem. 
 
Theorem 7.19   Let W be a subspace of V and suppose T ! L(V). Then W is 
T-invariant if and only if T can be represented in the block matrix form 
 

A =
B C

0 D

!

"
#

$

%
&  

 
where B is a matrix representation of TW. 

 
Proof   First suppose that W is T-invariant. Choose a basis {vè, . . . , vm} for 

W, and extend this to a basis {vè, . . . , vm, vm+1  , . . . , vñ} for V (see Theorem 

2.10). Then, since T(vá) ! W for each i = 1, . . . , m, there exist scalars bij such 

that 
TW(vá)  =  T(vá)  =  vèbèá + ~ ~ ~ + vmbmá 

 
for each i = 1, . . . , m. In addition, since T(vá) ! V for each i = m + 1, . . . , n, 
there also exist scalars cij and dij such that 

 
T(vá)  =  vècèá + ~ ~ ~ + vmcmá + vm+1dm+1 i  + ~ ~ ~ + vñdñá 

 
for each i = m + 1, . . . , n. 
 From Theorem 5.11, we see that the matrix representation of T is given by 
an n x n matrix A of the form 

A =
B C

0 D

!

"
#

$

%
&  

 
where B is an m x m matrix that represents TW, C is an m x (n - m) matrix, 

and D is an (n - m) x (n - m) matrix. 
 Conversely, if A has the stated form and {vè, . . . , vñ} is a basis for V, 
then the subspace W of V defined by vectors of the form 

w = !
i
v
i

i=1

m

"  
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where each åá ! F will be invariant under T. Indeed, for each i = 1, . . . , m we 
have 

 

T (vi ) = vja ji
j=1

n

! = v1b1i +!+ vmbmi "W  

and hence T(w) ! W.  ˙ 
 
Corollary  Suppose T ! L(V) and W is a T-invariant subspace of V. Then the 
characteristic polynomial of TW divides the characteristic polynomial of T. 

 
Proof   See Exercise 7.5.3.  ˙ 
 
 Recall from Theorem 2.18 that the orthogonal complement WÊ of a set 
W ™ V is a subspace of V. If W is a subspace of V and both W and WÊ are T-
invariant, then since V = W • WÊ (Theorem 2.22), a little more thought 
should convince you that the matrix representation of T will now be of the 
block diagonal form 

A =
B 0

0 D

!

"
#

$

%
&!!.  

 
We now proceed to discuss a variation of Theorem 7.19 in which we take into 
account the case where V can be decomposed into a direct sum of subspaces. 
 Let us assume that V = Wè • ~ ~ ~ • Wr where each Wá is a T-invariant 

subspace of V. Then we define the restriction of T to Wá to be the operator 
Tá = TWá = T\Wá. In other words, Tá(wá) = T(wá) ! Wá for any wá ! Wá. Given 

any v ! V we have v = vè + ~ ~ ~ + vr where vá ! Wá for each i = 1, . . . , r, and 

hence 

T (v) = T (v
i
) = T

i
(v
i
)

i=1

r

! !!.

i=1

r

!  

This shows that T is completely determined by the effect of each Tá on Wá. In 
this case we call T the direct sum of the Tá and we write 
 

   T  =  Tè •  ~ ~ ~  • Tr   . 
 
We also say that T is reducible (or decomposable) into the operators Tá, and 
the spaces Wá are said to reduce T, or to form a T-invariant direct sum 

decomposition of V. In other words, T is reducible if there exists a basis for 
V such that V = Wè • ~ ~ ~ • Wr and each Wá is T-invariant. 

 For each i = 1, . . . , r we let Bá = {wáè , . . . , winá} be a basis for Wá so that 

B = ¡Bá is a basis for V = Wè • ~ ~ ~ • Wr  (Theorem 2.15). We also let Aá = 

(ai, kj) be the matrix representation of Tá with respect to the basis Bá (where k 
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and j label the rows and columns respectively of the matrix Aá). Therefore we 
see that 

T (wij ) = Ti (wij ) = wikai,!kj
k=1

ni

!  

where i = 1, . . . , r and j = 1, . . . , ná . If A is the matrix representation of T 
with respect to the basis B = {wèè, . . . , wènè , . . . , wr1 , . . . , w rú} for V, then 

since the ith column of A is just the image of the ith basis vector under T, we 
see that A must be of the block diagonal form 
 

 

A
1

0 ! 0

0 A
2
! 0

" " "

0 0 ! A
r

!

"

#
#
#
#

$

%

&
&
&
&

!!. 

 
If this is not immediately clear, then a minute’s thought should help, keeping 
in mind that each Aá is an ná x ná matrix, and A is an n x n matrix where n = 
ÍiÂ=1ná. It is also helpful to think of the elements of B as being numbered from 
1 to n rather than by the confusing double subscripts (also refer to the proof of 
Theorem 7.19). 
 The matrix A is called the direct sum of the matrices Aè, . . . , Ar  and we 

write 
   A  =  Aè • ~ ~ ~ • Ar  . 

 
In this case we also say that the matrix A is reducible. Thus a representation 
[T] of T is reducible if there exists a basis for V in which [T] is block diago-
nal. (Some authors say that a representation is reducible if there exists a basis 
for V in which the matrix of T is triangular. In this case, if there exists a basis 
for V in which the matrix is block diagonal, then the representation is said to 
be completely reducible. We shall not follow this convention.) This discus-
sion proves the following theorem. 
 
Theorem 7.20   Suppose T ! L(V) and assume that V = Wè • ~ ~ ~ • Wr 
where each Wá is T-invariant. If Aá is the matrix representation of Tá = T\Wá , 
then the matrix representation of T is given by the matrix A = Aè • ~ ~ ~ • Ar. 

 
Corollary   Suppose T ! L(V) and V = Wè • ~ ~ ~ • Wr where each Wá is T-

invariant. If ÎT(x) is the characteristic polynomial for T and Îá(x) is the char-

acteristic polynomial for Tá = T\Wá, then ÎT(x) = Îè(x) ~ ~ ~ Îr(x). 

 
Proof   See Exercise 7.5.4.  ˙ 
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Example 7.8   Referring to Example 2.8, consider the space V = ®3. We write 

V = Wè • Wì where Wè = ®2 (the xy-plane) and Wì = ®1 (the z-axis). Note 
that Wè has basis vectors wèè = (1, 0, 0) and wèì = (0, 1, 0), and Wì has basis 
vector wìè = (0, 0, 1). 
 Now let T ! L(V) be the linear operator that rotates any v ! V counter-
clockwise by an angle œ about the z-axis. Then clearly both Wè and Wì are 

T-invariant. Letting {eá} be the standard basis for ®3, we have Tá = T\Wá and 
consequently (see Example 1.2), 
 

T1(e1) = T (e1) = (cos!)e1 + (sin!)e2

T1(e2 ) = T (e2 ) = ("sin!)e1 + (cos!)e2

T2 (e3) = T (e3) = e3

 

 
Thus V = Wè • Wì is a T-invariant direct sum decomposition of V, and T is 
the direct sum of Tè and Tì. It should be clear that the matrix representation of 
T is given by 

cos! "sin! 0

sin! !!cos! 0

0 !0 1

#

$

%
%
%

&

'

(
(
(

 

 
which is just the direct sum of the matrix representations of Tè and Tì.  " 
 
 
Exercises  
 
1. Suppose V = Wè • Wì and let Tè: Wè ‘ V and Tì: Wì ‘ V be linear. 

Show that T = Tè • Tì is linear. 
 
2. Prove Theorem 7.17. 
 
3. Prove the corollary to Theorem 7.19. 
 
4. Prove the corollary to Theorem 7.20. 
 
5. Let V be a finite-dimensional inner product space over ç, and let G be a 

finite group. If for each g ! G there is a U(g) ! L(V) such that 
 

U(gè)U(gì) = U(gègì) 
 
 then the collection U(G) = {U(g)} is said to form a representation of G. 

If W is a subspace of V with the property that U(g)(W) ™ W for all g ! 
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G, then we will say that W is U(G)-invariant (or simply invariant). 
Furthermore, we say that U(G) is irreducible if there is no nontrivial 
U(G)-invariant subspace (i.e., the only invariant subspaces are {0} and V 
itself ). 

 (a)  Prove Schur’s lemma 1: Let U(G) be an irreducible representation of 
G on V. If A ! L(V) is such that AU(g) = U(g)A for all g ! G, then A = 
¬1 where ¬ ! ç. [Hint: Let ¬ be an eigenvalue of A with corresponding 
eigenspace V¬. Show that V¬ is U(G)-invariant.] 

 (b)  If S ! L(V) is nonsingular, show that Uæ(G) = SU(G)Sî is also a 
representation of G on V. (Two representations of G related by such a 
similarity transformation are said to be equivalent.) 

 (c)  Prove Schur’s lemma 2: Let U(G) and Uæ(G) be two irreducible rep-
resentations of G on V and Væ respectively, and suppose A ! L(Væ, V) is 
such that AUæ(g) = U(g)A for all g ! G. Then either A = 0, or else A is an 
isomorphism of Væ onto V so that Aî exists and U(G) is equivalent to 
Uæ(G). [Hint: Show that Im A is invariant under U(G), and that Ker A is 
invariant under Uæ(G).] 

 
6. Suppose A ! Mñ(F) has minimal polynomial mA and B ! Mm(F) has 

minimal polynomial mB. Let m
A!B  be the minimal polynomial for A • 

B and let p = lcm{mA, mB}. Prove m
A!B  = p. 

 
7. Let W be a T-invariant subspace of a finite-dimensional vector space V 

over F, and suppose v ! V. Define the set 
 

   NT(v, W)  =  {f ! F[x]: f(T)v ! W}  . 

 
 (a)  Show that NT(v, W) is an ideal of F[x]. This means that NT(v, W) 

has a unique monic generator cv(x) which is called the T-conductor of v 

into W. 
 (b)  Show that every T-conductor divides the minimal polynomial m(x) 

for T. 
 (c)  Now suppose the minimal polynomial for T is of the form 
 

m(x)  =  (x - ¬è)nè ~ ~ ~ (x - ¬r)n‹  

 
 and let W be a proper T-invariant subspace of V. Prove there exists a 

vector v ! V with v !  W such that (T - ¬1)v ! W where ¬ is an eigen-

value of T. [Hint: Suppose vè ! V with vè !  W. Show that the T-conduc-
tor cvè of vè into W is of the form cvè(x) = (x - ¬)d(x). Now consider the 

vector v = d(T)vè.] 
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8. Let V be finite-dimensional over F and suppose T ! L(V). Prove there 
exists a basis for V in which the matrix representation A of T is upper-
triangular if and only if the minimal polynomial for T is of the form 

m(x) = (x - ¬è)nè ~ ~ ~ (x - ¬ r)n‹  where each ná ! Û+ and the ¬á are the 

eigenvalues of T. [Hint: Apply part (c) of the previous problem to the 
basis vè, . . . , vñ in which A is upper-triangular. Start with W = {0} to get 
v1, then consider the span of v1 to get v2, and continue this process.] 

 

9. Relative to the standard basis for ®2, let T ! L(®2) be represented by 
 

A =
1 !1

2 !!2

"

#
$

%

&
'!!.  

 

 (a)  Prove that the only T-invariant subspaces of ®2 are {0} and ®2 itself. 

 (b)  Suppose U ! L(ç2) is also represented by A. Show that there exist 
one-dimensional U-invariant subspaces. 

 
10. Find all invariant subspaces over ® of the operator represented by 
 

A =
2 !5

1 !2

"

#
$

%

&
'!!.  

 
11. (a)  Suppose T ! L(V), and let v ! V be arbitrary. Define the set of 

vectors 
   Z(v, T)  =  {f(T)(v): f ! F[x]}  . 

 
 Show that Z(v, T) is a T-invariant subspace of V. (This is called the T-

cyclic subspace generated by v.) 

 (b)  Let v have minimal polynomial mv(x) = xr + ar-1xr-1 + ~ ~ ~ + arx + 

a0 . Prove that Z(v, T) has a basis {v, Tv, . . . , Tr-1v}, and hence also that 

dim Z(v, T) = deg mv(x). [Hint: Show that Tkv is a linear combination of 

{v, Tv, . . . , Tr-1v} for every integer k ˘ r.] 

 (c)  Let T ! L(®3) be represented in the standard basis by 
 

A =

1 !!0 !!1

1 !!1 !1

1 !2 !!2

"

#

$
$
$

%

&

'
'
'
!!.  
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 If v = e1 - e2 , find the minimal polynomial of v and a basis for Z(v, T). 

Extend this to a basis for ®3, and show that the matrix of T relative to this 
basis is block triangular. 

 
 
7.6   THE PRIMARY DECOMPOSITION THEOREM 
 
We now proceed to show that there exists an important relationship between 
the minimal polynomial of a linear operator T ! L(V) and the conditions 
under which V can be written as a direct sum of T-invariant subspaces of V. 
In the present context, this theorem (the primary decomposition theorem) is 
best obtained by first proving two relatively simple preliminary results. 
 
Theorem 7.21   Suppose T ! L(V) and assume that f ! F[x] is a polynomial 

such that f(T) = 0 and f = hèhì where hè and hì are relatively prime. Define Wè 
= Ker hè(T) and Wì = Ker hì(T). Then Wè and Wì are T-invariant subspaces, 
and V = Wè • Wì. 
 
Proof   We first note that Wè and Wì are T-invariant subspaces according to 
Theorem 7.18. Next, since hè and hì are relatively prime, there exist polyno-
mials gè and gì such that gèhè + gìhì = 1 (Theorem 6.5), and hence 
 
  g1(T )h1(T )+ g2 (T )h2 (T ) =1!!.  (*) 

 
Then for any v ! V we have 
 

g1(T )h1(T )(v)+ g2 (T )h2 (T )(v) = v!!.  

 
However 

h2 (T )g1(T )h1(T )(v) = g1(T )h1(T )h2 (T )(v)

= g1(T ) f (T )(v)

= g1(T )0(v)

= 0

 

 
so that gè(T)hè(T)(v) ! Ker hì(T) = Wì. Similarly, it is easy to see that 
gì(T)hì(T)(v) ! Wè, and hence v ! Wè + Wì. This shows that V = Wè + Wì, 
and it remains to be shown that this sum is direct. 
 To show that this sum is direct we use Theorem 2.14. In other words, if 
v = wè + wì where wá ! Wá, then we must show that each wá is uniquely deter-
mined by v. Applying gè(T)hè(T) to v = wè + wì and using the fact that 
hè(T)(wè) = 0 we obtain 
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   gè(T)hè(T)(v)  =  gè(T)hè(T)(wì)  . 
 
Next, we apply (*) to wì and use the fact that hì(T)(wì) = 0 to obtain 
 

   gè(T)hè(T)(wì)  =  wì  . 
 
Combining these last two equations shows that wì = gè(T)hè(T)(v), and thus 
wì is uniquely determined by v (through the action of gè(T)hè(T)). We leave it 
to the reader to show in a similar manner that wè = gì(T)hì(T)(v). Therefore 
v = wè + wì is a unique decomposition, and hence V = Wè • Wì.  ˙ 
 
Theorem 7.22   Suppose T ! L(V), and let f = hèhì ! F[x] be the (monic) 
minimal polynomial for T, where h1 and h2 are relatively prime. If Wá = 

Ker há(T), then há is the (monic) minimal polynomial for Tá = T\Wá. 
 
Proof   For each i = 1, 2 let má be the (monic) minimal polynomial for Tá. 
Since Wá = Ker há(T), Theorem 7.17(a) tells us that há(Tá) = 0, and therefore 
(by Theorem 7.4) we must have má|há. This means that má|f (since f = hèhì), 
and hence f is a multiple of mè and mì. From the definition of least common 
multiple, it follows that the lcm of mè and mì must divide f. Since hè and hì 
are relatively prime, mè and mì must also be relatively prime (because if mè 
and mì had a common factor, then hè and hì would each also have this same 
common factor since má|há). But mè and mì are monic, and hence their greatest 
common divisor is 1. Therefore the lcm of mè and mì is just mèmì (Theorem 
6.9). This shows that mèmì|f. 
 On the other hand, since V = Wè • Wì (Theorem 7.21), we see that for 
any v ! V 
 

[m1(T )m2 (T )](v) = [m1(T )m2 (T )](w1 +w2 )

= m2 (T )[m1(T )(w1)]+m1(T )[m2 (T )(w2 )]

= m2 (T )[m1(T1)(w1)]+m1(T )[m2 (T2 )(w2 )]

= 0

 

 
because má is the minimal polynomial for Tá. Therefore (mèmì)(T) = 0, and 
hence f|mèmì (from Theorem 7.4 since, by hypothesis, f is the minimal poly-
nomial for T). Combined with the fact that mèmì|f, this shows that f = mèmì 
(since mè, mì and f are monic). This result, along with the definition f = hèhì, 
the fact that hè and hì are monic, and the fact that má|há shows that má = há.  ˙ 
 
 We are now in a position to prove the main result of this section. 
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Theorem 7.23  (Primary Decomposition Theorem)   Suppose T ! L(V) has 
minimal polynomial 

m(x)  =  fè(x)nè fì(x)nì ~ ~ ~ fr(x)ë 
 
where each fá(x) is a distinct monic prime polynomial and each ná is a positive 

integer. Let Wá = Ker fá(T)ná, and define Tá = T\Wá. Then V is the direct sum 

of the T-invariant subspaces Wá, and fá(x)ná is the minimal polynomial for Tá. 
 

Proof   If r = 1 the theorem is trivial since Wè = Ker fè(T)nè = Ker m(T) = V. 
We now assume that the theorem has been proved for some r - 1 ˘ 1, and 
proceed by induction to show that it is true for r. We first remark that the Wá 
are T-invariant subspaces by Theorem 7.18. Define the T-invariant subspace 
 

   U  =  Ker[fì(T)nì ~ ~ ~ fr(T)ë]  . 

 

Because the fá(x)ná are relatively prime (by Corollary 2 of Theorem 6.5, since 
the fá(x) are all distinct primes), we can apply Theorem 7.21 to write V = 
Wè • U. In addition, since m(x) is the mini-mal polynomial for T, Theorem 

7.22 tells us that fè(x)nè is the minimal polynomial for Tè, and [fì(x)nì ~ ~ ~ 
fr(x)ë] is the minimal polynomial for TU = T\U. 

 Applying our induction hypothesis, we find that U = Wì • ~ ~ ~ • Wr 

where for each i = 2, . . . , r we have Wá = Ker fá(TU)ná, and fá(x)ná is the 

minimal polynomial for Tá = TU\Wá. However, it is obvious that fá(x)ná divides 

[fì(x)nì ~ ~ ~ fr (x)ë] for each i = 2, . . . , r and hence Ker fá(T)ná ™ U. 

Specifically, this means that the set of all vectors v ! V with the property that 

fá(T)ná(v) = 0 are also in U, and therefore Ker fá(T)ná = Ker fá(TU)ná = Wá. 

Furthermore, T\Wá = TU\Wá = Tá and thus fá(x)ná is also the minimal polyno-

mial for T\Wá. 
 Summarizing, we have shown that V = Wè • U = Wè • Wì • ~ ~ ~ • Wr 

where Wá = Ker fá(T)ná for each i = 1, . . . , r and fá(x)ná is the minimal polyno-
mial for T\Wá = Tá. This completes the induction procedure and proves the 
theorem.  ˙ 
 
 In order to make this result somewhat more transparent, as well as in aid-
ing actual calculations, we go back and look carefully at what we have done in 

defining the spaces Wá = Ker fá(T)ná. For each i = 1, . . . , r we define the poly-
nomials gá(x) by 

   m(x)  =  fá(x)nágá(x)  . 
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In other words, gá(x) is a product of the r - 1 factors fé(x)né with j ! i. We 
claim that in fact 

   Wá  =  gá(T)(V)  . 
 
It is easy to see that gá(T)(V) ™ Wá because 
 

fá(T)ná[gá(T)(v)]  =  [fá(T)nágá(T)](v)  =  m(T)(v)  =  0 
 

for every v " V. On the other hand, fá(x)ná and gá(x) are monic relative primes, 
and hence (by Theorem 6.5) there exist polynomials a(x), b(x) " F[x] such 

that a(x)fá(x)ná + b(x)gá(x) = 1. Then for any vá " Wá = Ker fá(T)ná we have 

fá(T)ná(vá) = 0, and hence 
 

   vá  =  a(T)[fá(T)ná(vá)] + gá(T)[b(T)(vá)]  =  0 + gá(T)[b(T)(vá)]  "  gá(T)(V)  . 
 
Hence Wá ™ gá(T)(V), and therefore Wá = gá(T)(V) as claimed. This gives us, 
at least conceptually, a practical method for computing the matrix of a linear 
transformation T with respect to the bases of the T-invariant subspaces. 
 As a final remark, note that for any j ! i we have gá(T)(Wé) = 0 because 

gá(T) contains fé(T)né and Wé = Ker fé(T)né. In addition, since Wá is T-invariant 
we see that gá(T)(Wá) ™ Wá. But we also have  
 

Wi = a(T )[ fi (T )
ni (Wi )]+ gi (T )[b(T )(Wi )]

= 0 + gi (T )[b(T )(Wi )]

! gi (T )(Wi )

 

 
and hence gá(T)(Wá) = Wá. This should not be surprising for the following 
reason. If we write 
 

Vá  =  Wè • ~ ~ ~ • Wi-1 • Wi+1 • ~ ~ ~ • Wr  
 
then gi(T)(Vi) = 0, and therefore 

 
   Wá  =  gá(T)(V)  =  gá(T)(Wá • Vá)  =  gá(T)(Wá)  . 

 

Example 7.9   Consider the space V = ®3 with basis {uè, uì, u3} and define 

the linear transformation T " L(V) by 
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T (u1) = u2

T (u2 ) = u3

T (u3) = !2u1 + 3u2 !!.

 

Then 

T2(uè)  =  T(uì)  =  u3 
and hence 

   T3(uè)  =  T(u3)  =  -2uè + 3uì  =  -2uè + 3T(uè)  . 

 

Therefore T3(uè) - 3T(uè) + 2uè = 0 so that the minimal polynomial of uè is 
given by 

   mè(x)  =  x3 - 3x + 2  =  (x - 1)2(x + 2)  . 
 
Now recall that the minimal polynomial m(x) for T is just the least common 
multiple of the minimal polynomials má(x) of the basis vectors for V, and 
deg m(x) ¯ dim V = n (see the discussion prior to Example 7.6). Since mè(x) is 
written as a product of prime polynomials with deg mè = 3 = dim V, it follows 

that m(x) = mè(x). We thus have fè(x)nè = (x - 1)2 and fì(x)nì = (x + 2). 
 We now define 

Wè  =  gè(T)(V)  =  (T + 2)(V) 
and 

   Wì  =  gì(T)(V)  =  (T - 1)2(V)  . 
 
A simple calculation shows that 
 

(T + 2)u1 =!!2u1 + u2

(T + 2)u2 =!!2u2 + u3

(T + 2)u3 = !2u1 + 3u2 + 2u3 = (T + 2)(!u1 + 2u2 )!!.

 

 
Therefore Wè is spanned by the basis vectors {2uè + uì, 2uì + u3}. Similarly, it 

is easy to show that (T - 1)2uè = uè - 2uì + u3 and that both (T - 1)2uì and 

(T - 1)2 u3 are multiples of this. Hence {uè - 2uì + u3} is the basis vector for 

Wì. 
 We now see that Tè = T\Wè and Tì = T\Wì yield the transformations 
 

T1(2u1 + u2 ) =!!2u2 + u3

T1(2u2 + u3) = !2u1 + 3u2 + 2u3 = !(2u1 + u2 )+ 2(2u2 + u3)

T2 (u1 ! 2u2 + u3) = !2(u1 ! 2u2 + u3)

 

 
and hence Tè and Tì are represented by the matrices Aè and Aì, respectively, 
given by 
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A1 =
0 !1

1 !!2

"

#
$

%

&
'!!!!!!!!!!!!!!A2 = (!2)!!.  

 
Therefore T = Tè • Tì is represented by the matrix A = Aè • Aì where 
 

 

A =

0 !1

1 !!2

0

0

0 !!0 !2

"

#

$
$
$

%

&

'
'
'
!!.!!!  

 
 From Corollary 1 of Theorem 7.14 we know that a matrix A ! Mn(F) is 

diagonalizable if and only if A has n linearly independent eigenvectors, and 
from Theorem 7.13, the corresponding distinct eigenvalues ¬è, . . . , ¬ r (where 

r ¯ n) must be roots of the minimal polynomial for A. The factor theorem 
(corollary to Theorem 6.4) then says that x - ¬á is a factor of the minimal 
polynomial for A, and hence the minimal polynomial for A must contain at 
least r distinct linear factors if A is to be diagonalizable. 
 We now show that the minimal polynomial of a diagonalizable linear 
transformation consists precisely of distinct linear factors. 
 
Theorem 7.24   A linear transformation T ! L(V) is diagonalizable if and 
only if the minimal polynomial m(x) for T is of the form 
 

m(x)  =  (x - ¬1) ~ ~ ~ (x - ¬r) 
 
where ¬1, . . . , ¬r are the distinct eigenvalues of T. 

 
Proof   Suppose that m(x) = (x - ¬è) ~ ~ ~ (x - ¬r) where ¬1, . . . , ¬r ! F are 

distinct. Then, according to Theorem 7.23, V = Wè • ~ ~ ~ • Wr where Wá = 

Ker(T - ¬á1). But then for any w ! Wá we have 
 

0  =  (T - ¬á1)(w)  =  T(w) - ¬áw 
 
and hence any w ! Wá is an eigenvector of T with eigenvalue ¬á. It should be 
clear that any eigenvector of T with eigenvalue ¬á is also in Wá. In particular, 
this means that any basis vector of Wá is also an eigenvector of T. By 
Theorem 2.15, the union of the bases of all the Wá is a basis for V, and hence 
V has a basis consisting entirely of eigenvectors. This means that T is diag-
onalizable (Theorem 7.14). 
 On the other hand, assume that T is diagonalizable, and hence V has a 
basis {vè, . . . , vñ} of eigenvectors of T that correspond to the (not necessarily 
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distinct) eigenvalues ¬è, . . . , ¬ñ. If the vá are numbered so that ¬è, . . . , ¬r are 

the distinct eigenvalues of T, then the operator 
 

f(T)  =  (T - ¬è1) ~ ~ ~ (T - ¬r1) 

 
has the property that f(T)(vá) = 0 for each of the basis eigenvectors vè, . . . , vñ. 
Thus f(T) = 0 and the minimal polynomial m(x) for T must divide f(x) 
(Theorem 7.4). While this shows that m(x) must consist of linear factors, it is 
in fact also true that f(x) = m(x). To see this, suppose that we delete any factor 
T - ¬å1 from f(T) to obtain a new linear operator fæ(T). But the ¬á are all dis-

tinct so that fæ(T)(vå) ! 0, and hence fæ(T) ! 0. Therefore fæ(x) cannot be the 

minimal polynomial for T, and we must have f(x) = m(x).  ˙ 
 
 In a manner similar to that used in Corollary 1 of Theorem 7.14, we can 
rephrase Theorem 7.24 in terms of matrices as follows. 
 
Corollary 1   A matrix A " Mn(F) is similar to a diagonal matrix D if and 

only if the minimal polynomial for A has the form 
 

m(x)  =  (x - ¬è) ~ ~ ~ (x - ¬r) 
 
where ¬è, . . . , ¬r " F are all distinct. If this is the case, then D = PîAP where 

P is the invertible matrix whose columns are any set of n linearly independent 
eigenvectors vè, . . . , vñ of A corresponding to the eigenvalues ¬è, . . . , ¬ñ. (If 
r < n, then some of the eigenvalues will be repeated.) In addition, the diagonal 
elements of D are just the eigenvalues ¬è, . . . , ¬ñ. 
 
Corollary 2   A linear transformation T " L(V) is diagonalizable if and only 
if V = Wè • ~ ~ ~ • Wr where Wá = Ker(T - ¬á1) = V¬á. 

 
Proof   Recall that V¬á is the eigenspace corresponding to the eigenvalue ¬á, 

and the fact that V¬á = Ker(T - ¬á1) was shown in the proof of Theorem 7.24. 

If T is diagonalizable, then the conclusion that V = Wè • ~ ~ ~ • Wr follows 

directly from Theorems 7.24 and 7.23. On the other hand, if V = Wè • ~ ~ ~ • 
Wr then each Wá has a basis of eigenvectors and hence so does V (Theorem 

2.15).  ˙ 
 
 It is important to realize that one eigenvalue can correspond to more than 
one linearly independent eigenvector (recall the comment following Theorem 
7.8). This is why the spaces Wá in the first part of the proof of Theorem 7.24 
can have bases consisting of more than one eigenvector. In particular, any 
eigenvalue of multiplicity greater than one can result in an eigenspace of 



LINEAR TRANSFORMATIONS AND POLYNOMIALS 

 

344 

dimension greater than one, a result that we treat in more detail in the next 
section. 
 

 

Exercises  
 
1. Write each of the following linear transformations T ! L(V) as a direct 

sum of linear transformations whose minimal polynomials are powers of 
prime polynomials: 

(a) V = ®2:  Te1 = e2 , Te2 = 3e1 + 2e 2 . 

(b) V = ®2:  Te1 = -4e1 + 4e2 , Te2 = e2 . 

(c) V = ®3:  Te1 = e2 , Te2 = e3 , Te3 = 2e1 - e2 + 2e3 . 

(d) V = ®3:  Te1 = 3e1 , Te2 = e2 - e3 , Te3 = e1 + 3e2 . 

(e) V = ®3:  Te1 = 3e1 + e2 , Te2 = e2 - 5e3 , Te3 = 2e1 + 2e2 + 2e3 . 
 
2. Let V be finite-dimensional and suppose T ! L(V) has minimal poly-

nomial m(x) = fè(x)nè ~ ~ ~ fr(x)n‹ where the fá(x) are distinct monic primes 

and each ná ! Û+. Show that the characteristic polynomial is of the form 
 

Î(x)  =  fè(x)dè ~ ~ ~ fr(x)d‹ 

 where 

   dá  =  dim(Ker fá(T)ná)/deg fá  . 
 
3. Let D = {Tá} be a collection of mutually commuting (i.e., TáTé = TéTá for 

all i, j) diagonalizable linear operators on a finite-dimensional space V. 
Prove that there exists a basis for V relative to which the matrix represen-
tation of each Tá is diagonal. [Hint: Proceed by induction on dim V. Let 
T ! D (T " c1) have distinct eigenvalues ¬è, . . . , ¬r and for each i define 

Wá = Ker(T - ¬á1). Show that Wá is invariant under each operator that 
commutes with T. Define Dá = {Té\Wá: Té ! D} and show that every 
member of Dá is diagonalizable.] 

 

 

7.7   MORE ON DIAGONALIZATION 
 
If an operator T ! L(V) is diagonalizable, then in a (suitably numbered) basis 
of eigenvectors, its matrix representation A will take the form 
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A =

!
1
I
m
1

0 0 ! 0 0

0 !
2
I
m
2

0 ! 0 0

" " " " "

0 0 0 ! 0 !
r
I
m
r

"

#

$
$
$
$$

%

&

'
'
'
''

 

 
where each ¬á is repeated má times and Imá is the má x má identity matrix. Note 
that mè + ~ ~ ~ + mr must be equal to dim V. Thus the characteristic polynomial 
for T has the form 
 

ÎT(x)  =  det(xI - A)  =  (x - ¬è)mè ~ ~ ~ (x - ¬r)m‹ 

 
which is a product of (possibly repeated) linear factors. That the characteristic 
polynomial of a diagonalizable operator is of this form also follows directly 
from Theorems 7.24 and 7.12. However, we stress that just because the char-
acteristic polynomial factors into a product of linear terms does not mean that 
the operator is diagonalizable. We now investigate the conditions that deter-
mine just when an operator will be diagonalizable. 
 Let us assume that T is diagonalizable, and hence that the characteristic 
polynomial factors into linear terms. For each distinct eigenvalue ¬á, we have 
seen that the corresponding eigenspace V¬á is just Ker(T - ¬á1). Relative to a 
basis of eigenvectors, the matrix [T - ¬á1] is diagonal with precisely má zeros 
along its main diagonal (just look at the matrix A shown above and subtract 
off ¬áI). From Theorem 5.15 we know that the rank of a linear transformation 
is the same as the rank of its matrix representation, and hence r(T - ¬á1) is just 
the number of remaining nonzero rows in [T - ¬á1] which is dim V - má (see 
Theorem 3.9). But from Theorem 5.6 we then see that 
 

dimV!
i

= dimKer(t " !
i
1) = nul(T " !

i
1) = dimV " r(T " !

i
1)

= m
i
!!.

 

 
In other words, if T is diagonalizable, then the dimension of each eigenspace 
V¬á is just the multiplicity of the eigenvalue ¬á. Let us clarify this in terms of 
some common terminology. In so doing, we will also repeat this conclusion 
from a slightly different viewpoint. 
 Given a linear operator T ! L(V), what we have called the multiplicity of 

an eigenvalue ¬ is the largest positive integer m such that (x - ¬)m divides the 
characteristic polynomial ÎT(x). This is properly called the algebraic multi-

plicity of ¬, in contrast to the geometric multiplicity which is the number of 
linearly independent eigenvectors belonging to that eigenvalue. In other 
words, the geometric multiplicity of ¬ is the dimension of V¬ . In general, we 
will use the word “multiplicity” to mean the algebraic multiplicity. The set of 
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all eigenvalues of a linear operator T ! L(V) is called the spectrum of T. If 
some eigenvalue in the spectrum of T is of algebraic multiplicity > 1, then the 
spectrum is said to be degenerate. 
 If T ! L(V) has an eigenvalue ¬ of algebraic multiplicity m, then it is not 
hard for us to show that the dimension of the eigenspace V¬ must be less than 
or equal to m. Note that since every element of V¬ is an eigenvector of T with 
eigenvalue ¬, the space V¬ must be a T-invariant subspace of V. Furthermore, 
every basis for V¬ will obviously consist of eigenvectors corresponding to ¬. 
 
Theorem 7.25   Let T ! L(V) have eigenvalue ¬. Then the geometric multi-
plicity of ¬ is always less than or equal to its algebraic multiplicity. In other 
words, if ¬ has algebraic multiplicity m, then dim V¬ ¯ m. 
 
Proof   Suppose dim V¬ = r and let {vè, . . . , vr} be a basis for V¬. By 
Theorem 2.10, we extend this to a basis {vè, . . . , vñ} for V. Relative to this 
basis, T must have the matrix representation (see Theorem 7.19) 
 

!I
r

C

0 D

"

#
$

%

&
'!!.  

 
Applying Theorem 4.14 and the fact that the determinant of a diagonal matrix 
is just the product of its (diagonal) elements, we see that the characteristic 
polynomial ÎT(x) of T is given by 
 

!
T
(x) =

(x " #)I
r

"C

0 xI
n"r " D

= det[(x " #)I
r
]det(xI

n"r " D)

= (x " #)r det(xI
n"r " D)

 

 

which shows that (x - ¬)r divides ÎT(x). Since by definition m is the largest 

positive integer such that (x - ¬)m|ÎT(x), it follows that r ¯ m.  ˙ 
 
 Note that a special case of this theorem arises when an eigenvalue is of 
(algebraic) multiplicity 1. In this case, it then follows that the geometric and 
algebraic multiplicities are necessarily equal. We now proceed to show just 
when this will be true in general. Recall that any polynomial over an alge-
braically closed field will factor into linear terms (Theorem 6.13). 
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Theorem 7.26   Assume that T ! L(V) has a characteristic polynomial that 
factors into (not necessarily distinct) linear terms. Let T have distinct 
eigenvalues ¬è, . . . , ¬r with (algebraic) multiplicities mè, . . . , mr respectively, 
and let dim V¬á = dá. Then T is diagonalizable if and only if má = dá for each 
i = 1, . . . , r. 
 
Proof   Let dim V = n. We note that since the characteristic polynomial of T is 
of degree n and factors into linear terms, it follows that mè + ~ ~ ~ + mr = n. We 
first assume that T is diagonalizable. By definition, this means that V has a 
basis consisting of n linearly independent eigenvectors of T. Since each of 
these basis eigenvectors must belong to at least one of the eigenspaces V¬á, it 
follows that V = V¬è + ~ ~ ~ + V¬‹ and consequently n ¯ dè + ~ ~ ~ + dr. From 
Theorem 7.25 we know that dá ¯ má for each i = 1, . . . , r and hence 
 

n  ¯  dè + ~ ~ ~ + dr  ¯  mè + ~ ~ ~ + mr  =  n 
 
which implies that dè + ~ ~ ~ + dr = mè + ~ ~ ~ + mr or 
 

   (mè - dè) + ~ ~ ~ + (mr - dr)  =  0  . 
 
But each term in this equation is nonnegative (by Theorem 7.25), and hence 
we must have má = dá for each i. 
 Conversely, suppose that dá = má for each i = 1, . . . , r. For each i, we 
know that any basis for V¬á consists of linearly independent eigenvectors 
corresponding to the eigenvalue ¬á, while by Theorem 7.8, we know that 
eigenvectors corresponding to distinct eigenvalues are linearly independent. 
Therefore the union B of the bases of {V¬á} forms a linearly independent set 
of dè + ~ ~ ~ + dr = mè + ~ ~ ~ + mr vectors. But mè + ~ ~ ~ + mr = n = dim V, and 
hence B forms a basis for V. Since this shows that V has a basis of eigenvec-
tors of T, it follows by definition that T must be diagonalizable.  ˙ 
 
 The following corollary is a repeat of Corollary 2 of Theorem 7.24. Its 
(very easy) proof may be based entirely on the material of this section. 
 
Corollary 1   An operator T ! L(V) is diagonalizable if and only if 
 

V  =  Wè • ~ ~ ~ • Wr 
 
where Wè, . . . , Wr are the eigenspaces corresponding to the distinct eigen-
values of T. 
 
Proof   This is Exercise 7.7.1.  ˙ 
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 Using Theorem 5.6, we see that the geometric multiplicity of an eigen-
value ¬ is given by 
 

   dim V¬  =  dim(Ker(T - ¬1))  =  nul(T - ¬1)  =  dim V - r(T - ¬1)  . 
 
This observation together with Theorem 7.26 proves the next corollary. 
 
Corollary 2   An operator T ! L(V) whose characteristic polynomial factors 
into linear terms is diagonalizable if and only if the algebraic multiplicity of ¬ 
is equal to dim V - r(T - ¬1) for each eigenvalue ¬. 
 

Example 7.10   Consider the operator T ! L(®3) defined by 
 

   T(x, y, z)  =  (9x + y, 9y, 7z)  . 
 

Relative to the standard basis for ®3, the matrix representation of T is given by 
 

A =

9 1 0

0 9 0

0 0 7

!

"

#
#
#

$

%

&
&
&
 

 
and hence the characteristic polynomial is 
 

ÎA(x)  =  det(A - ¬I)  =  (9 - ¬)2(7 - ¬) 
 
which is a product of linear factors. However, 
 

A ! 9I =

0 !1 !!0

0 !0 !!0

0 !0 !2

"

#

$
$
$

%

&

'
'
'

 

 
which clearly has rank 2, and hence nul(T - 9) = 3 - 2 = 1 which is not the 
same as the algebraic multiplicity of ¬ = 9. Thus T is not diagonalizable.  " 
 

Example 7.11   Consider the operator on ®3 defined by the following matrix: 
 

A =

!!5 !6 !6

!1 !!4 !!2

!!3 !6 !4

"

#

$
$
$

%

&

'
'
'
!!.  
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In order to avoid factoring a cubic polynomial, we compute the characteristic 
polynomial ÎA(x) = det(xI - A) by applying Theorem 4.4 as follows (the 
reader should be able to see exactly what elementary row operations were 
performed in each step). 
 

x ! 5 6 6

1 x ! 4 !2

!3 6 x + 4

=

x ! 2 0 !x + 2

1 x ! 4 !2

!3 6 x + 4

= (x ! 2)

1 0 !1

1 x ! 4 !2

!3 6 x + 4

= (x ! 2)

1 0 !1

0 x ! 4 !1

0 6 x +1

= (x ! 2)
x ! 4 !1

6 x +1

= (x ! 2)2(x !1)!!.

 

 
We now see that A has eigenvalue ¬è = 1 with (algebraic) multiplicity 1, and 
eigenvalue ¬ì = 2 with (algebraic) multiplicity 2. From Theorem 7.25 we 
know that the algebraic and geometric multiplicities of ¬è are necessarily the 
same and equal to 1, so we need only consider ¬ì. Observing that 
 

A ! 2I =!

!!3 !6 !6

!1 !!2 !!2

!!3 !6 !6

"

#

$
$
$

%

&

'
'
'

 

 
it is obvious that r(A - 2I) = 1, and hence nul(A - 2I) = 3 - 1 = 2. This shows 
that A is indeed diagonalizable. 
 Let us now construct bases for the eigenspaces Wá = V¬á. This means that 

we seek vectors v = (x, y, z) ! ®3 such that (A - ¬áI)v = 0. This is easily 
solved by the usual row reduction techniques as follows. For ¬è = 1 we have 
 

A ! I =!

!!4 !6 !6

!1 !!3 !!2

!!3 !6 !5

"

#

$
$
$

%

&

'
'
'
(!

!!1 !!0 !1

!1 !!3 !!2

!!3 !6 !5

"

#

$
$
$

%

&

'
'
'
(!

1 !!0 !1

0 !!3 !!1

0 !6 !2

"

#

$
$
$

%

&

'
'
'
(!

1 !0 !1

0 !3 !!1

0 !0 !!0

"

#

$
$
$

%

&

'
'
'
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which has the solutions x = z and y = -z/3 = -x/3. Therefore Wè is spanned by 
the single eigenvector vè = (3, -1, 3). As to ¬ì = 2, we proceed in a similar 
manner to obtain 
 

A ! 2I =!

!!3 !6 !6

!1 !!2 !!2

!!3 !6 !6

"

#

$
$
$

%

&

'
'
'
(!

1 !2 !2

0 !!0 !!0

0 !!0 !!0

"

#

$
$
$

%

&

'
'
'
 

 
which implies that any vector (x, y, z) with x = 2y + 2z will work. For exam-
ple, we can let x = 0 and y = 1 to obtain z = -1, and hence one basis vector for 
Wì is given by vì = (0, 1, -1). If we let x = 1 and y = 0, then we have z = 1/2 
so that another independent basis vector for Wì is given by v3 = (2, 0, 1). In 
terms of these eigenvectors, the transformation matrix P that diagonalizes A is 
given by 

P =!

!!3 !0 !2

!1 !1 !0

!!3 !1 !1

"

#

$
$
$

%

&

'
'
'

 

 
and we leave it to the reader to verify that AP = PD (i.e., PîAP = D) where D 
is the diagonal matrix with diagonal elements dèè = 1 and dìì = d33 = 2. 
 Finally, we note that since A is diagonalizable, Theorems 7.12 and 7.24 
show that the minimal polynomial for A must be (x - 1)(x - 2).  ! 
 
 
Exercises  
 
1. Prove Corollary 1 of Theorem 7.26. 
 
2. Show that two similar matrices A and B have the same eigenvalues, and 

these eigenvalues have the same geometric multiplicities. 
 
3. Let ¬1, . . . , ¬r " F   be distinct, and let D " Mn(F) be diagonal with a 

characteristic polynomial of the form 
 

   ÎD(x)  =  (x - ¬1)dè ~ ~ ~ (x - ¬r)d‹   . 
  
 Let V be the space of all n x n matrices B that commute with D, i.e., the 

set of all B such that BD = DB. Prove that dim V = d12 + ~ ~ ~ + dr2 . 
 

4. Relative to the standard basis, let T " L(®4) be represented by 
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A =

0 0 0 0

a 0 0 0

0 b 0 0

0 0 c 0

!

"

#
#
#
#

$

%

&
&
&
&

!!.  

 
 Find conditions on a, b and c such that T is diagonalizable. 
 
5. Determine whether or not each of the following matrices is diagonaliz-

able. If it is, find a nonsingular matrix P and a diagonal matrix D such 
that PîAP = D. 

 

 (a)!!!

1 1 0

0 2 2

0 0 3

!

"

#
#
#

$

%

&
&
&
 (b)!!!

3 !1 !2

2 !!!0 !2

2 !1 !1

"

#

$
$
$

%

&

'
'
'
 (c)!!!

!1 !!1 !0

!!0 !!5 !0

!!4 !2 !5

"

#

$
$
$

%

&

'
'
'
 

 

 (d)!!!

!1 !3 !9

!!0 !!5 18

!!0 !2 !7

"

#

$
$
$

%

&

'
'
'
 (e)!!!

7 !4 0

8 !5 0

6 !6 3

"

#

$
$
$

%

&

'
'
'
 ( f )!!!

0 0 !!1

1 0 !1

0 1 !!1

"

#

$
$
$

%

&

'
'
'
 

 

 (g)!!!

!!3 !!1 !1

!!2 !!4 !2

!1 !1 !1

"

#

$
$
$

%

&

'
'
'

 

 

6. Determine whether or not each of the following operators T ! L(®3) is 

diagonalizable. If it is, find an eigenvector basis for ®3 such that [T] is 
diagonal. 
(a) T(x, y, z) = (-y, x, 3z). 
(b) T(x, y, z) = (8x + 2y - 2z, 3x + 3y - z, 24x + 8y - 6z). 
(c) T(x, y, z) = (4x + z, 2x + 3y + 2z, x + 4z). 
(d) T(x, y, z) = (-2y - 3z, x + 3y + 3z, z). 

 

7. Suppose a matrix A is diagonalizable. Prove that Am is diagonalizable for 
any positive integer m. 

 
8. Summarize several of our results by proving the following theorem: 
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 Let V be finite-dimensional, suppose T ! L(V) has distinct eigenvalues 
¬1, . . . , ¬r , and let Wá = Ker(T - ¬á1). Then the following are equivalent: 

 (a)  T is diagonalizable. 

 (b)  ÎT(x) = (x - ¬1)mè ~ ~ ~ (x - ¬r)m‹ and Wá is of dimension má for each 
i = 1, . . . , r. 

 (c)  dim W1 + ~ ~ ~ + dim Wr = dim V. 
 
9. Let V3 be the space of real polynomials of degree at most 3, and let fæ and 

fÆ denote the first and second derivatives of f ! V. Define T ! L(V3) by 
T(f) = fæ + fÆ. Decide whether or not T is diagonalizable, and if it is, find 
a basis for V3 such that [T] is diagonal. 

 
10. (a)  Let V2 be the space of real polynomials of degree at most 2, and 

define T ! L(V2) by T(ax2 + bx + c) = cx2 + bx + a. Decide whether or 
not T is diagonalizable, and if it is, find a basis for V2 such that [T] is 
diagonal. 

 (b)  Repeat part (a) with T = (x + 1)(d/dx). (See Exercise 7.3.17.) 
 
 
7.8   PROJECTIONS 
 
In this section we introduce the concept of projection operators and show how 
they may be related to direct sum decompositions where each of the subspaces 
in the direct sum is invariant under some linear operator. 
 Suppose that U and W are subspaces of a vector space V with the property 
that V = U • W. Then every v ! V has a unique representation of the form v 
= u + w where u ! U and w ! W (Theorem 2.14). We now define the 
mapping E: V ‘ V by Ev = u. Note that E is well-defined since the direct 
sum decomposition is unique. Moreover, given any other væ ! V = U • W 
with væ = uæ + wæ, we know that v + væ = (u + uæ) + (w + wæ) and kv = ku + kw, 
and hence it is easy to see that E is in fact linear because 
 

E(v + væ)  =  u + uæ  =  Ev + Evæ 
and 

   E(kv)  =  ku  =  k(Ev)  . 
 
The linear operator E ! L(V) is called the projection of V on U in the direc-

tion of W. Furthermore, since any u ! U ™ V may be written in the form u = 
u + 0, we also see that Eu = u and therefore 
 

   E2 v  =  E(Ev)  =  Eu  =  u  =  Ev  . 
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In other words, a projection operator E has the property that E2 = E. By way 

of terminology, any operator T ! L(V) with the property that T2 = T is said to 
be idempotent. 
 On the other hand, given a vector space V, suppose we have an operator 

E ! L(V) with the property that E2 = E. We claim that V = Im E • Ker E. 
Indeed, first note that if u ! Im E, then by definition this means there exists 
v ! V with the property that Ev = u. It therefore follows that 
 

Eu  =  E(Ev)  =  E2v  =  Ev  =  u 
 
and thus Eu = u for any u ! Im E. Conversely, the equation Eu = u obviously 
says that u ! Im E, and hence we see that u ! Im E if and only if Eu = u. 
 Next, note that given any v ! V we may clearly write 
 

v  =  Ev + v - Ev  =  Ev + (1 - E)v 
 
where by definition, Ev ! Im E. Since 
 

E[(1 - E)v]  =  (E - E2)v  =  (E - E)v  =  0 
 
we see that (1 - E)v ! Ker E, and hence V = Im E + Ker E. We claim that this 
sum is in fact direct. To see this, let w ! Im E ⁄ Ker E. Since w ! Im E and 

E2 = E, we have seen that Ew = w, while the fact that w ! Ker E means that 
Ew = 0. Therefore w = 0 so that Im E ⁄ Ker E = {0}, and hence 
 

   V  =  Im E • Ker E  . 
 
Since we have now shown that any v ! V may be written in the unique form 
v = u + w with u ! Im E and w ! Ker E, it follows that Ev = Eu + Ew = u + 0 
= u so that E is the projection of V on Im E in the direction of Ker E. 
 It is also of use to note that 
 

Ker E  =  Im(1 - E) 
and 

   Ker(1 - E)  =  Im E  . 
 
To see this, suppose w ! Ker E. Then 
 

w  =  Ew + (1 - E)w  =  (1 - E)w 
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which implies that w ! Im(1 - E), and hence Ker E ™ Im(1 - E). On the other 
hand, if w ! Im(1 - E) then there exists wæ ! V such that w = (1 - E)wæ and 
hence 

Ew  =  (E - E2)wæ  =  (E - E)wæ  =  0 
 
so that w ! Ker E. This shows that Im(1 - E) ™ Ker E, and therefore Ker E = 
Im(1 - E). The similar proof that Ker(1 - E) = Im E is left as an exercise for 
the reader (Exercise 7.8.1). 
 
Theorem 7.27   Let V be a vector space with dim V = n, and suppose E ! 

L(V) has rank k = dim(Im E). Then E is idempotent (i.e., E2 = E) if and only if 
any one of the following statements is true: 
(a) If v ! Im E, then Ev = v. 
(b) V = Im E • Ker E and E is the projection of V on Im E in the direction of 
Ker E. 
(c) Im E = Ker(1 - E) and Ker E = Im(1 - E). 
(d) It is possible to choose a basis for V such that [E] = IÉ • 0n-k . 
 

Proof   Suppose E2 = E. In view of the above discussion, all that remains is to 
prove part (d). Applying part (b), we let {eè, . . . , eÉ} be a basis for Im E and 
{ek+1, . . . , eñ} be a basis for Ker E. By part (a), we know that Eeá = eá for i = 
1, . . . , k, and by definition of Ker E, we have Eeá = 0 for i = k + 1, . . . , n. But 
then [E] has the desired form since the ith column of [E] is just Eeá. 

 Conversely, suppose (a) is true and v ! V is arbitrary. Then E2v = E(Ev) = 

Ev implies that E2 = E. Now suppose that (b) is true and v ! V. Then v = u + 
w where u ! Im E and w ! Ker E. Therefore Ev = Eu + Ew = Eu = u (by defi-

nition of projection) and E2v = E2u = Eu = u so that E2v = Ev for all v ! V, 

and hence E2 = E. If (c) holds and v ! V, then Ev ! Im E = Ker(1 - E) so that 

0 = (1 - E)Ev = Ev - E2v and hence E2v = Ev again. Similarly, (1 - E)v ! 

Im(1 - E) = Ker E so that 0 = E(1 - E)v = Ev - E2v and hence E2v = Ev. In 

either case, we have E2 = E. Finally, from the form of [E] given in (d), it is 

obvious that E2 = E.  ˙ 
 
 It is also worth making the following observation. If we are given a vector 
space V and a subspace W ™ V, then there may be many subspaces U ™ V 

with the property that V = U • W. For example, the space ®3 is not necessar-
ily represented by the usual orthogonal Cartesian coordinate system. Rather, it 
may be viewed as consisting of a line plus any (oblique) plane not containing 
the given line. However, in the particular case that V = W • WÊ, then WÊ is 
uniquely specified by W (see Section 2.5). In this case, the projection E ! 
L(V) defined by Ev = w with w ! W is called the orthogonal projection of V 
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on W. In other words, E is an orthogonal projection if (Im E)Ê = Ker E. By the 
corollary to Theorem 2.22, this is equivalent to the requirement that 
(Ker E)Ê = Im E. 
 It is not hard to generalize these results to the direct sum of more than two 
subspaces. Indeed, suppose that we have a vector space V such that V = Wè • 
~ ~ ~ • Wr. Since any v ! V has the unique representation as v = wè + ~ ~ ~ + wr 
with wá ! Wá, we may define for each j = 1, . . . , r the operator Eé ! L(V) by 
Eév = wé. That each Eé is in fact linear is easily shown exactly as above for the 
simpler case. It should also be clear that Im Eé = Wé (see Exercise 7.8.2). If we 
write 

wé  =  0 + ~ ~ ~ + 0 + wé + 0 + ~ ~ ~ + 0 
 
as the unique expression for wé ! Wé ™ V, then we see that Eéwé = wé, and 
hence for any v ! V we have 
 

Eé2v  =  Eé(Eév)  =  Eéwé  =  wé  =  Eév 

so that Eé2 = Eé. 
 The representation of each wé as Eév is very useful because we may write 
any v ! V as 
 

v  =  wè + ~ ~ ~ + wr  =  Eèv + ~ ~ ~ + Erv  =  (Eè + ~ ~ ~ + Er)v 
 
and thus we see that Eè + ~ ~ ~ + Er = 1. Furthermore, since the image of Eé is 
Wé, it follows that if Eév = 0 then wé = 0, and hence 
 

   Ker Eé  =  Wè • ~ ~ ~ • Wj-1 • Wj+1 • ~ ~ ~ • Wr  . 
 
We then see that for any j = 1, . . . , r we have V = Im Eé • Ker Eé exactly as 
before. It is also easy to see that EáEé = 0 if i " j because Im Eé = Wé ™ Ker Eá. 
 
Theorem 7.28   Let V be a vector space, and suppose that V = Wè • ~ ~ ~ • 
Wr. Then for each j = 1, . . . , r there exists a linear operator Eé ! L(V) with 
the following properties: 
 (a)  1 = Eè + ~ ~ ~ + Er. 
 (b)  EáEé = 0 if i " j. 

 (c)  Eé2 = Eé. 
 (d)  Im Eé = Wé. 
Conversely, if {Eè, . . . , Er} are linear operators on V that obey properties (a) 
and (b), then each Eé is idempotent and V = Wè • ~ ~ ~ • Wr where Wé = Im Eé. 
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Proof   In view of the previous discussion, we only need to prove the converse 
statement. From (a) and (b) we see that 
 

 
Ej = Ej1= Ej (E1 +!+ Er ) = Ej

2 +!i" jE jEi = Ej
2  

 
which shows that each Eé is idempotent. Next, property (a) shows us that for 
any v ! V we have 

v  =  1v  =  Eèv + ~ ~ ~ + Erv 
 
and hence V = Wè + ~ ~ ~ + Wr where we have defined Wé = Im Eé. Now sup-
pose that 0 = wè + ~ ~ ~ + wr where each wé ! Wé. If we can show that this 
implies wè = ~ ~ ~ = wr = 0, then any v ! V will have a unique representation 
v = vè + ~ ~ ~ + vr with vá ! Wá. This is because if 
 

v  =  vè + ~ ~ ~ + vr  =  vèæ + ~ ~ ~ + vræ 
then 

(vè - vèæ) + ~ ~ ~ + (vr - vræ)  =  0 
 
would imply that vá - váæ = 0 for each i, and thus vá = váæ. Hence it will follow 
that V = Wè • ~ ~ ~ • Wr (Theorem 2.14). 
 Since wè + ~ ~ ~ + wr = 0, it is obvious that Eé(wè + ~ ~ ~ + wr) = 0. However, 
note that Eéwá = 0 if i " j (because wá ! Im Eá and EéEá = 0), while Eéwé = wé 

(since wé = Eéwæ for some wæ ! V and hence Eéwé = Eé2wæ = Eéwæ = wé). This 
shows that wè = ~ ~ ~ = wr = 0 as desired.  ˙ 
 
 We now turn our attention to invariant direct sum decompositions, refer-
ring to Section 7.5 for notation. We saw in Corollary 1 of Theorem 7.26 that a 
diagonalizable operator T ! L(V) leads to a direct sum decomposition of V in 
terms of the eigenspaces of T. However, Theorem 7.28 shows us that such a 
decomposition should lead to a collection of projections on these eigenspaces. 
Our next theorem elaborates on this observation in detail. Before stating and 
proving this result however, let us take another look at a matrix that has been 
diagonalized. We observe that a diagonal matrix of the form 
 

 

A =

!
1
I
m
1

0 !0 ! 0 !0

0 !
2
I
m
2

!0 ! 0 !0

" " !" " !"

0 0 !0 ! 0 !!
r
I
m
r

"

#

$
$
$
$$

%

&

'
'
'
''

 

 
can also be written as 
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A = !
1

I
m
1

0
m
2

!

0
m
r

"

#

$
$
$

%

&

'
'
'
+ !

2

0
m
1

I
m
2

!

0
m
r

"

#

$
$
$

%

&

'
'
'
+"+ !

r

0
m
1

0
m
2

!

I
m
r

"

#

$
$
$

%

&

'
'
'
!!.  

 
If we define Ei to be the matrix obtained from A by setting ¬i = 1 and ¬j = 0 
for each j ! i (i.e., the ith matrix in the above expression), then this may be 
written in the simple form 
 

A  =  ¬1E1 + ¬2E2 + ~ ~ ~ + ¬rEr  
where clearly 

   I  =  E1 + E2 + ~ ~ ~ + Er   . 
 
Furthermore, it is easy to see that the matrices Ei have the property that 
 

EiEj  =  0  if i ! j 
and  

   Ei2  =  Ei  !  0  . 
 
 With these observations in mind, we now prove this result in general. 
 
Theorem 7.29   If T " L(V) is a diagonalizable operator with distinct eigen-
values ¬è, . . . , ¬r, then there exist linear operators Eè, . . . , Er in L(V) such 
that: 

(a) 1 = Eè + ~ ~ ~ + Er. 
(b) EáEé = 0 if i ! j. 
(c) T = ¬èEè + ~ ~ ~ + ¬rEr. 

(d) Eé2 = Eé. 
(e) Im Eé = Wé where Wé = Ker(T - ¬é1) is the eigenspace corresponding 

to ¬é. 
Conversely, if there exist distinct scalars ¬è, . . . , ¬r and distinct nonzero 
linear operators Eè, . . . , Er satisfying properties (a), (b) and (c), then prop-
erties (d) and (e) are also satisfied, and T is diagonalizable with ¬è, . . . , ¬r as 
its distinct eigenvalues. 
 
Proof   First assume T is diagonalizable with distinct eigenvalues ¬è, . . . , ¬r 
and let Wè, . . . , Wr be the corresponding eigenspaces. By Corollary 1 of 
Theorem 7.26 we know that V = Wè • ~ ~ ~ • Wr. (Note that we do not base 
this result on Theorem 7.24, and hence the present theorem does not depend in 
any way on the primary decomposition theorem.) Then Theorem 7.28 shows 
the existence of the projection operators Eè, . . . , Er satisfying properties (a), 
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(b), (d) and (e). As to property (c), we see (by property (a)) that for any v ! V 
we have v = Eèv + ~ ~ ~ + Erv. Since Eév ! Wé, we know from the definition of 
eigenspace that T(Eév) = ¬é(Eév), and therefore 
 

 

Tv = T (E1v)+!+T (E
r
v)

= !1(E1v)+!+ !
r
(E

r
v)

= (!1E1 +!+ !
r
E
r
)v

 

 
which verifies property (c). 
 Now suppose that we are given a linear operator T ! L(V) together with 
distinct scalars ¬è, . . . , ¬r and (nonzero) linear operators Eè, . . . , Er that obey 
properties (a), (b) and (c). Multiplying (a) by Eá and using (b) proves (d). Now 
multiply (c) from the right by Eá and use property (b) to obtain TEá = ¬áEá or 
(T - ¬á1)Eá = 0. If wá ! Im Eá is arbitrary, then wá = Eáwáæ for some wáæ ! V 
and hence (T - ¬á1)wá = (T - ¬á1)Eáwáæ = 0 which shows that wá ! Ker(T -
¬á1). Since Eá " 0, this shows the existence of a nonzero vector wá ! Ker(T - 
¬á1) with the property that Twá = ¬áwá. This proves that each ¬á is an 
eigenvalue of T. We claim that there are no other eigenvalues of T other than 
{¬á}. To see this, let å be any scalar and assume that (T - å1)v = 0 for some 
nonzero v ! V. Using properties (a) and (c), we see that 
 

T - å1  =  (¬è - å)Eè + ~ ~ ~ + (¬r - å)Er 

 
and hence letting both sides of this equation act on v yields 
 

   0  =  (¬è - å)Eèv + ~ ~ ~ + (¬r - å)Erv  . 
 
Multiplying this last equation from the left by Eá and using properties (b) and 
(d), we then see that (¬á - å)Eáv = 0 for every i = 1, . . . , r. Since v " 0 may be 
written as v = Eèv + ~ ~ ~ + Erv, it must be true that Eév " 0 for some j, and 
hence in this case we have ¬é - å = 0 or å = ¬é. 
 We must still show that T is diagonalizable, and that Im Eá = Ker(T - ¬á1). 
It was shown in the previous paragraph that any nonzero wé ! Im Eé satisfies 
Twé = ¬éwé, and hence any nonzero vector in the image of any Eá is an eigen-
vector of Eá. Note this says that Im Eá ™ Ker(T - ¬á1). Using property (a), we 
see that any w ! V may be written as w = Eèw + ~ ~ ~ + Er w which shows that 
V is spanned by eigenvectors of T. But this is just what we mean when we say 
that T is diagonalizable. Finally, suppose wá ! Ker(T - ¬á1) is arbitrary. Then 
(T - ¬á1)wá = 0 and hence (exactly as we showed above) 
 

   0  =  (¬è - ¬á)Eèwá + ~ ~ ~ + (¬r - ¬á)Erwá  . 
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Thus for each j = 1, . . . , r we have 
 

0  =  (¬é - ¬á)Eéwá 
 
which implies Eéwá = 0 for j ! i. Since wá = Eèwá + ~ ~ ~ + Erwá while Eéwá = 0 
for j ! i, we conclude that wá = Eáwá which shows that wá " Im Eá. In other 
words, we have also shown that Ker(T - ¬á1) ™ Im Eá. Together with our ear-
lier result, this proves that Im Eá = Ker(T - ¬á1).  ˙ 
 
 
Exercises  
 
1. (a)  Let E be an idempotent linear operator. Show that Ker(1 - E) = Im E. 

 (b)  If E2 = E, show that (1 - E)2 = 1 - E. 
 
2. Let V = Wè • ~ ~ ~ • Wr and suppose v = wè + ~ ~ ~ + wr " V. For each j = 

1, . . . , r we define the operator Eé on V by Eév = wé. 
 (a)  Show that Eé " L(V). 
 (b)  Show that Im Eé = Wé. 
 
3. Give a completely independent proof of Theorem 7.24 as follows: 
 (a)  Let T " L(V) be diagonalizable with decomposition T = ¬1E1 + ~ ~ ~ + 

¬rEr. Show that f(T) = f(¬1)E1 + ~ ~ ~ + f(¬r)Er for any f(x) " F[x]. 
 (b)  Use part (a) to conclude that the minimal polynomial for T must be of 

the form m(x) = (x - ¬1) ~ ~ ~ (x - ¬r). 
 (c)  Now suppose T " L(V) has minimal polynomial 
 

m(x)  =  (x - ¬1) ~ ~ ~ (x - ¬r) 
 
 where ¬1, . . . , ¬r " F are distinct. Define the polynomials 
 

pj (x) =
x ! "i
" j ! "i

#

$
%%

&

'
((

i) j

* !!.  

 
 Note that deg pé = r - 1 < deg m. By Exercise 6.4.2, any polynomial f of 

degree ¯ r - 1 can be written as f = Íéf(¬é)pé. Defining Eé = pé(T), show 
that Eé ! 0 and that 

1  =  E1 + ~ ~ ~ + Er 
 and 

   T  =  ¬1E1 + ~ ~ ~ + ¬rEr  . 
 



LINEAR TRANSFORMATIONS AND POLYNOMIALS 

 

360 

 (d)  Show that m|pápé for i ! j, and hence show that EáEé = 0 for i ! j. 
 (e)  Conclude that T is diagonalizable. 
 
4. Let E1, . . . , Er and W1, . . . , Wr be as defined in Theorem 7.28, and sup-

pose T " L(V). 
 (a)  If TEá = EáT for every Eá, prove that every Wé = Im Eé is T-invariant. 
 (b)  If every Wé is T-invariant, prove that TEá = EáT for every Eá. [Hint: 

Let v " V be arbitrary. Show that property (a) of Theorem 7.28 implies 
T(Eáv) = wá for some wá " Wá = Im Eá. Now show that Eé(TEá)v = 
(Eáwá)#áé, and hence that Eé(Tv) = T(Eév).] 

 
5. Prove that property (e) in Theorem 7.29 holds for the matrices Eá given 

prior to the theorem. 
 
6. Let W be a finite-dimensional subspace of an inner product space V. 
 (a)  Show that there exists precisely one orthogonal projection on W. 
 (b)  Let E be the orthogonal projection on W. Show that for any v " V we 

have v ! Ev " v !w  for every w " W. In other words, show that Ev is 

the unique element of W that is “closest” to v. 
 
 
7.9   QUOTIENT SPACES 
 
Recall that in Section 1.5 we gave a brief description of normal subgroups and 
quotient groups (see Theorem 1.12). In this section we elaborate on and apply 
this concept to vector spaces, which are themselves abelian groups. In the next 
section we will apply this formalism to proving the triangular form theorem 
for linear operators. 
 Let V be a vector space and W a subspace of V. Since W is an abelian 
subgroup of V, it is easy to see that W is just a normal subgroup since for any 
w " W and v " V we have v + w + (-v) = w " W (remember that group 
multiplication in an abelian group is frequently denoted by the usual addition 
sign, and the inverse of an element v is just -v). We may therefore define the 
quotient group V/W whose elements, v + W for any v " V, are just the cosets 
of W in V. It should be obvious that V/W is also an abelian group. In fact, we 
will show below that V/W can easily be made into a vector space. 
 

Example 7.12   Let V = ®2 and suppose 
 

   W  =  {(x, y) " ®2: y = mx for some fixed scalar m}  . 
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In other words, W is just a line through the origin in the plane ®2. The ele-
ments of V/W are the cosets v + W = {v + w: w ! W} where v is any vector 
in V. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Therefore, the set V/W consists of all lines in ®2 that are parallel to W (i.e., 
that are displaced from W by the vector v).  " 
 
 While we proved in Section 1.5 that cosets partition a group into disjoint 
subsets, let us repeat this proof in a different manner that should help famil-
iarize us with some of the properties of V/W. We begin with several simple 
properties that are grouped together as a theorem for the sake of reference. 
 
Theorem 7.30   Let W be a subspace of a vector space V. Then the following 
properties are equivalent: 
 (a)  u ! v + W; 
 (b)  u - v ! W; 
 (c)  v ! u + W; 
 (d)  u + W = v + W. 
 
Proof   (a) ¶ (b):   If u ! v + W, then there exists w ! W such that u = v + w. 
But then u - v = w ! W. 
 (b) ¶ (c):  u - v ! W implies v - u = -(u - v) ! W, and hence there 
exists w ! W such that v - u = w. But then v = u + w ! u + W. 
 (c) ¶ (d):  If v ! u + W, then there exists w ! W such that v = u + w. But 
then v + W =  u + w + W = u + W. 
 (d) ¶ (a):  0 ! W implies u = u + 0 ! u + W = v + W.  ˙ 
 

x 

y 

v W 

v + W 
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Theorem 7.31   Let W be a subspace of a vector space V. Then the cosets of 
W in V are distinct, and every element of V lies in some coset of W. 
 
Proof   It is easy to see that any v ! V lies in V/W since v = v + 0 ! v + W. 
Now suppose that vè " vì and that the cosets vè + W and vì + W have some 
element u in common. Then u ! vè + W and u ! vì + W, and hence by 
Theorem 7.30 we have vè + W = u + W = vì + W.  ˙ 
 
 Let V be a vector space over F, and let W be a subspace of V. We propose 
to make V/W into a vector space. If å ! F and u + W, v + W ! V/W, we 
define 

(u + W) + (v + W)  =  (u + v) + W 
 
and 

   å(u + W)  =  åu + W  . 
 
The first thing to do is show that these operations are well-defined. In other 
words, if we suppose that u + W = uæ + W and v + W = væ + W, then we must 
show that (u + v) + W = (uæ + væ) + W and å(u + W) = å(uæ + W). Using u + 
W = uæ + W and v + W = væ + W, Theorem 7.30 tells us that u - uæ ! W and 
v - væ ! W. But then 
 

(u + v) - (uæ + væ)  =  (u - uæ) + (v - væ)  !  W 
 
and hence (u + v) + W = (uæ + væ) + W. Next, we see that u - uæ ! W implies 
å(u - uæ) ! W since W is a subspace. Then åu - åuæ ! W implies åu + W =  
åuæ + W, or å(u + W) = å(uæ + W). 
 
Theorem 7.32   Let V be a vector space over F and W a subspace of V. For 
any u + W, v + W ! V/W and å ! F, we define the operations 
 (1)  (u + W) + (v + W) = (u + v) + W 
 (2)  å(u + W) = åu + W. 
Then, with these operations, V/W becomes a vector space over F. 
 
Proof   Since (0 + W) + (u + W) = (0 + u) + W = u + W, we see that W is the 
zero element of V/W. Similarly, we see that -(u + W) = -u + W. In view of 
the above discussion, all that remains is to verify axioms (V1) - (V8) for a 
vector space given at the beginning of Section 2.1. We leave this as an 
exercise for the reader (see Exercise 7.9.1).  ˙ 
 
 The vector space V/W defined in this theorem is called the quotient space 
of V by W. If V is finite-dimensional, then any subspace W ™ V is also finite-
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dimensional, where in fact dim W ¯ dim V (Theorem 2.9). It is then natural to 
ask about the dimension of V/W. 
 
Theorem 7.33   Let V be finite-dimensional over F and W be a subspace of 
V. Then 

   dim V/W  =  dim V - dim W  . 
 
Proof   Suppose {wè, . . . , wm} is a basis for W. By Theorem 2.10 we can 
extend this to a basis {wè, . . . , wm , vè, . . . , vr} for V, where dim V = m + r = 
dim W + r. Then any v ! V may be written as  
 

v  =  åèwè + ~ ~ ~ + åmwm + "èvè + ~ ~ ~ + "rvr 
 
where {åá}, {"é} ! F. For ease of notation, let us define Vä = V/W and, for any 
v ! V, we let võ = v + W ! Vä. Note that this association is linear because (by 
Theorem 7.32) 
 

v”” ”+” ”v”æ”  =  v + væ + W  =  v + W + væ + W  =  võ + võæ 
and 

   k”v”  =  kv + W  =  k(v + W)  =  kvõ  . 
 
Since wá ! W, we see that wùá = wá + W = W, and hence võ = "èvõè + ~ ~ ~ + "rvõr . 
Alternatively, any võ ! Vä may be written as 
 

võ  =  v + W  =  Íáåáwá + Íé"évé + W  =  Íé"évé + W  =  Íé"évõé 
 
since Íåáwá ! W. In any case, this shows that the võá span Vä. Now suppose 
that Íá©ává = 0 for some scalars ©á ! F. Then 
 

   ©èvõè + ~ ~ ~ + ©r võr  =  0ä  =  W  . 
 
Using võá = vá + W, we then see that ©èvè + ~ ~ ~ + ©rvr + W = W which implies 
that Íá©ává ! W. But {wá} forms a basis for W, and hence there exist #è, . . . , 
#m ! F such that 
 

   ©èvè + ~ ~ ~ + ©rvr  =  #èwè + ~ ~ ~ + #mwm  . 
  
However, {wè, . . . , wm , vè, . . . , vr} is a basis for V and hence is linearly 
independent. This means that ©á = 0 for each i = 1, . . . , r and that #é = 0 for 
each j = 1, . . . , m. Thus {võá} is linearly independent and forms a basis for Vä = 
V/W, and dim V/W = r = dim V - dim W.  ˙ 
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 There is a slightly different way of looking at this result that will be of use 
to us later. 
 
Theorem 7.34   Let V be finite-dimensional over F and W be a subspace of 
V. Suppose that W has basis wè, . . . , wm and Vä = V/W has basis võè, . . . , võr 
where võá = vá + W for some vá ! V. Then {wè, . . . , wm , vè, . . . , vr} is a basis 
for V. 
 
Proof   Let u ! V be arbitrary. Then uõ = u + W ! Vä, and hence there exists 
{åá} ! F such that 
 

   u + W  =  uõ  =  åèvõè + ~ ~ ~ + årvõr  =  åèvè + ~ ~ ~ + årvr + W  . 
 
By Theorem 7.30 there exists w = "èwè + ~ ~ ~ + "m wm ! W such that 
 

   u  =  åèvè + ~ ~ ~ + årvr + w  =  åèvè + ~ ~ ~ + årvr + "èwè + ~ ~ ~ + "m wm  . 
 
This shows that {wè, . . . , wm, vè, . . . , vr} spans V. 
 To show that these vectors are linearly independent, we suppose that 
 

   ©èwè + ~ ~ ~ + ©mwm + #èvè + ~ ~ ~ + #rvr  =  0  . 
 
Since the association between V and Vä is linear (see the proof of Theorem 
7.33) and wùá = wá + W = W, we see that 
 

   #èvõè + ~ ~ ~ + #rvõr  =  0ä  =  W  . 
 
But the võá are linearly independent (since they are a basis for Vä), and hence 
#è = ~ ~ ~ = #r = 0. (This is just the definition of linear independence if we recall 
that W is the zero vector in Vä = V/W.) This leaves us with ©èwè + ~ ~ ~ + ©mwm 
= 0. But again, the wá are linearly independent, and therefore ©è = ~ ~ ~ = ©m = 0. 
This shows that {wè, . . . , wm, vè, . . . , vr} is a basis for V, and hence dim V = 
dim W + dim V/W.  ˙ 
 
 
Exercises  
 
1. Finish the proof of Theorem 7.32. 
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2. Let U and V be finite-dimensional, and suppose T is a linear transforma-
tion of U onto V. If W = Ker T, prove that V is isomorphic to U/W. [Hint: 
See Exercise 1.5.11.] 

 
3. Let V be a vector space over F, and let W be a subspace of V. Define a 

relation R on the set V by xRy if x - y ! W. 
 (a)  Show that R defines an equivalence relation on V. 
 (b)  Let the equivalence class of x ! V be denoted by [x], and define the 

quotient set V/R to be the set of all such equivalence classes. For all x, y ! 
V and a ! F we define addition and scalar multiplication in V/R by 

 
[x] + [y]  =  [x + y] 

 and  
   a[x]  =  [ax]  . 

 
 Show that these operation are well-defined, and that V/R is a vector space 

over F. 
 (c)  Now assume that V is finite-dimensional, and define the mapping T: 

V ‘ V/R by Tx = [x]. Show that this defines a linear transformation. 
 (d)  Using Theorem 5.6, prove that dim V/R + dim W = dim V. 
 
 
7.10   THE TRIANGULAR FORM THEOREM * 
 
Now that we know something about quotient spaces, let us look at the effect 
of a linear transformation on such a space. Unless otherwise noted, we restrict 
our discussion to finite-dimensional vector spaces. In particular, suppose that 
T ! L(V) and W is a T-invariant subspace of V. We first show that T induces 
a natural linear transformation on the space V/W. (The reader should be 
careful to note that 0ä in Theorem 7.33 is the zero vector in Vä = V/W, while in 
the theorem below, 0ä is the zero transformation on Vä.) 
 
Theorem 7.35   Suppose T ! L(V) and let W be a T-invariant subspace of V. 
Then T induces a linear transformation Tä ! L(V/W) defined by 
 

   Tä(v + W)  =  T(v) + W  . 
 
Furthermore, if T satisfies any polynomial p(x) ! F[x], then so does Tä. In 
particular, the minimal polynomial mù(x) for Tä divides the minimal polynomial 
m(x) for T. 
 



LINEAR TRANSFORMATIONS AND POLYNOMIALS 

 

366 

Proof   Our first task is to show that Tä is well-defined and linear. Thus, sup-
pose v + W = væ + W. Then v - væ ! W so that T(v - væ) = T(v) - T(væ) ! W 
since W is T-invariant. Therefore, using Theorem 7.30, we see that 
 

Tä(v + W)  =  T(v) + W  =  T(væ) + W  =  Tä(væ + W) 
 
and hence Tä is well-defined. To show that Tä is a linear transformation, we 
simply calculate 
 

T [(v1 +W )+ (v2 +W )] = T (v1 + v2 +W ) = T (v1 + v2 )+W

= T (v1)+T (v2 )+W = T (v1)+W +T (v2 )+W

= T (v1 +W )+T (v2 +W )

 

and 
T [!(v+W )] = T (!v+W ) = T (!v)+W =!T (v)+W

=![T (v)+W ] =!T (v+W )!!.
 

 
This proves that Tä is indeed a linear transformation. 

 Next we observe that for any T ! L(V), T2 is a linear transformation and 

W is also invariant under T2. This means that we can calculate the effect of T”@” 
on any v + W ! V/W: 
 

T
2
(v+W ) = T

2
(v)+W = T [T (v)]+W = T [T (v)+W ]

= T [T (v+W )] = T
2
(v+W )!!.

 

 

This shows that T”@” = T” 2, and it is easy to see that in general T”m”  =  Täm for 

any m ˘ 0. Then for any p(x) = aà + aèx + ~ ~ ~ + añxn ! F[x], we have 
 

p(T )(v+W ) = p(T )(v)+W = !amT
m
(v)+W = !am[T

m
(v)+W ]

= !amT
m
(v+W ) = !amT

m
(v+W ) = p(T )(v+W )

 

 
so that p”(”T”)” = p(Tä). 
 Now note that for any v + W ! V/W we have 0ä(v + W) = 0(v) + W = W, 
and hence 0ä is the zero transformation on V/W (since W is the zero vector in 
V/W). Therefore, if p(T) = 0 for some p(x) ! F[x], we see that 0ä = p”(”T”)” = 
p(T ä) and hence T ä satisfies p(x) also. 
 Finally, let mù(x) be the minimal polynomial for Tä. If p(x) is such that 
p(Tä) = 0ä, then we know that mù|p (Theorem 7.4). If m(x) is the minimal poly-
nomial for T, then m(T) = 0, and therefore m(Tä) = 0ä by what we just proved. 
Hence mù|m.  ˙ 
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 We now come to the main result of this section. By way of motivation, we 
saw in Theorem 7.24 that a linear transformation T ! L(V) is diagonalizable if 
and only if the minimal polynomial for T can be written as the product of dis-
tinct linear factors. What we wish to do now is take into account the more 
general case where all of the distinct factors of the minimal polynomial are 
linear, but possibly with a multiplicity greater than one. We shall see that this 
leads to a triangular form for the matrix representation of T. 
 For definiteness we consider upper-triangular matrices, so what we are 
looking for is a basis {vá} for V in which the action of T takes the form 
 

 

T (v1) = v1a11

T (v2 ) = v1a12 + v2a22

!

T (v
n
) = v1a1n +"+ v

n
a
nn
!!.

 

 
We present two versions of this theorem in the present chapter. The first is 
more intuitive, while the second requires the development of some additional 
material that is also of use in other applications. Because of this, we postpone 
the second version until after we have discussed nilpotent transformations in 
the next section. (Actually, Exercises 7.5.7 and 7.5.8 outlined another way to 
prove the first version that used the formalism of ideals and annihilators, and 
made no reference whatsoever to quotient spaces.) Furthermore, in Section 8.1 
we give a completely independent proof for the special case of matrices over 
an algebraically closed field. 
 Recall from Theorem 7.9 that an element ¬ ! F is an eigenvalue of T if 
and only if ¬ is a root of the characteristic polynomial of T. Thus all the 
eigenvalues of T lie in F if and only if the characteristic polynomial factors 
into linear terms. 
 
Theorem 7.36 (Triangular Form Theorem)   Suppose T ! L(V) has a char-
acteristic polynomial that factors into (not necessarily distinct) linear terms. 
Then V has a basis in which the matrix of T is triangular. 
 
Proof   If dim V = 1, then T is represented by a 1 x 1 matrix which is certainly 
triangular. Now suppose that dim V = n > 1. We assume the theorem is true 
for dim V = n - 1, and proceed by induction to prove the result for dim V = n. 
Since the characteristic polynomial of T factors into linear polynomials, there 
exists at least one nonzero eigenvalue ¬è and corresponding eigenvector vè 
such that T(vè) = ¬èvè !  aèèvè. Let W be the one-dimensional T-invariant 
subspace spanned by vè, and define Vä = V/W so that (by Theorem 7.33) 
dim Vä = dim V - dim W = n - 1. 
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 According to Theorem 7.35, T induces a linear transformation Tä on Vä 
such that the minimal polynomial mù(x) for Tä divides the minimal polynomial 
m(x) for T. But this means that any root of mù(x) is also a root of m(x). Since 
the characteristic polynomial of T factors into linear polynomials by hypothe-
sis, so does m(x) (see Theorem 7.12). Therefore mù(x) must also factor into 
linear polynomials, and hence so does the characteristic polynomial of T. This 
shows that Tä and Vä satisfy the hypotheses of the theorem, and hence there 
exists a basis {võì, . . .   , võñ} for Vä = V/W such that 
 

 

T (v2 ) = v2a22

T (v3) = v2a23 + v3a33

!

T (v
n
) = v2a2n +"+ v

n
a
nn
!!.

 

 
 We now let vì, . . . , vñ be elements of V such that võá = vá + W for each i = 
2, . . . , n. Since W has basis {vè}, Theorem 7.35 tells us that {vè, vì, . . . , vñ} 
is a basis for V. According to our above result, we have Tä(võì) = võìaìì which is 
equivalent to Tä(võì) - võìaìì = 0ä, and hence the definition of Tä (see Theorem 
7.35) along with Theorem 7.30 tells us that T(vì) - vìaìì ! W. Since W is 
spanned by vè, this says there exists aèì ! F such that T(vì) - vìaìì = v1aèì , 
i.e., T(vì) = vèaèì + vìaìì. Clearly, an identical argument holds for any of the 
Tä(võá), and thus for each i = 2, . . . , n there exists aèá ! F such that T(vá) -
vìaìá - ~ ~ ~ - váaáá ! W implies  
 

   T(vá)  =  vèaèá + vìaìá + ~ ~ ~ + váaáá   . 
 
Written out, this is just 
 

 

T (v1) = v1a11

T (v2 ) = v1a12 + v2a22

!

T (v
n
) = v1a1n +"+ v

n
a
nn
!!.

 

 
In other words, the elements vè, . . . , vñ ! V are a basis for V in which every 
T(vá) is a linear combination of vé for j ¯ i. This is precisely the definition of 
triangular form.  ˙ 
 
 We now give a restatement of this theorem in terms of matrices. For ease 
of reference, this version is presented as a corollary. 
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Corollary   Let A ! Mn(F) be a matrix whose characteristic polynomial fac-
tors into linear polynomials. Then A is similar to a triangular matrix. 
 

Proof   The matrix A = (aáé) defines a linear transformation T on the space Fn 

by T(vá) = Íj ˆ=1véaéá where {vá} is a basis for Fn. In particular, relative to the 
basis {vá}, the matrix representation of T is precisely the matrix A (since T 
takes the ith basis vector into the ith column of the matrix representing T). 
Since the characteristic polynomial of T is independent of the basis used in the 
matrix representation of T, and the characteristic polynomial of A factors into 
linear polynomials, we see that Theorem 7.36 applies to T. Thus there is a 

basis for Fn in which the matrix of T (i.e., the matrix A) is triangular. By 
Theorem 5.18 we then see that A must be similar to a triangular matrix.  ˙ 
 
 If a linear transformation T can be represented by a triangular matrix, then 
we say that T can be brought into triangular form. Since ¬ is an eigenvalue 
of T if and only if det(¬I - T) = 0 (Theorem 7.9), Theorem 4.5 tells us that the 
eigenvalues of a triangular matrix are precisely the diagonal elements of the 
matrix (this was also discussed in the previous section). 
 
 
7.11   NILPOTENT TRANSFORMATIONS * 
 

An operator T ! L(V) is said to be nilpotent if Tn = 0 for some positive inte-

ger n. If Tk = 0 but Tk-1 " 0, then k is called the index of nilpotency of T 

(note that Tk-1 " 0 implies that Tj " 0 for all j ¯ k - 1). This same terminology 

applies to any square matrix A with the property that An = 0. Some ele-
mentary facts about nilpotent transformations are contained in the following 
theorem. Note Theorem 7.1 implies that if A is the matrix representation of T 
and T is nilpotent with index k, then A is also nilpotent with index k. 
 
Theorem 7.37   Suppose T ! L(V), and assume that for some v ! V we have 

T k(v) = 0 but Tk-1(v) " 0. Define the set 
 

   S  =  {v, T(v), T2(v), . . . , Tk-1(v)}  . 
 
Then S has the following properties: 
 (a)  The elements of S are linearly independent. 
 (b)  The linear span W of S is a T-invariant subspace of V. 
 (c)  The operator TW = T\W is nilpotent with index k. 

 (d)  With respect to the ordered basis {Tk-1(v), . . . , T(v), v} for W, the 
matrix of TW has the form 
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0 1 0 ! 0 0

0 0 1 ! 0 0

" " " " "

0 0 0 ! 0 1

0 0 0 ! 0 0

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

!!.  

 
Thus the matrix of TW has all zero entries except on the superdiagonal where 
they are all equal to one. This shows that the matrix representation of TW is a 
nilpotent matrix with index k. 
 
Proof   (a)  Suppose that 
 

åàv + åèT(v) + ~ ~ ~ + åk-1Tk-1(v)  =  0 
 

for some set of scalars åá ! F. Applying Tk-1 to this equation results in 

åàTk-1(v) = 0. Since Tk-1(v) " 0, this implies that åà = 0. Using this result, 

apply Tk-2 to the above equation to obtain åè = 0. Continuing this procedure, 
we eventually arrive at åá = 0 for each i = 0, 1, . . . , k - 1 and hence the ele-
ments of S are linearly independent. 
 (b)  Since any w ! W may be written in the form 
 

w  =  #àv + #èT(v) + ~ ~ ~ + #k-1Tk-1(v) 
 

we see that T(w) = #àT(v) + ~ ~ ~ + #k-2Tk-1(v) ! W, and hence T(W) ™ W. 

 (c)  Using Tk(v) = 0, it follows that TWk(Ti(v)) = Tk+i(v) = 0 for each i = 

0, . . . , k - 1. This shows that TWk applied to each element of S (i.e., each of 

the basis vectors for W) is zero, and thus TWk = 0. In addition, since v ! W 

we see that TWk-1(v) = Tk-1(v) " 0, and therefore TW is nilpotent with index 
k. 

 (d)  Using TW(Ti(v)) = Ti+1(v) along with the fact that the ith column of 
[TW] is the image of the ith basis vector for W, it is easy to see that [TW] has 
the desired form.  ˙ 
 
 One must be careful to understand exactly what Theorem 7.37 says and 

what it does not say. In particular, if T is nilpotent with index k, then Tk(u) = 

0 for all u ! V, while Tk-1(v) " 0 for some v ! V. This is because if w = T(v), 

then Tk-1(w) = Tk-1(T(v)) = Tk(v) = 0. Hence it is impossible for Tk-1(v) to 
be nonzero for all v ! V. 
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 It is also interesting to note that according to Theorem 7.37(b), the sub-
space W is T-invariant, and hence by Theorem 7.19, the matrix of T must be 
of the block form 

M
k

B

0 C

!

"
#

$

%
&  

 
where MÉ is the k x k matrix of TW = T\W defined in part (d) of Theorem 
7.37. If we can find another T-invariant subspace U of V such that V = W • 
U, then the matrix representation of T will be in block diagonal form 
(Theorem 7.20). We now proceed to show that this can in fact be done. Let us 
first prove two more easy results. 
 

Theorem 7.38   Let T ! L(V) be nilpotent, and let S = åèT + ~ ~ ~ + åmTm 
where each åá ! F. Then åà1 + S is invertible for any nonzero åà ! F. 
 

Proof   Suppose the index of T is k. Then Tk = 0, and therefore Sk = 0 also 

since the lowest power of T in the expansion of Sk is k. If åà " 0, we leave it 
as a trivial exercise for the reader to show that 
 

   (åà1 + S)(1/åà - S/åà2 + S2/åà3 + ~ ~ ~ + (-1)k-1  Sk-1/åàk)  =  1  . 
 
This shows that åà1 + S is invertible, and that its inverse is given by the above 
polynomial in S.  ˙ 
 
Theorem 7.39   Let T ! L(V) be nilpotent with index n, and let W be the T-

invariant subspace spanned by {Tn-1(v), . . . , T(v), v} where v ! V is such 

that Tn-1(v) " 0. If w ! W is such that Tn-k(w) = 0 for some 0 < k ¯ n, then 

there exists wà ! W such that Tk(wà) = w. 
 
Proof   Since w ! W, we have 
 

w  =  åñTn-1(v) + ~ ~ ~ + åk+1Tk(v) + åkTk-1(v) + ~ ~ ~ + åìT(v) + åèv 
 

and therefore (since Tn = 0) 
 

0  =  Tn -k(w)  =  åkTn-1(v) + ~ ~ ~ + åèTn-k(v)  . 
 

But {Tn-1(v), . . . , Tn-k(v)} is linearly independent (Theorem 7.37), and thus 
åÉ = ~ ~ ~ = åè = 0. This means that 
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w  =  åñTn-1(v) + ~ ~ ~ + åk+1Tk(v)  =  Tk(wà) 
 

where wà = ånTn-k-1(v) + ~ ~ ~ + åk+1v ! W.  ˙ 
 
 We are now in a position to prove our above assertion on the decomposi-
tion of V. This (by no means trivial) result will form the basis of the principle 
theorem dealing with nilpotent transformations (Theorem 7.41 below). It is 
worth pointing out that while the following theorem will be quite useful to us, 
its proof is not very constructive. 
 
Theorem 7.40   Let T and W be as defined in the previous theorem. Then 
there exists a T-invariant subspace U of V such that V = W • U. 
 
Proof   Let U ™ V be a T-invariant subspace of largest dimension with the 
property that W ⁄ U = {0}. (Such a space exists since even {0} is T-invariant, 
and W ⁄ {0} = {0}.) We first show that V = W + U. If this is not the case, 

then there exists z ! V such that z !  W + U. Since T0(z) = z !  W + U while 

Tn(z) = 0 ! W + U, it follows that there must exist an integer k with 0 < k ¯ n 

such that T k(z) ! W + U and Tj(z) !  W + U for j < k. We write T k(z) = w + 
u where w ! W and u ! U, and therefore 
 

   0  =  Tn(z)  =  Tn-k(Tk(z))  =  Tn-k(w) + Tn-k(u)  . 
 

Since both W and U are T-invariant, we have Tn-k(w) ! W and Tn-k(u) ! U. 
But W ⁄ U = {0} so that 
 

   Tn-k(w)  =  -Tn-k(u)  !  W ⁄ U  =  0  . 
 
(Remember that W and U are subspaces so x ! U implies that -x ! U also.) 
We now apply Theorem 7.39 to conclude that there exists wà ! W such that 

Tk(wà) = w, and hence Tk(z) = w + u = Tk(wà) + u. Defining x = z - wà, we 
then have 

   Tk(x)  =  Tk(z) - Tk(wà)  =  u  !  U  . 
 

But U is T-invariant, and hence it follows that Tm(x) ! U for any m ˘ k. 
Considering lower powers of T, let us assume that j < k. Then the T-

invariance of W implies Tj(wà) ! W, while we saw above that Tj(z) !  W + 
U. This means that 

Tj(x)  =  Tj(z) - Tj(wà) !   U 
 



7.11   NILPOTENT TRANSFORMATIONS  

 

373 

(because if Tj(x) ! U, then Tj(z) = Tj(wà) + Tj(x) ! W + U, a contradiction)
 Now let Ux be that subspace of V spanned by U together with the set 

{Tk-1(x), . . . , T(x), x}. Since U is T-invariant and Tj(x) !  U, it must be true 
that x !  U. Together with U ™ Ux, this means dim Ux > dim U. Applying T 

to {Tk-1(x), . . . , T(x), x} we obtain the set {Tk(x), Tk-1(x), . . . , T2(x), T(x)}. 

Since Tk(x) ! U and the rest of the vectors in this set are included in the set 
that spans Ux, it follows that Ux is also T-invariant. 
 By assumption, U is the subspace of largest dimension that is both T-
invariant and satisfies W ⁄ U = {0}. Since dim Ux > dim U and Ux is T-
invariant, we must have W ⁄ Ux " {0}. Therefore there exists a nonzero 

element in W ⁄ Ux of the form uà + åkTk-1(x) + ~ ~ ~ + å2T(x) + åèx where 
uà ! U. We can not have åá = 0 for every i = 1, . . . , k because this would 
imply that 0 " uà ! W ⁄ U = {0}, a contradiction. If we let år " 0 be the first 
nonzero åá , then we have 
 

  
 
u0 + (!k

T
k"r

+!+!
r+1T +!r

)T
r"1
(x)#W !!. (*) 

 

From Theorem 7.38 we see that åkTk-r + ~ ~ ~ + år+1T + år is invertible, and 
its inverse is given by some polynomial p(T). Since W and U are T-invariant, 
they are also invariant under p(T). 
 Applying p(T) to (*), we see that 
 

   p(T)(uà) + Tr-1(x)  !  p(T)(W)  ™  W  . 
 

This means that Tr-1(x) ! W + p(T)(U) ™ W + U. But r - 1 < r < k, and hence 

this result contradicts the earlier conclusion that Tj(x)!U for j < k. Since this 
contradiction arose from the assumed existence of an element z ! V with 
z !  W + U, we conclude that V = W + U. Finally, since W ⁄ U = {0} by 
hypothesis, we have V = W • U.  ˙ 
 
 Combining several previous results, the next major theorem follows quite 
easily. 
 
Theorem 7.41(a)   Let T ! L(V) be nilpotent with index of nilpotence nè, and 
let MÉ be the k x k matrix containing all 0’s except for 1’s on the superdiago-
nal (see Theorem 7.37). Then there exists a basis for V in which the matrix of 
T has the block diagonal form 
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M
n
1

0 ! 0

0 M
n
2

! 0

" " "

0 0 ! M
n
r

!

"

#
#
#
##

$

%

&
&
&
&&

 

 
where nè ˘ ~ ~ ~ ˘ nr and nè + ~ ~ ~ + nr = dim V. 
 

Proof   Since Tnè = 0 but Tnè-1 ! 0, there exists v " V such that Tnè-1(v) ! 0. 

Applying Theorem 7.37, we see that the vectors vè = Tnè-1(v), . . . , vnè-1 = 
T(v), vnè = v are linearly independent and form the basis for a T-invariant 
subspace Wè of V. Moreover, the matrix of Tè = T\Wè in this basis is just Mnè. 
 By Theorem 7.40, there exists a T-invariant subspace U ™ V such that V = 
Wè • U. Define a basis for V by taking the basis {vè, . . . , vnè} for Wè 
together with any basis for U. Then, according to Theorem 7.20, the matrix of 
T with respect to this basis is of the form 
 

M
n
1

0

0 A
2

!

"
#

$

%
&  

 
where Aì is the matrix of Tì = T\U. For any u " U and positive integer m we 

have Tìm(u) = Tm(u). Since Tnè = 0, we see that Tìm = 0 for all m ˘ nè , and 

thus there exists an integer nì ¯ nè such that Tìnì = 0. This shows that Tì is 
nilpotent with index nì. 
 We now repeat the above argument using Tì and U instead of T and V. 
This time we will decompose Aì into 
 

M
n
2

0

0 A
3

!

"
#

$

%
&  

 
and therefore the representation of T becomes 
 

M
n
1

0 0

0 M
n
2

0

0 0 A
3

!

"

#
#
#

$

%

&
&
&
!!.  

 
Continuing this process, it should be clear that we will eventually arrive at a 
basis for V in which the matrix of T has the desired form. It is also obvious 
that ÍiÂ=1ná = dim V = n since the matrix of T must be of size n.  ˙ 
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 Our next result is a rephrasing of Theorem 7.41(a). 
 
Theorem 7.41(b)   Let T ! L(V) be nilpotent with index k. Then there exists 
a basis for V in which the matrix representation of T is block diagonal, and 
where each of these diagonal entries (i.e., square matrices) is of the super-
diagonal form M given in Theorem 7.37. Moreover, 
 (a)  There is at least one M matrix of size k, and every other M matrix is of 
size ¯ k. 
 (b)  The total number of M matrices in the representation of T (i.e., the 
total number of blocks in the representation of T) is just nul T = dim(Ker T). 
 
Proof   See Exercise 7.11.1.  ˙ 
 
Example 7.13   Consider the matrix 
 

A =

0 1 1 0 1

0 0 1 1 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

!!.  

 

We leave it to the reader to show that A is nilpotent with index 3, i.e., A3 = 0 

but A2 " 0. We seek the diagonal representation of A described in Theorem 
7.41(b). It is obvious that r(A) = 2, and therefore (using Theorem 5.6) nul A = 
5 - 2 = 3. Thus there are three M matrices in the diagonal representation of A, 
and one of them must be of size 3. This means that the only possibility for the 
remaining two matrices is that they both be of size 1. Thus the block diagonal 
form for A must be 

A =

0 1 0

0 0 1

0 0 0

0

0

!

"

#
#
#
#
#
#
#

$

%

&
&
&
&
&
&
&

!!.  

 
It is easy to see that this matrix is also nilpotent with index 3.  # 
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Exercises  
 
1. Prove Theorem 7.41(b). [Hint: What is the rank of the matrix in Theorem 

7.41(a)?] 
 
2. Suppose S, T ! L(V) are nilpotent with the property that ST = TS. Show 

that S + T and ST are also nilpotent. 
 
3. Suppose A is a supertriangular matrix, i.e., all entries of A on or below 

the main diagonal are zero. Show that A is nilpotent. 
 
4. Let Vn be the vector space of all polynomials of degree ¯ n, and let D ! 

L(Vn) be the usual differentiation operator. Show that D is nilpotent with 
index n + 1. 

 
5. Show that the following nilpotent matrices of size n are similar: 
 

 

0 1 0 ! 0

0 0 1 ! 0

" " " "

0 0 0 ! 1

0 0 0 ! 0

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

!!!!!!!and!! !!!!!

0 0 ! 0 0

1 0 ! 0 0

0 1 ! 0 0

" " " "

0 0 ! 1 0

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

!!.  

 
6. Show that two nilpotent 3 x 3 matrices are similar if and only if they have 

the same index of nilpotency. Give an example to show that this is not true 
for nilpotent 4 x 4 matrices. 

 
 
7.12   THE TRIANGULAR FORM THEOREM AGAIN * 
 
After all the discussion on nilpotent transformations in the previous section, 
let us return to our second version of the triangular form theorem which, as we 
shall see in the next chapter, is just the Jordan canonical form. While this 
theorem applies to a finite-dimensional vector space over an arbitrary field, 
the minimal polynomial m(x) for T must be factorable into linear polynomials. 
This means that all the roots of m(x) must lie in F. Clearly, this will always be 
true if F is algebraically closed. 
 
Theorem 7.42 (Jordan Form)   Suppose T ! L(V), and assume that the 
minimal polynomial m(x) for T can be written in the form 
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m(x)  =  (x - ¬è)nè ~ ~ ~ (x - ¬r)ë 
 
where each ná is a positive integer, and the ¬á are distinct elements of F. Then 
there exists a basis for V in which the matrix representation A of T has the 
block diagonal form A = Aè • ~ ~ ~ • Ar where each Aá ! Mká(F) for some 
integer ká ˘ ná, and each Aá has the upper triangular form 
 

 

!
i
* 0 ! 0 0

0 !
i
* ! 0 0

" " " " "

0 0 0 ! !
i
*

0 0 0 ! 0 !
i

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

 

 
where the *’s may be either 0 or 1. 
 

Proof   For each i = 1, . . . , r we define Wá = Ker(T - ¬á1)ná and ká = dim Wá. 
By the primary decomposition theorem (Theorem 7.23), we see that V = Wè • 
~ ~ ~ • Wr  (where each Wá is T-invariant), and hence according to Theorem 
2.15, V has a basis which is just the union of bases of the Wá. Letting the basis 
for V be the union of the bases for Wè, . . . , Wr taken in this order, it follows 
from Theorem 7.20 that A = Aè • ~ ~ ~ • Ar where each Aá is the matrix repre-
sentation of Tá = T\Wá. We must show that each Aá has the required form, and 
that ká ˘ ná for each i = 1, . . . , r. 
 If we define Ná = T - ¬á1, then Ná ! L(Wá) since Wá is T-invariant. In 
other words, Ná is a linear operator defined on the space Wá, and hence so is 

Náná. However, since Wá = Ker Náná, it follows from the definition of kernel 

that Náná = 0 so that Ná is nilpotent. The result now follows by applying 
Theorem 7.41(a) to each Ná and writing T = Ná + ¬á1.  ˙ 
 
 Note that each Aá in this theorem is a direct sum of matrices of the form 
 

 

!
i
1 0 ! 0 0

0 !
i
1 ! 0 0

" " " " "

0 0 0 ! !
i
1

0 0 0 ! 0 !
i

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'
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which are referred to as basic Jordan blocks belonging to ¬á. This theorem 
will be discussed in much more detail (and from an entirely different point of 
view) in Chapter 8. 
 Many of our earlier results follow in a natural manner as corollaries to 
Theorem 7.42. In particular, suppose that V is finite-dimensional over an alge-
braically closed field F, and T ! L(V) satisfies the hypotheses of Theorem 
7.42. We wish to know the form of the characteristic polynomial ÎT (x). 
Relative to the basis for V given by Theorem 7.42, we see that the charac-
teristic matrix xI - A is given by 
 

 

!

k
1

"

!

k
2

"

!!

x # $
1

*

"

0 x # $
1

x # $
2

*

"

0 x # $
2

"

%

&

'
'
'
'
'
'
'
'
'
'

(

)

*
*
*
*
*
*
*
*
*
*

 

 
and hence (using Theorem 4.5) 

!
T
(x) = det(xI " A) = (x " #

i
)
k
i

i=1

r

$ !!.  

On the other hand, since m(x) = "iÂ=1 (x - ¬á)ná and ká ˘ ná, properties (a) and 
(b) in the following corollary should be clear, and property (c) follows from 
the proof of Theorem 7.42. Note that property (c) is just the Cayley-Hamilton 
theorem again. 
 
Corollary   Suppose T ! L(V) where V is finite-dimensional over an alge-
braically closed field F, and let the minimal and characteristic polynomials of 
T be m(x) and ÎT(x) respectively. Then 
 (a) m(x)|ÎT(x). 
 (b) m(x) and ÎT(x) have the same roots (although they are not necessarily 
  of the same algebraic multiplicity). 
 (c) ÎT(T) = 0. 
 

Example 7.14   Let V = ç3 have basis {vè, vì, v3} and define T ! L(V) by 
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T (v1) = !v1 + 2v3

T (v2 ) = 3v1 + 2v2 + v3

T (v3) = !v3 !!.

 

 
Then the matrix representation of T in this basis is 
 

A =

!1 !3 !!0

!!0 !2 !!0

!!2 !!1 !1

"

#

$
$
$

%

&

'
'
'
!!.  

 
 We first find the minimal polynomial for T. Note that while we have given 
many theorems dealing with the minimal polynomial, there has as yet been no 
general method presented for actually finding it. (We shall see that such a 
method can be based on Theorem 8.8.) Since the minimal polynomial has the 
same irreducible factors as does the characteristic polynomial (Theorem 7.12), 
we begin by finding ÎT(x) = det(xI - A). A simple calculation yields 
 

ÎT(x)  =  (x + 1)2(x - 2) 
 
and therefore the minimal polynomial must be either 
 

(x + 1)2(x - 2) 
or 

  (x + 1)(x - 2)  . 
 
 To decide between these two possibilities, we could simply substitute A 
and multiply them out. However, it is worthwhile to instead apply Theorem 

7.23. In other words, we find the subspaces Wá = Ker fá(x)ná and see which 
value of nè (i.e., either 1 or 2) results in V = Wè • Wì. We must therefore find 

the kernel (i.e., the null space) of (T + 1), (T + 1)2 and (T - 2). Applying the 
operator T + 1 to each of the basis vectors yields 
 

(T +1)(v1) = 2v3

(T +1)(v2 ) = 3v1 + 3v2 + v3

(T +1)(v3) = 0!!.

 

 
Since Im(T + 1) is spanned by these three vectors, only two of which are obvi-
ously independent, we see that r(T + 1) = 2. Therefore, applying Theorem 5.6, 
we find that nul(T + 1) = dim V - r(T + 1) = 1. Similarly, we have 
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(T +1)
2
(v1) = 0

(T +1)
2
(v2 ) = 9(v1 + v2 + v3)

(T +1)
2
(v3) = 0

 

 

and so r(T + 1)2 = 1 implies nul(T + 1)2 = 2. It should also be clear that the 

space Ker(T + 1)2 is spanned by the set {vè, v3}. Finally,  
 

(T ! 2)(v1) = !3v1 + 2v3

(T ! 2)(v2 ) = 3v1 + v3

(T ! 2)(v3) = !3v3

 

 
so that r(T - 2) = 2 and hence nul(T - 2) = 1. We also note that since 
 

(T - 2)(vè + vì + v3)  =  0 
 
and nul(T - 2) = 1, it follows that the space Wì = Ker(T - 2) must be spanned 
by the vector {vè + vì + v3}. Alternatively, we could assume that Wì is span-
ned by some vector u = åèvè + åìvì + å3v3 and proceed to find åè, åì and å3 
by requiring that (T - 2)(u) = 0. This results in  
 

(T - 2)(u)  =  åè(-3vè + 2v3) + åì(3vè + v3) + å3(-3v3)  =  0 
 
so that we have the simultaneous set of equations 
 

!3"
1
+ 3"

2
= 0

2"
1
+"

2
! 3"

3
= 0!!.

 

 
This yields åè = åì = å3 so that u = vè + vì + v3 will span Wì as we found by 
inspection. 
 From the corollary to Theorem 2.15 we have dim V = dim Wè + dim Wì, 
and since dim Wì = nul(T - 2) = 1, it follows that we must have dim Wè = 2, 

and hence Wè = Ker(T + 1)2. Thus the minimal polynomial for T must be 
given by 

   m(x)  =  (x + 1)2(x - 2)  . 
 
Note that because of this form for m(x), Theorem 7.24 tells us that T is not 
diagonalizable. 
 According to Theorem 7.42, the matrix A1 corresponding to ¬ = -1 must 
be at least a 2 x 2 matrix, and the matrix A2 corresponding to ¬ = 2 must be at 
least a 1 x 1 matrix. However, since dim V = 3, these are in fact the actual 
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sizes required. While A2 is unambiguous, the matrix A1 could be either a 
single 2 x 2 matrix, or it could be a direct sum of two 1 x 1 matrices. To 
resolve this we use Theorem 7.41(b) which tells us that the number of blocks 
in the representation of the nilpotent operator T + 1 is dim(Ker(T + 1)) = 1. 
This means that the Jordan form of T must be 
 

 

!1 !!1 !0

!!0 !1 !0

!!0 !!0 !2

"

#

$
$

%

&

'
'
!!.!!!  

 
 
Exercises 
 

1. Let V = ç4 and suppose T ! L(V). If T has only one eigenvalue ¬ of mul-

tiplicity 4, describe all possible Jordan forms of T. 
 

2. Let V = ç4 and suppose m(x) = (x - ¬1)nè ~ ~ ~ (x - ¬r)n‹ is the minimal 
polynomial for T ! L(V). Let A = A1 • ~ ~ ~ • Ar be the Jordan form of T. 
Prove directly from the structure of the Aá that the largest Jordan block 
belonging to ¬á has size ná x ná. 

 

3. Let V = çn. If the Jordan form of T ! L(V) consists of just one Jordan 

block (counting 1 x 1 blocks), what is the Jordan form of T2? Explain. 
 

4. Let V = çn, suppose T ! L(V), and let ¬ be an eigenvalue of T. What is 
the relationship between the number of Jordan blocks belonging to ¬ and 
the rank of T - ¬I? Explain. 

 

5. Let V = çn, and suppose that each matrix below represents T ! L(V) rela-

tive to the standard basis. Determine the Jordan form of T. [Hint: Use the 
previous exercise.] 

 

 (a)!!

1 !1 !1 !1
0 !!1 !1 !1
0 !!0 !!2 !!2

0 !!0 !!0 !!2

"

#

$
$
$

%

&

'
'
'
 (b)!!

1 !1 !1 !1
0 !!1 !1 !1
0 !!0 !!2 !!0

0 !!0 !!0 !!2

"

#

$
$
$

%

&

'
'
'
 

 

 (c)!!

!!1 !1 !1 !1
!1 !!1 !1 !1
!!0 !!0 !!2 !!2

!!0 !!0 !!0 !!2

"

#

$
$
$

%

&

'
'
'

 (d)!!

!!1 !1 !1 !1
!1 !!1 !1 !1
!!0 !!0 !!2 !!0

!!0 !!0 !!0 !!2

"

#

$
$
$

%

&

'
'
'
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C H A P T E R   8 

 

 

 

 

Canonical Forms 

 
 
 
 
 
 
Recall that at the beginning of Section 7.5 we stated that a canonical form for 
T ! L(V) is simply a representation in which the matrix takes on an especially 
simple form. For example, if there exists a basis of eigenvectors of T, then the 
matrix representation will be diagonal. In this case, it is then quite trivial to 
assess the various properties of T such as its rank, determinant and eigenval-
ues. Unfortunately, while this is generally the most desirable form for a matrix 
representation, it is also generally impossible to achieve. 
 We now wish to determine certain properties of T that will allow us to 
learn as much as we can about the possible forms its matrix representation can 
take. There are three major canonical forms that we will consider in this 
chapter : triangular, rational and Jordan. (This does not count the Smith form, 
which is really a tool, used to find the rational and Jordan forms.) As we have 
done before, our approach will be to study each of these forms in more than 
one way. By so doing, we shall gain much insight into their meaning, as well 
as learning additional techniques that are of great use in various branches of 
mathematics. 
 
 
8.1   ELEMENTARY CANONICAL FORMS 
 
In order to ease into the subject, this section presents a simple and direct 
method of treating two important results: the triangular form for complex 
matrices and the diagonalization of normal matrices. To begin with, suppose 
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that we have a matrix A ! Mñ(ç). We define the adjoint (or Hermitian 

adjoint) of A to be the matrix A¿ = A*T. In other words, the adjoint of A is its 
complex conjugate transpose. From Theorem 3.18(d), it is easy to see that 
 

   (AB)¿  =  B¿A¿  . 
 
If it so happens that A¿ = A, then A is said to be a Hermitian matrix. 
 If a matrix U ! Mñ(ç) has the property that U¿ = Uî, then we say that U 
is unitary. Thus a matrix U is unitary if UU¿ = U¿U = I. (Note that by 
Theorem 3.21, it is only necessary to require either UU¿ = I or U¿U = I.) We 
also see that the product of two unitary matrices U and V is unitary since 
(UV)¿UV = V¿U¿UV = V¿IV = V¿V = I. If a matrix N ! Mñ(ç) has the 
property that it commutes with its adjoint, i.e., NN¿ = N¿N, then N is said to 
be a normal matrix. Note that Hermitian and unitary matrices are auto-
matically normal. 
 
Example 8.1   Consider the matrix A ! Mì(ç) given by 
 

A =
1

2

1 !1

i !!i

"

#
$

%

&
'!!.  

 
Then the adjoint of A is given by 
 

A
†
=
1

2

!!1 !i
!1 !i

"

#
$

%

&
'  

 
and we leave it to the reader to verify that AA¿ = A¿A = 1, and hence show 
that A is unitary.  " 
 
 We will devote considerable time in Chapter 10 to the study of these 
matrices. However, for our present purposes, we wish to point out one impor-
tant property of unitary matrices. Note that since U ! Mñ(ç), the rows Uá and 

columns Ui of U are just vectors in çn. This means that we can take their 

inner product relative to the standard inner product on çn (see Example 2.9). 
Writing out the relation UU¿ = I in terms of components, we have 

(UU
†
)ij = uiku

†

kj

k=1

n

! = uiku jk*

k=1

n

! = u jk*uik
k=1

n

! = Uj ,!Ui = "ij  

and from U¿U = I we see that 

(U
†
U )ij = u

†

ikukj
k=1

n

! = uki*ukj
k=1

n

! = U
i
,!U

j
= "ij !!.  
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In other words, a matrix is unitary if and only if its rows (or columns) each 
form an orthonormal set. Note we have shown that if the rows (columns) of 
U ! Mñ(ç) form an orthonormal set, then so do the columns (rows), and 
either of these is a sufficient condition for U to be unitary. For example, the 
reader can easily verify that the matrix A in Example 8.1 satisfies these 
conditions. 
 It is also worth pointing out that Hermitian and unitary matrices have 
important analogues over the real number system. If A ! Mñ(®) is Hermitian, 

then A = A¿ = AT, and we say that A is symmetric. If U ! Mñ(®) is unitary, 

then Uî = U¿ = UT, and we say that U is orthogonal. Repeating the above 
calculations over ®, it is easy to see that a real matrix is orthogonal if and only 
if its rows (or columns) form an orthonormal set. 
 It will also be useful to recall from Section 3.6 that if A and B are two 
matrices for which the product AB is defined, then the ith row of AB is given 

by (AB)á = AáB and the ith column of AB is given by (AB)i = ABi. We now 
prove yet another version of the triangular form theorem. 
 
Theorem 8.1  (Schur Canonical Form)   If A ! Mñ(ç), then there exists a 
unitary matrix U ! Mñ(ç) such that U¿AU is upper-triangular. Furthermore, 
the diagonal entries of U¿AU are just the eigenvalues of A. 
 
Proof   If n = 1 there is nothing to prove, so we assume that the theorem holds 
for any square matrix of size n - 1 ˘ 1, and suppose A is of size n. Since we 
are dealing with the algebraically closed field ç, we know that A has n (not 
necessarily distinct) eigenvalues (see Section 7.3). Let ¬ be one of these 

eigenvalues, and denote the corresponding eigenvector by Uÿ1. By Theorem 

2.10 we extend Uÿ1 to a basis for çn, and by the Gram-Schmidt process 
(Theorem 2.21) we assume that this basis is orthonormal. From our discussion 
above, we see that this basis may be used as the columns of a unitary matrix Uÿ 

with Uÿ1 as its first column. We then see that 
 

 

( !U
†
A !U )

1
= !U

†
(A !U )

1
= !U

†
(A !U

1
) = !U

†
(! !U1

) = !( !U † !U
1
)

= !( !U † !U )
1
= !I1

 

 
and hence Uÿ¿AUÿ has the form 
 

 

!U
†
A !U =

! *!!"!!*

0

#

0

! !

! B !

!! !!

"

#

$
$
$
$
$

%

&

'
'
'
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'
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where B ! Mn-1(ç) and the *’s are (in general) nonzero scalars. By our induc-
tion hypothesis, we may choose a unitary matrix W ! Mn-1(ç) such that 
W¿BW is upper-triangular. Let V ! Mñ(ç) be a unitary matrix of the form 
 

 

V =

1 0!!!!!0

0

"

0

! !

! W !

!! !!

!

"

#
#
#
#
#

$

%

&
&
&
&
&

 

 
and define the unitary matrix U = UÿV ! Mñ(ç). Then 
 

U¿AU  =  (UÿV)¿A(UÿV)  =  V¿(Uÿ¿AUÿ)V 
 
is upper-triangular since (in an obvious shorthand notation) 
 

 

V
†
( !U

†
A !U )V =

1 0

0 W
†

!

"
#

$

%
&
' *

0 B

!

"
#

$

%
&
1 0

0 W

!

"
#

$

%
& =

1 0

0 W
†

!

"
#

$

%
&
' *

0 BW

!

"
#

$

%
&

=
' *

0 W
†
BW

!

"
#

$

%
&

 

 
and W¿BW is upper-triangular by the induction hypothesis. 
 Noting that ¬I - U¿AU is upper-triangular, it is easy to see (using 
Theorem 4.5) that the roots of det(¬I - U¿AU) are just the diagonal entries of 
U¿AU. But 
 

det(¬I - U¿AU)  =  det[U¿(¬I - A)U]  =  det(¬I - A) 
 
so that A and U¿AU have the same eigenvalues.  ˙ 
 
Corollary   If A ! Mñ(®) has all its eigenvalues in ®, then the matrix U 
defined in Theorem 8.1 may be chosen to have all real entries. 
 
Proof   If ¬ ! ® is an eigenvalue of A, then A - ¬I is a real matrix with deter-
minant det(A - ¬I) = 0, and therefore the homogeneous system of equations 

(A - ¬I)X = 0 has a real solution. Defining Uÿ1 = X, we may now proceed as in 
Theorem 8.1. The details are left to the reader (see Exercise 8.8.1).  ˙ 
 
 We say that two matrices A, B ! Mñ(ç) are unitarily similar (written A – 
B) if there exists a unitary matrix U such that B = U¿AU = UîAU. Since this 
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defines an equivalence relation on the set of all matrices in Mñ(ç), many 
authors say that A and B are unitarily equivalent. However, we will be using 
the term “equivalent” in a somewhat more general context later in this 
chapter, and the word “similar” is in accord with our earlier terminology. 
 We leave it to the reader to show that if A and B are unitarily similar and 
A is normal, then B is also normal (see Exercise 8.8.2). In particular, suppose 
that U is unitary and N is such that U¿NU = D is diagonal. Since any diagonal 
matrix is automatically normal, it follows that N must be normal also. We 
now show that the converse is also true, i.e., that any normal matrix is 
unitarily similar to a diagonal matrix. 
 To see this, suppose N is normal, and let U¿NU = D be the Schur canoni-
cal form of N. Then D is both upper-triangular and normal (since it is unitarily 
similar to a normal matrix). We claim that the only such matrices are 
diagonal. For, consider the (1, 1) elements of DD¿ and D¿D. From what we 
showed above, we have 
 

(DD¿)èè  =  ÓDè, DèÔ  =  \dèè\2 + \dèì\2 + ~ ~ ~ + \dèñ\2 

and 

   (D¿D)èè  =  ÓD1, D1Ô  =  \dèè\2 + \dìè\2 + ~ ~ ~ + \dñè\2  . 
 
But D is upper-triangular so that dìè = ~ ~ ~ = dñè = 0. By normality we must 
have (DD¿)èè = (D¿D)èè, and therefore dèì = ~ ~ ~ = dèñ = 0 also. In other words, 
with the possible exception of the (1, 1) entry, all entries in the first row and 
column of D must be zero. In the same manner, we see that 
 

(DD¿)ìì  =  ÓDì, DìÔ  =  \dìè\2 + \dìì\2 + ~ ~ ~ + \dìñ\2 

and 

 (D¿D)ìì  =  ÓD2, D2Ô  =  \dèì\2 + \dìì\2 + ~ ~ ~ + \dñì\  . 
 
Since the fact that D is upper-triangular means d32 = ~ ~ ~ = dn2 = 0 and we just 
showed that dìè = dèì = 0, it again follows by normality that d23 = ~ ~ ~ = dìñ = 
0. Thus all entries in the second row and column with the possible exception 
of the (2, 2) entry must be zero. 
 Continuing this procedure, it is clear that D must be diagonal as claimed. 
In other words, an upper-triangular normal matrix is necessarily diagonal. 
This discussion proves the following very important theorem. 
 
Theorem 8.2   A matrix N ! Mñ(ç) is normal if and only if there exists a uni-
tary matrix U such that U¿NU is diagonal. 
 
Corollary   If A = (aáé) ! Mñ(®) is symmetric, then there exists an orthogonal 

matrix S such that STAS is diagonal. 
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Proof   If we can show that a real symmetric matrix has all real eigenvalues, 
then this corollary will follow from the corollary to Theorem 8.1 and the real 

analogue of the proof of Theorem 8.2. Now suppose A = AT so that aáé = aéá. If 
¬ is an eigenvalue of A, then there exists a (nonzero and not necessarily real) 

vector x ! çn such that Ax = ¬x or 

  aij x j
j=1

n

! = "xi !!. (1) 

Multiplying (1) by xá*, summing over i and using the standard inner product 

on çn we obtain 

  xi*aij x j = ! x
2

i, j=1

n

" !!.  (2) 

On the other hand, we may take the complex conjugate of (1), then multiply 
by xá and sum over i to obtain (since each aáé is real) 

  xiaij x j*

i, j=1

n

! = "* x
2
!!. (3) 

But aáé = aéá and therefore the left hand side of (3) becomes 

xiaij x j*

i, j=1

n

! = x j*ajixi
i, j=1

n

! = xi*aij x j
i, j=1

n

!  

where in the last step we relabelled the index i by j and the index j by i. Since 
this shows that the left hand sides of (2) and (3) are equal, it follows that ¬ = 
¬* as claimed.  ˙ 
 
 We will return to this theorem in Chapter 10 where it will be proved in an 
entirely different manner. 
 
 
Exercises  
 
1. Finish the proof of the corollary to Theorem 8.1. 
 
2. Show that if A, B ! Mñ(ç) are unitarily similar and A is normal, then B 

is also normal. 
 
3. Suppose A, B ! Mñ(ç) commute (i.e., AB = BA). 
 (a)  Prove there exists a unitary matrix U such that U¿AU and U¿BU are 

both upper-triangular. [Hint: Let V¬ ™ çn be the eigenspace of B corre-
sponding to the eigenvalue ¬. Show that V¬ is invariant under A, and
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hence show that A and B have a common eigenvector Uÿ1. Now proceed 
as in the proof of Theorem 8.1.] 

 (b)  Show that if A and B are also normal, then there exists a unitary 
matrix U such that U¿AU and U¿BU are diagonal. 

 
4. Can every matrix A ! Mn(ç) be written as a product of two unitary 

matrices? Explain. 
 
5. (a)  Prove that if H is Hermitian, then det H is real. 
 (b)  Is it the case that every square matrix A can be written as the product 

of finitely many Hermitian matrices? Explain. 
 
6. A matrix M is skew-Hermitian if M¿ = -M. 
 (a)  Show that skew-Hermitian matrices are normal. 
 (b)  Show that any square matrix A can be written as a sum of a skew-

Hermitian matrix and a Hermitian matrix. 
 
7. Describe all diagonal unitary matrices. Prove that any n x n diagonal 

matrix can be written as a finite sum of unitary diagonal matrices. [Hint: 
Do the cases n = 1 and n = 2 to get the idea.] 

 
8. Using the previous exercise, show that any n x n normal matrix can be 

written as the sum of finitely many unitary matrices. 
 

9. If A is unitary, does this imply that det Ak = 1 for some integer k? What 
if A is a real unitary matrix (i.e., orthogonal)? 

 
10. (a)  Is an n x n matrix A that is similar (but not necessarily unitarily simi-

lar) to a Hermitian matrix necessarily Hermitian? 
 (b)  If A is similar to a normal matrix, is A necessarily normal? 
 
11. If N is normal and Nx = ¬x, prove that N¿x = ¬*x. [Hint: First treat the 

case where N is diagonal.] 
 
12. Does the fact that A is similar to a diagonal matrix imply that A is 

normal? 
 
13. Discuss the following conjecture: If Nè and Nì are normal, then Nè + Nì 

is normal if and only if NèNì¿ = Nì¿Nè. 
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14. (a)  If A ! Mn(®) is nonzero and skew-symmetric, show that A can not 
have any real eigenvalues. 

 (b)  What can you say about the eigenvalues of such a matrix? 
 (c)  What can you say about the rank of A? 
 
15. Let ß ! Sn be a permutation, and let f: {1, . . . , n} ‘ {+1, -1}. Define 

the signed permutation matrix PßÏ by 
 

P!
f
(i,! j) =

f ( j)   if ! ( j) = i

!!0   !!otherwise!!.

"
#
$

 

 
 Show that signed permutation matrices are orthogonal. 
 
16. (a)  Prove that a real n x n matrix A that commutes with all n-square real 

orthogonal matrices is a multiple of In. [Hint: Show that the matrices Eáé 
of Section 3.6 can be represented as sums of signed permutation matri-
ces.] 

 (b)  What is true for a complex matrix that commutes with all unitary 
matrices? 

 
 
8.2   MATRICES OVER THE RING OF POLYNOMIALS 
 
For the remainder of this chapter we will be discussing matrices with polyno-
mial entries. Unfortunately, this requires some care since the ring of polyno-
mials F[x] does not form a field (see Theorem 6.2, Corollary 3). However, the 
reader should recall that it is possible to embed F[x] (or any integral domain 
for that matter) in a field of quotients as we saw in Section 6.5 (see Theorem 
6.16). This simply means that quotients (i.e., rational functions) such as 
f(x)/g(x) are defined (if g " 0), along with their inverses g(x)/f(x) (if f " 0). 
 First of all, we will generally restrict ourselves to only the real and com-
plex number fields. In other words, F will be taken to mean either ® or ç 
unless otherwise stated. Next, we introduce some additional simplifying nota-
tion. We denote F[x] (the ring of polynomials) by P, and the associated field 
of quotients by R (think of P as meaning polynomial and R as meaning ratio). 
Thus, an m x n matrix with polynomial entries is an element of Mmxn(P), and 
an m x n matrix over the field of quotients is an element of Mm x n(R). Note 
that Mmxn(P) is actually a subset of Mmxn(R) since any polynomial p(x) may 
be written as p(x)/1. 
 It is important to realize that since R is a field, all of our previous results 
apply to Mmxn(R) just as they do to Mmxn(F). However, we need to refor-
mulate some of our definitions in order to handle Mmxn(P). In other words, as 
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long as we allow all operations in R there is no problem. Where we must be 
careful is when we restrict ourselves to multiplication by polynomials only 
(rather than by rational functions). To begin with, we must modify the defini-
tion of elementary row and column operations that we gave in Section 3.2. In 
particular, we now define the P-elementary row (column) operations as fol-
lows. The type å operation remains the same, the type ! operation is multi-
plication by c " F, and the type © operation is now taken to be the addition of 
a polynomial multiple of one row (column) to another. In other words, if Aá is 
the ith row of A " Mm x n(P), then the P-elementary operations are: 
 
 (å)  Interchange Aá and Aé. 
 (!)   Aá ‘ cAá where c " F. 
 (©)   Aá ‘ Aá + pAé where p " P. 
 
With these modifications, it is easy to see that all of our discussion on the 
techniques of reduction to row-echelon form remains valid, although now the 
distinguished elements of the matrix (i.e., the first nonzero entry in each row) 
will in general be polynomials (which we will assume to be monic). In other 
words, the row-echelon form of a matrix A " Mn(P) will in general be an 
upper-triangular matrix in Mn(P) (which may, however, have zeros on the 
main diagonal). However, if A " Mñ(P) is nonsingular, then r(A) = n, and the 
row-echelon form of A will be upper-triangular with nonzero monic polyno-
mials down the main diagonal. (This is true since Mñ(P) ™ Mñ(R), and hence 
all of our results dealing with the rank remain valid for elements of Mñ(P)). In 
other words, the row-echelon form of A " Mñ(P) will be 
 

 

p
11

p
12

p
13
! p

1n

0 p
22

p
23
! p

2n

0 0 p
33
! p

3n

" " " "

0 0 0 ! pnn

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

 

where each páé " P. 
 
Example 8.2   Let us illustrate the basic approach in applying P-elementary 
operations. For notational simplicity we will consider only the first column of 
a matrix A " M3(P). Thus, suppose we have 
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x
2 ! 2x +1

x !1

x
2
+ 2

"

#

$
$
$

%

&

'
'
'
!!.  

 
Multiplying the second row by -x and adding to the third yields 
 

x
2 ! 2x +1

x !1

x + 2

"

#

$
$
$

%

&

'
'
'
!!.  

 
Adding -1 times the second row to the third and then multiplying the third by 
1/3 now yields 

x
2 ! 2x +1

x !1

1

"

#

$
$
$

%

&

'
'
'
!!.  

 

Adding -(x - 1) times the third row to the second, and -(x2 - 2x + 1) times 
the third to the first gives us 

0

0

1

!

"

#
#
#

$

%

&
&
&
!!.  

 
Finally, interchanging rows 1 and 3 will put this into row-echelon form. Note 
that while we came up with a field element in this last form, we could have 
ended up with some other nonconstant polynomial. 
 We now repeat this procedure on column 2, but only on rows 2 and 3 since 
only these rows have zeros in the first column. This results in a matrix that 
will in general have nonzero elements in row 1 of column 1, in rows 1 and 2 
of column 2, and in all three rows of column 3. It should now be clear that 
when applied to any A ! Mñ(P), this procedure will result in an upper-
triangular matrix.  " 
 
 A moments thought should convince the reader that it will not be possible 
in general to transform a matrix in Mñ(P) to reduced row-echelon form if we 
allow only P-elementary operations. For example, if the row-echelon form of 
A ! M2(P) is 

x
2
+1 2x ! 3

0 x
2

"

#
$$

%

&
''  
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then it is impossible to add any polynomial multiple of the second row to the 
first to eliminate the 2x - 3 term. This is exactly the type of difference that 
occurs between operations in the ring P and those in the field R. 
 It should also be clear that we can define P-elementary matrices in the 
obvious way, and that each P-elementary matrix is also in Mñ(P). Moreover, 
each P-elementary matrix has an inverse which is also in Mñ(P), as is its 
transpose (see Theorem 3.23). In addition, Theorem 4.5 remains valid for 
matrices over P, as does Theorem 4.4 since replacing row Aá by Aá + pAé 
where p is a polynomial also has no effect on det A. This shows that if we 
reduce a matrix A ! Mñ(P) to its row-echelon form Aÿ, then the fact that Aÿ is 
upper-triangular means that 
 

det Aÿ  =  k det A 
 
where k is a unit in P (recall from Example 6.4 that the units of the ring P = 
F[x] are just the elements of F, i.e., the nonzero constant polynomials). We 
will refer to units of P as (nonzero) scalars. 
   We say that a matrix A ! Mñ(P) is a unit matrix if Aî exists and is also 
an element of Mñ(P). (Do not confuse a unit matrix with the identity matrix.) 
Note this is more restrictive than to say that A ! Mñ(P) is merely invertible, 
because we now also require that Aî have entries only in P, whereas in gen-
eral it could have entries in R . From our discussion above, we see that P-
elementary matrices are also unit matrices. The main properties of unit 
matrices that we shall need are summarized in the following theorem. 
 
Theorem 8.3   If A ! Mñ(P) and Aÿ ! Mñ(P) is the row-echelon form of A, 
then 
(a) A is a unit matrix if and only if A can be row-reduced to Aÿ = I. 
(b) A is a unit matrix if and only if det A is a nonzero scalar. 
(c) A is a unit matrix if and only if A is a product of P-elementary matrices. 
 
Proof (a)  If A is a unit matrix, then Aî exists so that r(A) = n (Theorem 
3.21). This means that the row-echelon form of A is an upper-triangular 
matrix Aÿ = (páé) ! Mñ(P) with n nonzero diagonal entries. Since AAî = I, it 
follows that (det A)(det Aî) = 1 (Theorem 4.8 is also still valid) and hence 
det A " 0. Furthermore, since both det A and det Aî are in P, Theorem 6.2(b) 
shows us that deg(det A) = deg(det Aî) = 0 and thus det A is a scalar. Our 
discussion above showed that 

 

k detA = det !A = pii
i=1

n

!  
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where k is a scalar, and therefore each polynomial páá must also be of degree 
zero (i.e., a scalar). In this case we can apply P-elementary row operations to 
further reduce Aÿ to the identity matrix I. 
 Conversely, if A is row-equivalent to Aÿ = I, then we may write 
 

Eè ~ ~ ~ ErA  =  I 
 
where each Eá ! Mñ(P) is an elementary matrix. It follows that Aî exists and 
is given by Aî = Eè ~ ~ ~ Er ! Mñ(P). Thus A is a unit matrix. 
 (b)  If A is a unit matrix, then the proof of part (a) showed that det A is a 
nonzero scalar. On the other hand, if det A is a nonzero scalar, then the proof 
of part (a) showed that Aÿ = E1 ~ ~ ~ ErA = I, and hence Aî = E1 ~ ~ ~ Er ! Mñ(P) 
so that A is a unit matrix. 
 (c)  If A is a unit matrix, then the proof of part (a) showed that A may be 
written as a product of P-elementary matrices. Conversely, if A is the product 
of P-elementary matrices, then we may write A = Erî ~ ~ ~ Eèî ! Mñ(P). 
Therefore Aî = E1 ~ ~ ~ Er ! Mñ(P) also and hence A is a unit matrix.  ˙ 
 
 Recall from Section 5.4 that two matrices A, B ! Mñ(F) are said to be 
similar if there exists a nonsingular matrix S ! Mñ(F) such that A = SîBS. In 
order to generalize this, we say that two matrices A, B ! Mmxn(P) are equiv-
alent over P if there exist unit matrices P ! Mm(P) and Q ! Mñ(P) such that 
A = PBQ. The reader should have no trouble showing that this defines an 
equivalence relation on the set of all m x n matrices over P. 
 Note that since P and Q are unit matrices, they may be written as a product 
of P-elementary matrices (Theorem 8.3). Now recall from our discussion at 
the end of Section 3.8 that multiplying B from the right by an elementary 
matrix E has the same effect on the columns of B as multiplying from the left 

by ET does on the rows. We thus conclude that if A and B are equivalent over 
P, then A is obtainable from B by a sequence of P-elementary row and col-
umn operations. Conversely, if A is obtainable from B by a sequence of P-
elementary row and column operations, the fact that each Eá ! Mñ(P) is a unit 
matrix means that A and B are P-equivalent. 
 
Theorem 8.4   (a)  Two matrices A, B ! Mmxn(P) are equivalent over P if 
and only if A can be obtained from B by a sequence of P-elementary row and 
column operations. 
 (b) P-equivalent matrices have the same rank. 
 
Proof (a)  This was proved in the preceding discussion. 
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 (b)  Suppose A, B ! Mmxn(P) and A = PBQ where P ! Mm(P) and Q ! 
Mñ(P) are unit matrices and hence nonsingular. Then, applying the corollary 
to Theorem 3.20, we have 
 

r(A) = r(PBQ) !min{r(P),!r(BQ)} =min{m,!r(BQ)} = r(BQ)

!min{r(B),!r(Q)} = r(B)!!.
 

 
Similarly, we see that r(B) = r(PîAQî) ¯ r(A) and hence r(A) = r(B).  ˙ 
 
 Another point that should be clarified is the following computational tech-
nicality that we will need to apply several times in the remainder of this chap-
ter. Referring to Section 6.1, we know that the product of two polynomials 

p(x)   = Íi ˜=0aáxi and q(x) = Íj ˆ= 0béxj is given by 

p(x)q(x) = at x
t
bk!t x

k!t

t=0

k

"
k=0

m+n

"  

where we have been careful to write everything in its original order. In the 
special case that x, aá, bé ! F , this may be written in the more common and 
simpler form 

p(x)q(x) = ckx
k

k=0

m+n

!  

where c
k
= !

t=0
k
a
t
b
k"t . However, we will need to evaluate the product of two 

polynomials when the coefficients as well as the indeterminate x are matrices. 
In this case, none of the terms in the general form for pq can be assumed to 
commute with each other, and we shall have to be very careful in evaluating 
such products. We do though, have the following useful special case. 
 

Theorem 8.5   Let p(x) = !i=0
m
aix

i  and q(x) = ! j=0
n
bj x

j  be polynomials with 

(matrix) coefficients aá, bé ! Ms(F), and let r(x) = !
k=0
m+n

c
k
x
k  where cÉ = 

!
t=0
k
a
t
b
k"t . Then if A ! Ms(F) commutes with all of the bé ! Ms(F), we have 

p(A)q(A) = r(A). 
 
Proof   We simply compute using Abé = béA: 
 

 

p(A)q(A) = atA
t
bk!t A

k!t
= atbk!t A

k

t=0

k

"
k=0

m+n

"
t=0

k

"
k=0

m+n

"

= ckA
k

k=0

m+n

" = r(A)!!.!!˙
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 What this theorem has shown us is that if A commutes with all of the bé, 
then we may use the simpler form for the product of two polynomials. As an 
interesting application of this result, we now give yet another (very simple) 
proof of the Cayley-Hamilton theorem. Suppose A ! Mñ(F), and consider 
its characteristic matrix xI - A along with the characteristic polynomial 
ÎA(x) = det(xI - A). Writing equation (1b) of Section 4.3 in matrix notation 
we obtain 
 

   [adj(xI - A)](xI - A)  =  ÎA(x)I  . 
 
Now notice that any matrix with polynomial entries may be written as a poly-
nomial with (constant) matrix coefficients (see the proof of Theorem 7.10). 
Then adj(xI - A) is just a polynomial in x of degree n - 1 with (constant) 
matrix coefficients, and xI - A is similarly a polynomial in x of degree 1. 
Since A obviously commutes with I and A, we can apply Theorem 8.5 with 
p(x) = adj(xI - A) and q(x) = xI - A to obtain p(A)q(A) = ÎA(A). But q(A) = 
0, and hence we find that ÎA(A) = 0. 
 The last technical point that we wish to address is the possibility of divid-
ing two polynomials with matrix coefficients. The reason that this is a 
problem is that all of our work in Chapter 6 was based on the assumption that 
we were dealing with polynomials over a field, and the set of all square 
matrices of any fixed size certainly does not in general form a field. Referring 
back to the proof of the division algorithm (Theorem 6.3), we see that the 

process of dividing f(x) = amxm + ~ ~ ~ + aèx + aà by g(x) = bñxn + ~ ~ ~ + bèx + 
bà depends on the existence of bñî. This then allows us to show that x - c is a 
factor of f(x) if and only if c is a root of f(x) (Corollary to Theorem 6.4). 
 We would like to apply Theorem 6.4 to a special case of polynomials with 
matrix coefficients. Thus, consider the polynomials f(x) = Bñx + ~ ~ ~ + Bèx + 
Bà and g(x) = xI - A where A, Bá ! Mñ(F). In this case, I is obviously invert-
ible and we may divide g(x) into f(x) in the usual manner. The first two terms 
of the quotient q(x) are then given by 
 

 

xI ! A B
n
x
n
!!!+!!!!!!!!!!!!!B

n!1x
n!1

+!!!+ B1x + B0

B
n
x
n!1

+ (B
n!1 + BnA)x

n!2
!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!B
n
x
n
!!!!!!!!!!!!!!!!!!B

n
Ax

n!1

!!!!!!!!!!!!!!!!!!!!!!!!!!(B
n!1 + BnA)x

n!1

 

 
It should now be clear (using Theorem 8.5) that Theorem 6.4 applies in this 
special case, and if f(A) = 0, then we may write f(x) = q(x)(xI - A). In other 
words, if A is a root of f(x), then xI - A is a factor of f(x). Note that in order 
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to divide f(x) = Bñxn + ~ ~ ~ + Bà by g(x) = Amxm + ~ ~ ~ + Aà, only the leading 
coefficient Am of g(x) need be invertible. 
 Let us also point out that because matrix multiplication is not generally 
commutative, the order in which we multiply the divisor and quotient is 
important when dealing with matrix coefficients. We will adhere to the con-
vention used in the above example. 
 Another point that we should take note of is the following. Two polyno-

mials p(x) = Í k˜= 0AÉxk and q(x) = Í k˜= 0BÉxk with coefficients in Mñ(F) are 
defined to be equal if AÉ = BÉ for every k = 1, . . . , m. For example, recalling 
that x is just an indeterminate, we consider the polynomial p(x) = Aà + Aèx = 
Aà + xAè. If C ! Mñ(F) does not commute with Aè (i.e., CAè " AèC), then 
Aà + AèC " Aà + CAè. This means that going from an equality such as p(x) = 
q(x) to p(C) = q(C) must be done with care in that the same convention for 
placing the indeterminate be applied to both p(x) and q(x). 
 
 
Exercise 
 
 Determine whether or not each of the following matrices is a unit matrix 

by verifying each of the properties listed in Theorem 8.3: 
 

 (a)!!

x + 2 1 !3x3 ! 6x2

2x + 6 2 !6x3 !18x2

x
2
+ 2x x

2
+ x +1 !3x4 ! 6x3 ! 3

"

#

$
$
$$

%

&

'
'
''

 

 

 (b)!!

x +1 x
2 !2

x
2 !1 x

3 ! x2 x + 7

3x
2
+ 3x 3 0

"

#

$
$
$$

%

&

'
'
''

 

 

 (c)!!

x
2
+ 3x + 2 !!!0 !!x !!x

3 ! 3x2

2x
2
+ 4x !!!!x

2
!!0 x ! 3

x + 2 !!!x2 !!1 ! x
2 ! 3x

3x + 6 !6x2 ! 3 3x
2 ! 9x

"

#

$
$
$
$
$

%

&

'
'
'
'
'
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8.3   THE SMITH CANONICAL FORM 
 
If the reader has not studied (or does not remember) the Cauchy-Binet 
theorem (Section 4.6), now is the time to go back and read it. We will need 
this result several times in what follows, as well as the notation defined in that 
section. 
 We know that the norm of any integer is just its absolute value, and the 
greatest common divisor of a set of nonzero integers is just the largest positive 

integer that divides them all. Similarly, we define the norm of any polynomial 
to be its degree, and the greatest common divisor (frequently denoted by 
gcd) of a set of nonzero polynomials is the polynomial of highest degree that 
divides all of them. By convention, we will assume that the gcd is monic (i.e., 
the leading coefficient is 1). 
 Suppose A ! Mmxn(P), and assume that 1 ¯ k ¯ min{m, n}. If A has at 
least one nonzero k-square subdeterminant, then we define fÉ to be the 
greatest common divisor of all kth order subdeterminants of A. In other 
words, 
 

   fÉ  =  gcd{det A[å\"]: å ! INC(k, m), " ! INC(k, n)}  . 
 
If there is no nonzero kth order subdeterminant, then we define fÉ = 0. 
Furthermore, for notational convenience we define fà = 1. The numbers fÉ are 
called the determinantal divisors of A. We will sometimes write fÉ(A) if 
there is more than one matrix under consideration. 
 
Example 8.3   Suppose 

A =

x 2x
2

1

x
3

x + 2 x
2

x + 2 x !1 0

"

#

$
$
$$

%

&

'
'
''

!!.  

 
Then the sets of nonzero 1-, 2- and 3-square subdeterminants are, respectively, 
 

 {x, 2x2, 1, x3, x + 2, x2, x + 2, x - 1} 
 

 {-x(2x4 - x - 2), 2x4 - x - 2, x4 - x3 - x2 - 4x - 4, -x2(x + 2), 

                   -x2(x - 1), -x(2x2 + 3x + 1), -(x + 2), -(x - 1)} 
 

 {2x5 + 4x4 - x2 - 4x - 4} 
 

and hence fè = 1, fì = 1 and f3 = x5 + 2x4 - (1/2)x2 - 2x - 2.  # 
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 Our next result contains two very simple but important properties of deter-
minantal divisors. Recall that the notation p|q means p divides q. 
 
Theorem 8.6   (a)  If fÉ = 0, then fk+1 = 0. 
 (b)  If fk ! 0, then fk|fk+1 . 
 
Proof   Using Theorem 6.6, it is easy to see that these are both immediate con-
sequences of Theorem 4.10 since a (k + 1)th order subdeterminant may be 
written as a linear combination of kth order subdeterminants.  ˙ 
 
 If A " Mmxn(P) has rank r, then Theorem 4.12 tells us that fr ! 0 while 
fr+1 = 0. Hence, according to Theorem 8.6(b), we may define the quotients qÉ 
by 

fÉ  =  qÉfk-1 
 
for each k = 1, . . . , r. The polynomials qÉ are called the invariant factors of 
A. Note that fà = 1 implies fè = qè, and hence 
 

fÉ  =  qÉfk-1  =  qÉqk-1fk-2  =  ~ ~ ~  =  qÉqk-1 ~ ~ ~ qè  . 
 
Because each fÉ is defined to be monic, it follows that each qÉ is also monic. 
Moreover, the unique factorization theorem (Theorem 6.6) shows that each qÉ 
(k = 1, . . . , r) can be factored uniquely (except for order) into products of 
powers of prime (i.e., irreducible) polynomials as 
 

qk  =  p1eè p2eì ~ ~ ~ pse› 
 
where pè, . . . , ps are all the distinct prime factors of the invariant factors, and 
each ei is a nonnegative integer. Of course, since every qÉ will not necessarily 
contain all of the pi’s as factors, some of the ei’s may be zero. 

 Each of the factors pieá for which ei > 0 is called an elementary divisor of 
A. We count an elementary divisor once for each time that it appears as a fac-
tor of an invariant factor. This is because a given elementary divisor can 
appear as a factor in more than one invariant factor. Note also that the 
elementary divisors clearly depend on the field under consideration (see 
Example 6.7). However, the elementary divisors of a matrix over ç[x] are 
always powers of linear polynomials (Theorem 6.13). As we shall see follow-
ing Theorem 8.8 below, the list of elementary divisors determines the list of 
invariant factors, and hence the determinantal divisors. 
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Example 8.4   Let Aè be the 3 x 3 matrix 
 

A
1
=

!!x !1 !!0

!!0 !!x !1

!1 !!1 x !1

"

#

$
$
$

%

&

'
'
'
 

 

and note that det Aè = (x - 1)(x2 + 1). Now consider the block diagonal matrix 
 

A =
A
1

0

0 A
1

!

"
#

$

%
&!!. 

 
Using Theorem 4.14, we immediately find 
 

   f6  =  det A  =  (x - 1)2(x2 + 1)2  . 
 
We now observe that every 5 x 5 submatrix of A is either block triangular 
with a 3    x 3 matrix on its diagonal that contains one zero row (so the 
determinant is zero), or else is block diagonal with Aè as one of the blocks 
(you should try to write out some of these and see this for yourself). Therefore 
 

f5  =  (x - 1)(x2 + 1) 
and hence 

   q6  =  f6/f5  =  (x - 1)(x2 + 1)  . 
 
As to f4, we see that some of the 4 x 4 subdeterminants contain det Aè while 
others (such as the one obtained by deleting both rows and columns 3 and 4) 
do not contain any factors in common with this. Thus f4 = 1 and we must have 
q 5 = f5. Since f6 = qèqì ~ ~ ~ q6, it follows that q4 = q3 = qì = qè = 1. 
 If we regard A as a matrix over ®[x], then the elementary divisors of A are 

x - 1, x2 + 1, x - 1, x2 + 1. However, if we regard A as a matrix over ç[x], 
then its elementary divisors are x - 1, x + i, x - i, x - 1, x + i, x - i.  ! 
 
Theorem 8.7   Equivalent matrices have the same determinantal divisors. 
 
Proof   Suppose that A = PBQ. Applying the Cauchy-Binet theorem (the 
corollary to Theorem 4.15), we see that any kth order subdeterminant of A is 
just a sum of multiples of kth order subdeterminants of B. But then the gcd of 
all kth order subdeterminants of B must divide all the kth order subdetermi-
nants of A. In other words, fÉ(B)|fÉ(A). Conversely, writing B = PîAQî we 
see that fÉ(A)|fÉ(B), and therefore fÉ(A) = fÉ(B).  ˙ 
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 From Example 8.4 (which was based on a relatively simple block diagonal 
matrix), it should be obvious that a brute force approach to finding invariant 
factors leaves much to be desired. The proof of our next theorem is actually 
nothing more than an algorithm for finding the invariant factors of any matrix 
A. The matrix B defined in the theorem is called the Smith canonical (or 
normal) form of A. After the proof, we give an example that should clarify 
the various steps outlined in the algorithm. 
 
Theorem 8.8 (Smith Canonical Form)   Suppose A ! Mm x n(P) has rank r. 
Then A has precisely r + 1 nonzero determinantal divisors fà, fè, . . . , fr, and A 
is equivalent over P to a unique diagonal matrix B = (báé) ! Mmxn(P) with 
báá = qá = fá/fi-1  for i = 1, . . . , r and báé = 0 otherwise. Moreover qá|qi+1 for 
each i = 1, . . . , r - 1. 
 
Proof   While we have already seen that A has precisely r + 1 nonzero deter-
minantal divisors, this will also fall out of the proof below. Furthermore, the 
uniqueness of B follows from the fact that equivalence classes are disjoint, 
along with Theorem 8.7 (because determinantal divisors are defined to be 
monic). As to existence, we assume that A " 0 or it is already in Smith form. 
Note in the following that all we will do is perform a sequence of P-
elementary row and column operations on A. Recall that if E is an elementary 
matrix, then EA represents the same elementary row operation applied to A, 

and AET is the same operation applied to the columns of A. Therefore, what 
we will finally arrive at is a matrix of the form B = PAQ where P = Eiè ~ ~ ~ Ei‹ 

and Q = EjèT ~ ~ ~ Ej›T. Recall also that the norm of a polynomial is defined to 
be its degree. 
 Step 1. Search A for a nonzero entry of least norm and bring it to the (1, 1) 
position by row and column interchanges. By subtracting the appropriate mul-
tiples of row 1 from rows 2, . . . , m, we obtain a matrix in which every ele-
ment of column 1 below the (1, 1) entry is either 0 or of smaller norm than the 
(1, 1) entry. Now perform the appropriate column operations to make every 
element of row 1 to the right of the (1, 1) entry either 0 or of smaller norm 
than the (1, 1) entry. Denote this new matrix by Aÿ. 
 Step 2. Search the first row and column of Aÿ for a nonzero entry of least 
norm and bring it to the (1, 1) position. Now repeat the procedure of Step 1 to 
decrease the norm of every element of the first row and column outside the 
(1, 1) position by at least 1. Repeating this step a finite number of times, we 
must eventually arrive at a matrix Aè equivalent to A which is 0 everywhere in 
the first row and column outside the (1, 1) position. Let us denote the (1, 1) 
entry of Aè by a. 
 Step 3. Suppose b is the (i, j) element of Aè (where i, j > 1) and a| bÖ. If no 
such b exists, then go on to Step 4. Put b in the (1, j) position by adding row i 
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to row 1. Since a| bÖ, we may write b = aq + r where r ! 0 and deg r < deg a 
(Theorem 6.3). We place r in the (1, j) position by subtracting q times column 
1 from column j. This results in a matrix with an entry of smaller norm than 
that of a. Now repeat Steps 1 and 2 with this matrix to obtain a new matrix Aì 
equivalent to A which is 0 everywhere in the first row and column outside the 
(1, 1) position. 
 This process is repeated with Aì to obtain A3 and so forth. We thus obtain 
a sequence Aè, Aì, . . . , As of matrices in which the norms of the (1, 1) entries 
are strictly decreasing, and in which all elements of row 1 and column 1 are 0 
outside the (1, 1) position. Furthermore, we go on from Ap to obtain Ap+1 
only as long as there is an element of Ap(1\1) that is not divisible by the (1, 1) 
element of Ap . Since the norms of the (1, 1) entries are strictly decreasing, 
this process must terminate with a matrix C = (cáé) " Mmxn(P) equivalent to A 
and having the following properties: 

(i) cèè|cáé for every  i, j > 1; 
(ii) cèé = 0 for every  j = 2, . . . , n; 
(iii) cáè = 0 for every  i = 2, . . . , m. 

 Step 4. Now repeat the entire procedure on the matrix C, except that this 
time apply the P-elementary row and column operations to rows 2, . . . , m and 
columns 2, . . . , n. This will result in a matrix D = (dáé) that has all 0 entries in 
the first two rows and columns except for the (1, 1) and (2, 2) entries. Since 
cèè|cáé (for i, j > 1), it follows that cèè|dáé for all i, j. (This true because every 
element of D is just a linear combination of elements of C.) Thus the form of 
D is 

 

D =

c
11

0

0 d

! 0

! 0

" "

!0! 0

G !!!!!

!

"

#
#
#
#

$

%

&
&
&
&

 

 
where G = (gáé) " M(m-2)x(n-2)(P), cèè|d and cèè|gáé for i = 1, . . . , m - 2 and j = 
1, . . . , n - 2. It is clear that we can continue this process until we eventually 
obtain a diagonal matrix H = (háé) " Mmxn(P) with the property that háá|hi+1 i+1 
and hi+1 i+1 ! 0 for i = 1, . . . , p - 1 (where p = rank H). But H is equivalent to 
A so that H and A have the same determinantal divisors (Theorem 8.7) and p 
= r(H) = r(A) = r (Theorem 8.4(b)). 
 For each k with 1 ¯ k ¯ r, we observe that the only nonzero k-square sub-

determinants of H are of the form 
 
!s=1

k
hisis

, and the gcd of all such products 

is 

fk = hii
i=1

k

!  
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(since háá|hi+1  i+1 for i = 1, . . . , r - 1). But then applying the definition of 
invariant factors, we see that 

hii
i=1

k

! = fk = qi
i=1

k

! !!.  

In particular, this shows us that 
 

 

h
11
= q

1

h
11
h
22
= q

1
q
2

!

h
11
"hrr = q1"qr

 

 
and hence hìì = qì, . . . , hrr = qr  also. In other words, H is precisely the 
desired matrix B. Finally, note that háá|hi+1 i+1 is just the statement that 
qá|qi+1 .  ˙ 
 
 Suppose A ! Mmxn(P) has rank r, and suppose that we are given a list of 
all the elementary divisors of A. From Theorem 8.8, we know that qá|qi+1  for 
i = 1, . . . , r - 1. Therefore, to compute the invariant factors of A, we first 
multiply together the highest powers of all the distinct primes that appear in 
the list of elementary divisors. This gives us qr. Next, we multiply together the 
highest powers of the remaining distinct primes to obtain qr-1 . Continuing 
this process until the list of elementary divisors is exhausted, suppose that qÉ 
is the last invariant factor so obtained. If k > 1, we then set qè = ~ ~ ~ = qk-1 = 1. 
The reader should try this on the list of elementary divisors given at the end of 
Example 8.4. 
 
Corollary   If A, B ! Mmxn(P), then A is P-equivalent to B if and only if A 
and B have the same invariant factors (or determinantal divisors or elementary 
divisors). 
 
Proof   Let AS and BS be the Smith forms for A and B. If A and B have the 
same invariant factors then they have the same Smith form. If we denote P-
equivalence by — , then A — AS = BS — B so that A — B. Conversely, if A — B 
then A — B — BS implies that A — BS, and hence the uniqueness of AS implies 
that AS = BS , and thus A and B have the same invariant factors. 
 If we recall Theorem 6.6, then the statement for elementary divisors 
follows immediately. Now note that fà = 1 so that fè = qè, and in general we 
then have fÉ = qÉfk-1 . This takes care of the statement for determinantal 
divisors.  ˙ 
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Example 8.5   Consider the matrix A given in Example 7.3. We shall compute 
the invariant factors of the associated characteristic matrix xI - A. The reason 
for using the characteristic matrix will become clear in a later section. 
According to Step 1, we obtain the following sequence of equivalent matrices. 
Start with 

xI ! A =

x ! 2 !1 0 0

0 x ! 2 0 0

0 0 x ! 2 0

0 0 0 x ! 5

"

#

$
$
$
$

%

&

'
'
'
'

!!.  

 
Put -1 in the (1, 1) position: 
 

!1 x ! 2 0 0

x ! 2 0 0 0

0 0 x ! 2 0

0 0 0 x ! 5

"

#

$
$
$
$

%

&

'
'
'
'

!!.  

 
Add x - 2 times row 1 to row 2, and x - 2 times column 1 to column 2: 
 

!1 0 0 0

!!0 (x ! 2)2 0 0

!!0 0 x ! 2 0

!!0 0 0 x ! 5

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  

 
Since all entries in row 1 and column 1 are 0 except for the (1, 1) entry, this 
last matrix is Aè and we have also finished Step 2. Furthermore, there is no 
element b ! Aè that is not divisible by -1, so we go on to Step 4 applied to the 
3 x 3 matrix in the lower right hand corner. In this case, we first apply Step 1 
and then follow Step 3. We thus obtain the following sequence of matrices. 
Put x - 2 in the (2, 2) position: 
 

!1 0 0 0

!!0 x ! 2 0 0

!!0 0 (x ! 2)2 0

!!0 0 0 x ! 5

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  
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(x - 2)|  (Öx - 5) so add row 4 to row 2: 
 

!1 0 0 0

!!0 x ! 2 0 x ! 5

!!0 0 (x ! 2)2 0

!!0 0 0 x ! 5

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  

 
Note x - 5 = 1(x - 2) + (-3), so subtract 1 times column 2 from column 4: 
 

!1 0 0 0

0 x ! 2 0 !3

0 0 (x ! 2)2 0

0 0 0 x ! 5

"

#

$
$
$
$$

%

&

'
'
'
''

!!. 

 
Now put -3 in the (2, 2) position: 
 

!1 !!0 0 0

!!0 !3 0 x ! 2

!!0 !!0 (x ! 2)2 0

!!0 x ! 5 0 0

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  

 
Add (x - 5)/3 times row 2 to row 4, and then add (x - 2)/3 times column 2 to 
column 4 to obtain 
 

!1 !!0 0 0

!!0 !3 0 0

!!0 !!0 (x ! 2)2 0

!!0 !!0 0 (x ! 2)(x ! 5) / 3

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  

 
Elementary long division (see Example 6.2) shows that (x - 2)(x - 5)/3 

divided by (x - 2)2 equals 1/3 with a remainder of -x + 2. Following Step 3, 
we add row 4 to row 3 and then subtract 1/3 times column 3 from column 4 to 
obtain 
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!1 !!0 0 0

!!0 !3 0 0

!!0 !!0 (x ! 2)2 !x + 2

!!0 !!0 0 (x ! 2)(x ! 5) / 3

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  

 
Going back to Step 1, we first put -x + 2 = -(x - 2) in the (3, 3) position. We 
then add (x - 5)/3 times row 3 to row 4 and (x - 2) times column 3 to column 
4 resulting in 

!1 !!0 0 0

!!0 !3 0 0

!!0 !!0 !(x ! 2) 0

!!0 !!0 0 (x ! 2)2(x ! 5) / 3

"

#

$
$
$
$$

%

&

'
'
'
''

!!.  

 
Lastly, multiplying each row by a suitable nonzero scalar we obtain the final 
(unique) Smith form 
 

 

1 0 0 0

0 1 0 0

0 0 x ! 2 0

0 0 0 (x ! 2)2(x ! 5)

"

#

$
$
$
$$

%

&

'
'
'
''

!!.!!!  

 
 
Exercises  
 
1. Find the invariant factors of the matrix A given in Example 8.4 by using 

the list of elementary divisors also given in that example. 
 
2. For each of the following matrices A, find the invariant factors of the char-

acteristic matrix xI - A: 
 

 (a)!!!

!3 !!3 !2

!7 !!6 !3

!!1 !1 !!2

"

#

$
$
$

%

&

'
'
'
 (b)!!!

!!0 !1 !1

!4 !4 !2

!2 !1 !!1

"

#

$
$
$

%

&

'
'
'

 

 

 (c)!!

!!2 !4 !2 !2

!2 !!0 !1 !3

!2 !2 !3 !3

!2 !6 !3 !7

"

#

$
$
$
$

%

&

'
'
'
'

 (d)!!

!!0 !3 !!1 !2

!2 !!1 !1 !2

!2 !!1 !1 !2

!2 !3 !!1 !4

"

#

$
$
$
$

%

&

'
'
'
'
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8.4   SIMILARITY INVARIANTS 
 
Recall that A, B ! Mñ(F) are similar over F if there exists a nonsingular 
matrix S ! Mñ(F) such that A = SîBS. Note that similar matrices are there-
fore also equivalent, although the converse is certainly not true (since in gen-
eral P " Qî in our definition of equivalent matrices). For our present purposes 
however, the following theorem is quite useful. 
 
Theorem 8.9   Two matrices A, B ! Mñ(F) are similar over F if and only if 
their characteristic matrices xI - A and xI - B are equivalent over P = F[x]. In 

particular, if xI - A = P(xI - B)Q where Qî = Rmxm + ~ ~ ~ + Rèx + Rà, then 

A = SîBS where Sî = RmBm + ~ ~ ~ + RèB + Rà. 
 
Proof   If A and B are similar, then there exists a nonsingular matrix S ! 
Mñ(F) for which A = SîBS, and hence 
 

   xI - A  =  xI - SîBS  =  Sî(xI - B)S  . 
 
But S is a unit matrix in Mñ(P), and therefore xI - A and xI - B are P-
equivalent. 
 On the other hand, if xI - A and xI - B are P-equivalent, then there exist 
unit matrices P, Q ! Mñ(P) such that 
 

   xI - A  =  P(xI - B)Q  . 
 
We wish to find a matrix S ! Mñ(F) for which A = SîBS. Since Q ! Mñ(P) 
is a unit matrix, we may apply Theorem 4.11 to find its inverse R ! Mñ(P) 
which is also a unit matrix and hence will also have polynomial entries. In 
fact, we may write (as in the proof of Theorem 7.10) 
 

  
 
R = R

m
x
m
+ R

m!1x
m!1

+!+ R
1
x + R

0
 (1) 

 
where m is the highest degree of any polynomial entry of R and each Rá ! 
Mñ(F). 
 From xI - A = P(xI - B)Q and the fact that P and Q are unit matrices we 
have 

  P
!1
(xI ! A) = (xI ! B)Q =Qx ! BQ!!.  (2) 

 
Now recall Theorem 8.5 and the discussion following its proof. If we write 
both Pî and Q ! Mñ(P) in the same form as we did in (1) for R, then we may 
replace x by A in the resulting polynomial expression for Q to obtain a matrix 
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W ! Mñ(F). Since A commutes with I and A, and B ! Mñ(F), we may apply 
Theorem 8.5 and replace x by A on both sides of (2), resulting in 
 

   0  =  WA - BW  . 
 

Since R is the inverse of Q and Qxi = xiQ, we have RQ = I or (from (1)) 
 

RmQxm + Rm-1Qxm-1 + ~ ~ ~ + RèQx + RàQ  =  I  . 
 
Replacing x by A in this expression yields 

  R
i
WA

i

i=0

m

! = I !!. (3) 

But WA = BW so that WA2 = BWA = B2W and, by induction, it follows that 

WAi = BiW. Using this in (3) we have 
 

R
i
B
i

i=0

m

!
"

#
$$

%

&
''W = I  

so defining 

  

  

S
!1
= R

i
B
i

i=0

m

" #!Mñ(F)  (4) 

we see that Sî = Wî and hence W = S. Finally, noting that WA = BW 
implies A = WîBW, we arrive at A = SîBS as desired.  ˙ 
 
Corollary 1   Two matrices A, B ! Mñ(F) are similar if and only if their char-
acteristic matrices have the same invariant factors (or elementary divisors). 
 
Proof   This follows directly from Theorem 8.9 and the corollary to Theorem 
8.8.  ˙ 
 
Corollary 2   If A and B are in Mn(®), then A and B are similar over ç if and 
only if they are similar over ®. 
 
Proof   Clearly, if A and B are similar over ® then they are also similar over 
ç. On the other hand, suppose that A and B are similar over ç. We claim that 
the algorithm in the proof of Theorem 8.9 yields a real S if A and B are real. 
From the definition of S in the proof of Theorem 8.9 (equation (4)), we see 

that S will be real if all of the Rá are real (since each Bi is real by hypothesis), 
and this in turn requires that Q be real (since R = Qî). That P and Q can 
indeed be chosen to be real is left as an exercise for the reader (see Exercise 
8.4.1).  ˙ 
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 The invariant factors of the characteristic matrix of A are called the 
similarity invariants of A. We will soon show that the similarity invariant of 
highest degree is just the minimal polynomial for A. 
 
Example 8.6   Let us show that the matrices 
 

A =
1 1

1 1

!

"
#

$

%
&!!!!!!!!!!and!!!!!!!!!!!B =

0 0

0 2

!

"
#

$

%
&  

 
are similar over ®. We have the characteristic matrices 
 

xI ! A =
x !1 !1

!1 x !1

"

#
$

%

&
'!!!!!!!!!!and!!!!!!!!!!xI ! B =

x 0

0 x ! 2

"

#
$

%

&
'  

 
and hence the determinantal divisors are easily seen to be fè(A) = 1, fì(A) = 
x(x - 2), fè(B) = 1, fì(B) = x(x - 2). Thus fè(A) = fè(B) and fì(A) = fì(B) so 
that A and B must be similar by the corollary to Theorem 8.9. 
 For the sake of illustration, we will show how to compute the matrix Sî 
following the method used in the proof of Theorem 8.9 (see equation (4)). 
While there is no general method for finding the matrices P and Q, the reader 
can easily verify that if we choose 
 

   P =
!!1 !!x

2 ! x +1

!1 !x2 + x +1

"

#
$
$

%

&
'
'!!!!!!!!!!!!Q =

1

2

!x2 + 3x !1 !x2 + 3x !1

1 1

"

#
$$

%

&
''  

 
then xI - A = P(xI - B)Q. It is then easy to show that 
 

R =Q
!1
=
!!1 !!x

2 ! 3x + 3

!1 !x2 + 3x !1

"

#
$
$

%

&
'
'

!!!!!!!!!!!!!=
0 !!1

0 !1

"

#
$

%

&
'x
2
+
0 !3

0 !3

"

#
$

%

&
'x +

!!1 !!3

!1 !1

"

#
$

%

&
'

 

 
and hence (from (4)) we have 
 

 

S
!1
=
0 !!1

0 !1

"

#
$

%

&
'
0 0

0 2

"

#
$

%

&
'

2

+
0 !3

0 !!3

"

#
$

%

&
'
0 0

0 2

"

#
$

%

&
'+

!!1 !!3

!1 !1

"

#
$

%

&
' =

!!1 1

!1 1

"

#
$

%

&
'!!.!!!  
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 Now recall the definition of minimal polynomial given in Section 7.3 (see 
the discussion following the proof of Theorem 7.10). We also recall that the 
minimal polynomial m(x) for A ! Mñ(F) divides the characteristic poly-
nomial ÎA(x). In the particular case that m(x) = ÎA(x), the matrix A is called 
nonderogatory, and if m(x) " ÎA(x), then (as you might have guessed) A is 
said to be derogatory. Our next theorem is of fundamental importance. 
 
Theorem 8.10   The minimal polynomial m(x) for A ! Mñ(F) is equal to its 
similarity invariant of highest degree. 
 
Proof   Since ÎA(x) = det(xI - A) is just a (monic) polynomial of degree n in 
x, it is clearly nonzero, and hence qn(x), the similarity invariant of highest 
degree, is also nonzero. Now define the matrix Q(x) = adj(xI - A), and note 
that the entries of Q(x) are precisely all the (n - 1)-square subdeterminants of 
xI - A. This means fn-1(x) (i.e., the (n - 1)th determinantal divisor of xI - A) 
is just the monic gcd of all the entries of Q(x), and therefore we may write 
 

Q(x)  =  fn-1(x)D(x) 
 
where the matrix D(x) has entries that are relatively prime. Noting that by 
definition we have ÎA(x) = fñ(x) = qñ(x)fn-1(x), it follows that 
 
  fn!1(x)D(x)(xI ! A) =Q(x)(xI ! A) = "A(x)I = qn (x) fn!1(x)I  (1) 
 
where we used equation (1b) of Section 4.3. Since fn-1(x) " 0 (by Theorem 
8.6(a) and the fact that fñ(x) " 0), we must have 
 
  D(x)(xI ! A) = qn (x)I  (2) 
 
(this follows by equating the polynomial entries of the matrices on each side 
of (1) and then using Corollary 2(b) of Theorem 6.2). 
 By writing both sides of (2) as polynomials with matrix coefficients and 
then applying Theorem 8.5, it follows that qñ(A) = 0 and hence m(x)|qñ(x) 
(Theorem 7.4). We may now define the polynomial p(x) by writing 
 
  qn (x) = m)x)p(x)!!. (3) 
 
By definition, A is a root of m(x), and therefore our discussion at the end of 
Section 8.2 tells us that we may apply Theorem 6.4 to write 
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m(x)I  =  C(x)(xI - A) 

 
where C(x) is a polynomial with matrix coefficients. Using this in (2) we have 
 
  D(x)(xI ! A) = qn (x)I = p(x)m(x)I = p(x)C(x)(xI ! A)  (4) 
 
where we used the fact that m(x) and p(x) are just polynomials with scalar 
coefficients so that m(x)p(x) = p(x)m(x). 
 Since det(xI - A) ! 0, we know that (xI - A)î exists over Mñ(R), and thus 
(4) implies that 

   D(x)  =  p(x)C(x)  . 
 
Now regarding both D(x) and C(x) as matrices with polynomial entries, this 
equation shows that p(x) divides each of the entries of D(x). But the entries of 
D(x) are relatively prime, and hence p(x) must be a unit (i.e., a nonzero 
scalar). Since both m(x) and qñ(x) are monic by convention, (3) implies that 
p(x) = 1, and therefore qñ(x) = m(x).  ˙ 
 
Corollary   A matrix A " Mñ(F) is nonderogatory if and only if its first n - 1 
similarity invariants are equal to 1. 
 
Proof   Let A have characteristic polynomial ÎA(x) and minimal polynomial 
m(x). Using the definition of invariant factors and Theorem 8.10 we have 
 

 

!A(x) = det(xI " A) = fn (x) = qn (x)qn"1(x)!q1(x)

= m(x)qn"1(x)!q1(x)!!.
 

 
Clearly, if qn-1(x) = ~ ~ ~ = qè(x) = 1 then ÎA(x) = m(x). On the other hand, if 
ÎA(x) = m(x), then qn-1(x) ~ ~ ~ qè(x) = 1 (Theorem 6.2, Corollary 2(b)) and 
hence each qá(x) (i = 1, . . . , n - 1) is a nonzero scalar (Theorem 6.2, 
Corollary 3). Since each qÉ(x) is defined to be monic, it follows that qn-1(x) = 
~ ~ ~ = qè(x) = 1.  ˙ 
 
Example 8.7   Comparison of Examples 7.3 and 8.8 shows that the minimal 
polynomial of the matrix A is indeed the same as its similarity invariant of 
highest degree.  # 
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Exercises 
 
1. Finish the proof of Corollary 2 to Theorem 8.9. 
 
2. Show that the minimal polynomial for A ! Mñ(F) is the least common 

multiple of the elementary divisors of xI - A. 
 

3. If (x2 - 4)4 is the minimal polynomial of an n-square matrix A, can A6 - 

A4 + A2 - In ever be zero? If (x2 - 4)3 is the minimal polynomial, can 

A8 - A4 + A2 - In = 0? Explain. 
 
4. Is the matrix 

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

!

"

#
#
#
#

$

%

&
&
&
&

 

 
 derogatory or nonderogatory? Explain. 
 
5. Suppose A is an n-square matrix and p is a polynomial with complex coef-

ficients. If p(A) = 0, show that p(SASî) = 0 for any nonsingular n-square 
S. Is this true if p is a polynomial with n-square matrices as coefficients? 

 
6. Prove or disprove: 
 (a)  The elementary divisors of A are all linear if and only if the charac-

teristic polynomial of A is a product of distinct linear factors. 
 (b)  The elementary divisors of A are all linear if and only if the minimal 

polynomial of A is a product of distinct linear factors. 
 
7. Prove or disprove: 
 (a)  There exists a real nonsingular matrix S such that SASî = B where 
 

A =
!!3 0

!1 2

"

#
$

%

&
'!!!!!!and!!!!!!B =

!!4 2

!1 1

"

#
$

%

&
'!!.  

 
 (b)  There exists a complex nonsingular matrix S such that SASî = B 

where 

A =
!!3 0

!1 2

"

#
$

%

&
'!!!!!!and!!!!!!B =

4 2i

i 1

"

#
$

%

&
'!!.  
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8.5   THE RATIONAL CANONICAL FORM 
 

Given any monic polynomial p(x) = xn - an-1xn-1 - ~ ~ ~ - aà ! F[x], the 
matrix C(p(x)) ! Mñ(F) defined by 
 

 

C(p(x)) =

0 0 0 ! 0 a0

1 0 0 ! 0 a1

0 1 0 ! 0 a2

" " " " "

0 0 0 ! 1 an!1

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

 

 
is called the companion matrix of the polynomial p(x). If there is no possible 
ambiguity, we will denote the companion matrix simply by C. The companion 
matrix has several interesting properties that we will soon discover. We will 
also make use of the associated characteristic matrix xI - C ! Mñ(R) given by 
 

 

xI !C =

!!x 0 ! !!0 !!0 !a
0

!1 x ! !!0 !!0 !a
1

!!" " !!" !!" !"

!!0 0 ! !1 !!x !!!!!a
n!2

!!0 0 ! !!0 !1 x ! a
n!1

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

!!. 

 
 Our next theorem is quite useful. 
 

Theorem 8.11   Let p(x) = xn - an-1xn-1 - ~ ~ ~ - aà ! F[x] have companion 
matrix C. Then det(xI - C) = p(x). 
 
Proof   We proceed by induction on the degree of p(x). If n = 1, then p(x) = 
x - aà, C = (aà) and xI - C = (x - aà) so that 
 

   det(xI - C)  =  x - aà  =  p(x)  . 
 
Now assume that the theorem is true for all polynomials of degree less than n, 
and suppose deg p(x) = n > 1. If we expand det(xI - C) by minors of the first 
row, we obtain (see Theorem 4.10) 
 

det(xI - C)  =  x det Cèè + (-aà)(-1)n+1 det Cèñ 
 
where the minor matrices Cèè and Cèñ are given by 
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C
11
=

!!x 0 ! !!0 !!0 !a
1

!1 x ! !!0 !!0 !a
2

!!" " !!" !!" !"

!!0 0 ! !1 !!x !!!!!a
n!2

!!0 0 ! !!0 !1 x ! a
n!1

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

 

 

 

C
1n
=

!1 !!x !0 ! !!0 !!0

!!0 !1 !x ! !!0 !!0

!! " !!" ! " !!" ! !"

!!0 !!0 !0 ! !1 !!x

!!0 !!0 !0 ! !!0 !1

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

!!.  

 

 Defining the polynomial pæ(x) = xn-1 - an-1xn-2 - ~ ~ ~ - aìx - aè along 
with its companion matrix Cæ, we see that Cèè = xI - Cæ. By our induction 
hypothesis, it then follows that 
 

   det Cèè  =  det(xI - Cæ)  =  pæ(x)  . 
 
Next we note that Cèñ is an upper-triangular matrix, and hence (by Theorem 

4.5) det Cèñ = (-1)n -1. Putting all of this together we find that 
 

      det(xI - C)  =  xpæ(x) - aà  =  p(x)  .  ˙ 
 
 Recall that two matrix representations are similar if and only if they repre-
sent the same underlying operator in two different bases (see Theorem 5.18). 
 
Theorem 8.12   (a)  The companion matrix C = C(p(x)) of any monic 
polynomial p(x) ! F[x] has p(x) as its minimal polynomial m(x). 
 (b)  If dim V = n and T ! L(V) has minimal polynomial m(x) of degree n, 
then C(m(x)) represents T relative to some basis for V. 
 
Proof   (a)  From the preceding proof, we see that deleting the first row and 

nth column of xI - C and taking the determinant yields det Cèñ = (-1)n-1. 
Therefore fn-1(x) = 1 so that qè(x) = qì(x) = ~ ~ ~ = qn-1(x) = 1. Hence C is 
nonderogatory (corollary to Theorem 8.10), so that by Theorem 8.11 we have 
m(x) = qñ(x) = det(xI - C) = p(x). 
 (b)  Note dim V = deg ÎT(x) = n = deg m(x) so that any [T] has similarity 
invariants qè(x) = ~ ~ ~ = qn-1(x) = 1 and qñ(x) = m(x) (see Theorem 8.10 and 
its corollary). Since the proof of part (a) showed that C = C(m(x)) has the 
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same similarity invariants as [T], it follows from Corollary 1 of Theorem 8.9 
that C and [T] are similar.  ˙ 
 
 Note that Theorems 8.11 and 8.12(a) together show that the companion 
matrix is nonderogatory. 
 Given any A ! Mn(F), we can interpret A as the matrix representation of a 
linear transformation T on an n-dimensional vector space V. If A has minimal 
polynomial m(x) with deg m(x) = n, then so does T (by Theorem 7.1). Hence 
the companion matrix C of m(x) represents T relative to some basis for V 
(Theorem 8.12(b)). This means that A is similar to C (Theorem 5.18), and 
therefore C = PîAP for some nonsingular transition matrix P ! Mn(F). But 
then 

xI - C  =  xI - PîAP  =  Pî(xI - A)P 
 
and hence det(xI - C) = det(xI - A) by Theorem 4.8 and its corollary. Using 
Theorem 8.11, we then have the following result. 
 
Theorem 8.13   Let A ! Mn(F) have minimal polynomial m(x) of degree n. 
Then m(x) = det(xI - A). 
 
 Our next theorem is a useful restatement of what we have done so far in 
this section. 
 

Theorem 8.14   Let p(x) = xn - an-1xn-1 - ~ ~ ~ - aà ! F[x]. Then the 
companion matrix C(p(x)) is nonderogatory, and its characteristic polynomial 
ÎC(x) and minimal polynomial m(x) both equal p(x). Moreover, xI - C is 
equivalent over P to the n x n matrix (the Smith canonical form of xI - C) 
 

 

1 0 ! 0 0

" " " "

0 0 ! 1 0

0 0 ! 0 p(x)

!

"

#
#
#
#

$

%

&
&
&
&

!!. 

 
 For notational convenience, we sometimes write a diagonal matrix by 
listing its diagonal entries. For example, the matrix shown in the above theo-
rem would be written as diag(1, . . . , 1, p(x)). 
 
Theorem 8.15   If A ! Mñ(F), then A is similar over F to the direct sum of 
the companion matrices of its nonunit similarity invariants. 
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Proof   The proof is an application of Theorem 8.9. Assume that A ! cI 
(where c " F) or there is nothing to prove. Hence fè(x), the first determinantal 
divisor of xI - A, must be 1. But fà(x) = 1 by definition, and hence we have 
fè(x) = qè(x)fà(x) = qè(x) = 1. Since at least qè(x) = 1, we now assume that in 
fact the first k similarity invariants of A are equal to 1. In other words, we 
assume that qè(x) = ~ ~ ~ = qÉ(x) = 1, and then deg qá(x) = dá ˘ 1 for i = k + 1, 
. . . , n. 
 Since fñ(x) = qè(x) ~ ~ ~ qñ(x), Theorem 6.2(b) tells us that deg fñ(x) = 
Íj ˆ=1deg qé(x) and hence (using deg qé = 0 for j = 1, . . . , k) 

n = deg!A(x) = deg fn (x) = degqj (x)

j=k+1

n

" = d j
j=k+1

n

" !!.  

Let Qá = C(qá(x)) " Mdá(P) for i = k + 1, . . . , n. We want to show that xI - A 
is equivalent over P to 
 

   xI - (Qk+1 • ~ ~ ~ • Qñ)  =  (xI - Qk+1) • ~ ~ ~ • (xI - Qñ)  . 
 
(Note that each of the identity matrices in this equation may be of a different 
size.) 
 It should be clear that the Smith form of xI - A is the diagonal n x n 
matrix 
 
   (xI - A)S  =  diag(qè(x), . . . , qñ(x))  =  diag(1, . . . , 1, qk+1(x), . . . , qñ(x))  . 
 
From Theorem 8.14, we know that (xI - Qá)S = diag(1, . . . , 1, qá(x)) " 
Mdá(P). Since Íi ˆ=k+1dá = n, we now see that by suitable row and column 
interchanges we have 
 
  

 
xI ! A " (xI ! A)S " (xI !Qk+1)S #!# (xI !Qn )S  (*) 

       
where — denotes equivalence over P. 
 If we write (xI - Qá)S = Eá(xI - Qá)Fá where Eá and Fá are unit matrices, 
then (by multiplying out the block diagonal matrices) it is easy to see that 
 
Ek+1(xI - Qk+1)Fk+1 • ~ ~ ~ • Eñ(xI - Qñ)Fñ 

 =  [Ek+1 • ~ ~ ~ • Eñ][(xI - Qk+1) • ~ ~ ~ • (xI - Qñ)][Fk+1 • ~ ~ ~ • Fñ]  . 
 
Since the direct sum of unit matrices is clearly a unit matrix (so that both 
Ek+1 • ~ ~ ~ • Eñ and Fk+1 • ~ ~ ~ • Fñ are unit matrices), this shows that the 
right hand side of (*) is equivalent to (xI - Qk+1) • ~ ~ ~ • (xI - Qñ). (Note we 
have shown that if {Sá} and {Tá} are finite collections of matrices such that 
Sá — Tá, then it follows that Sè • ~ ~ ~ • Sñ — Tè • ~ ~ ~ • Tñ.) Therefore xI - A 
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is equivalent to xI - (Qk+1 • ~ ~ ~ • Qñ) which is what we wanted to show. 
The theorem now follows directly from Theorem 8.9.  ˙ 
 
 We are now in a position to prove the rational canonical form theorem. 
Note that the name is derived from the fact that the rational form of a matrix is 
obtained by the application of a finite number of rational operations (which 
essentially constitute the Smith algorithm). 
 
Theorem 8.16 (Rational Canonical Form)   A matrix A ! Mñ(F) is similar 
over F to the direct sum of the companion matrices of the elementary divisors 
of xI - A. 
 
Proof   As in the proof of Theorem 8.15, we assume that the first k similarity 
invariants of A are qè(x) = ~ ~ ~ = qÉ(x) = 1 and that deg qá(x) = dá ˘ 1 for i = 
k + 1, . . . , n. Changing notation slightly from our first definition, we write 
each nonunit invariant factor as a product of powers of prime polynomials 
(i.e., as a product of elementary divisors): qá(x) = eáè(x) ~ ~ ~ eimá(x) for each i = 
k + 1, . . . , n. From Theorem 8.14, we know that xI - Qá = xI - C(qá(x)) is P-
equivalent to the dá x dá matrix 
 

   Bá  =  diag(1, . . . , 1, qá(x))  . 
 
Similarly, if cáé = deg eáé(x), each xI - C(eáé(x)) (j = 1, . . . , má) is P-equivalent 
to a cáé x cáé matrix 

   Dáé  =  diag(1, . . . , 1, eáé(x))  . 
 
Since deg qá(x) = Íé deg eáé(x), it follows that the block diagonal matrix 
 
 Dá  =  Dáè • ~ ~ ~ • Dimá 

  =  diag(1, . . . , 1, ei1(x)) • diag(1, . . . , 1, ei2(x)) 

          • ~ ~ ~ • diag(1, . . . , 1, eimá(x)) 
 
is also a dá x dá matrix. We first show that Bá (and hence also xI - Qá) is P-
equivalent to Dá. 
 Consider the collection of all (dá - 1) x (dá - 1) subdeterminants of Dá. For 
each r = 1, . . . , má, this collection will contain that subdeterminant obtained 
by deleting the row and column containing eir. In particular, this subdetermi-

nant will be
 
! j!r eij . But the gcd of all such subdeterminants taken over r (for 

a fixed i of course) is just 1. (To see this, consider the product abcd. If we look 
at the collection of products obtained by deleting one of a, b, c or d we obtain 
{bcd, acd, abd, abc}. Since there is no factor in common with all four of these 
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products, it follows that the gcd of this collection is 1.) Therefore the (dá -
 1)th determinantal divisor fdá-1(x) of Dá is 1, and hence the fact that fk-1(x) 
divides fÉ(x) means fè(x) = ~ ~ ~ = fdá-1(x) = 1 and fdá(x) = !éeáé(x) = qá(x). 
From the definition of determinantal divisor (or the definition of invariant 
factor along with the fact that Bá is in its Smith canonical form), it is clear that 
Bá has precisely these same determinantal divisors, and hence (by the 
corollary to Theorem 8.8) Bá must be P-equivalent to Dá. 
 All that remains is to put this all together and apply Theorem 8.9 again. 
We now take the direct sum of each side of the equivalence relation xI - Qá — 
Bá — Dáè • ~ ~ ~ • Dimá = Dá using the fact that (as we saw in the proof of 
Theorem 8.15) (xI - Qk+1) • ~ ~ ~ • (xI - Qñ) — Dk+1 • ~ ~ ~ • Dñ. It will be 
convenient to denote direct sums by Í• . For example, we have already seen 
it is true in general that 

! (xI "Qi )
i=k+1

n

# = xI " !Qi
i=k+1

n

#  

(where we again remark that the identity matrices in this equation may be of 
different dimensions). Therefore, we have shown that 
 

 

xI ! "Qi
i=k+1

n

# = "(xI !Qi )
i=k+1

n

# $ " (Di1 "!" Dimi )

i=k+1

n

#

= " "Dij
j=1

mi

#
%

&

'
'

(

)

*
*
$ " "[xI !C(eij (x))]

j=1

mi

#
%

&

'
'

(

)

*
*

i=k+1

n

#
i=k+1

n

#

= xI ! " "C(eij (x))
j=1

mi

#
%

&

'
'

(

)

*
*

i=k+1

n

#

 

 

and hence Íiˆ=k+1• Qá is similar over F to !i=k+1
n

"[! j=1
mi "C(eij (x))].  But 

Theorem 8.15 tells us that A is similar over F to Íiˆ=k+1• Qá, and therefore we 
have shown that A is similar over F to 
 

 

! !C(eij (x))
j=1

mi

"
#

$

%
%

&

'

(
(
!!.!!˙

i=k+1

n

"  

 
Example 8.8   Consider the polynomial 
 

   p(x)  =  (x - 1)2(x2 + 1)2  =  x6 - 2x5 + 3x4 - 4x3 + 3x2 - 2x + 1  . 
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Its companion matrix is 
 

 

C =

0 !0 !0 !0 !0 !1

1 !0 !0 !0 !0 !!2

0 !1 !0 !0 !0 !3

0 !0 !1 !0 !0 !!4

0 !0 !0 !1 !0 !3

0 !0 !0 !0 !1 !!2

"

#

$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'

(M6(!)!!.  

 
According to Theorem 8.14, C is nonderogatory and its minimal polynomial is 
p(x). Then by Theorem 8.10 and its corollary, the only nonunit similarity 
invariant of C is also p(x). This means that C is already in the form given by 
Theorem 8.15. 
 The elementary divisors (in ®[x]) of xI - C are 
 

eè(x)  =  (x - 1)2  =  x2 - 2x + 1 
and 

   eì(x)  =  (x2 + 1)2  =  x4 + 2x2 + 1  . 
 
These have the companion matrices 
 

C(e1(x)) =
0 !1

0 !!2

"

#
$

%

&
'  

 

C(e2 (x)) =

0 !0 !0 !1

1 !0 !0 !!0

0 !1 !0 !2

0 !0 !1 !!0

"

#

$
$
$
$

%

&

'
'
'
'

 

 
and hence Theorem 8.16 tells us that C is similar over ® to the direct sum 
C(eè(x)) • C(eì(x)). We leave it to the reader to find the rational canonical 
form of C if we regard it as a matrix over ç[x].  ! 
 
 
Exercises  
 
1. Prove Corollary 1 of Theorem 7.24 using the rational canonical form. 
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2. (a)  Let V be a real 6-dimensional vector space, and suppose T ! L(V) has 

minimal polynomial m(x) = (x2 - x + 3)(x - 2)2. Write down all possible 
rational canonical forms for T (except for the order of the blocks). 

 (b)  Let V be a real 7-dimensional vector space, and suppose T ! L(V) has 

minimal polynomial m(x) = (x2 + 2)(x + 3)3. Write down all possible 
rational canonical forms for T (except for the order of the blocks). 

 

3. Let A be a 4 x 4 matrix with minimal polynomial m(x) = (x2 + 1)(x2 - 3). 
Find the rational canonical form if A is a matrix over: 

 (a)   The rational field Œ. 
 (b)  The real field ®. 
 (c)   The complex field ç. 
 
4. Find the rational canonical form for the Jordan block 
 

a 1 0 0

0 a 1 0

0 0 a 1

0 0 0 a

!

"

#
#
#
#

$

%

&
&
&
&

!!.  

 

5. Find a 3 x 3 matrix A with integral entries such that A3 + 3A2 + 2A + 2 = 
0. Prove that your matrix satisfies this identity. 

 
6. Discuss the validity of each of the following assertions: 
 (a)  Two square matrices are similar if and only if they have the same 

eigenvalues (including multiplicities). 
 (b)  Two square matrices are similar if and only if they have the same 

minimal polynomial. 
 (c)  Two square matrices are similar if and only if they have the same ele-

mentary divisors. 
 (d)  Two square matrices are similar if and only if they have the same 

determinantal divisors. 
 
7. Suppose A = B • C where B and C are square matrices. Is the list of ele-

mentary divisors of A equal to the list of elementary divisors of B con-
catenated with (i.e., “added on to”) the list of elementary divisors of C? 
What if “elementary divisors” is replaced by “invariant factors” or “deter-
minantal divisors” in this statement? 
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8.6   THE JORDAN CANONICAL FORM 
 
We have defined a canonical form as that matrix representation A of a linear 
transformation T ! L(V) that is of a particularly simple form in some basis for 
V. If all the eigenvalues of T lie in the base field F, then the minimal polyno-
mial m(x) for T will factor into a product of linear terms. In addition, if the 
eigenvalues are all distinct, then T will be diagonalizable (Theorem 7.24). But 
in the general case of repeated roots, we must (so far) fall back to the triangu-
lar form described in Chapter 7 and in Section 8.1. However, in this more 
general case there is another very important form that follows easily from 
what we have already done. If A ! Mñ(ç), then (by Theorem 6.13) all the 

elementary divisors of xI - A will be of the simple form (x - a)k. We shall 
now investigate the “simplest” form that such an A can take. 

 To begin with, given a polynomial p(x) = (x - aà)n ! F[x], we define the 
hypercompanion matrix H(p(x)) ! Mñ(F) to be the upper-triangular matrix 
 

 

a
0

1 0 ! 0 0

0 a
0
0 ! 0 0

" " " " "

0 0 0 ! a
0

1

0 0 0 ! 0 a
0

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

!!.  

 
A matrix of this form is also referred to as a basic Jordan block belonging to 
aà. Now consider the characteristic matrix xI - H(p(x)). Note that if we delete 
the nth row and first column of this characteristic matrix, we obtain a lower-
triangular matrix with all diagonal entries equal to -1, and hence its determi-

nant is equal to (-1)n-1. Thus the corresponding determinantal divisor fn-1(x) 
is equal to 1, and therefore fè(x) = ~ ~ ~ = fn-1(x) = 1 (because fk-1(x)|fÉ(x)). 
Using fk(x) = qÉ(x)fk-1(x), it follows that qè(x) = ~ ~ ~ = qn-1(x) = 1, and thus H 
is nonderogatory (corollary to Theorem 8.10). Since it is obvious that ÎH(x) = 

(x - a0)n = p(x), we conclude that ÎH(x) = m(x) = p(x). (Alternatively, by 
Theorem 8.10, we see that the minimal polynomial for H is qñ(x) = fñ(x) = 

(x    -  a)n which is also just the characteristic polynomial of H.) Along with 
the definition of the Smith canonical form, this proves the following result 
analogous to Theorem 8.14. 
 
Theorem 8.17   The hypercompanion matrix H(p(x)) of the polynomial p(x) = 

(x - a)n ! F[x] is nonderogatory, and its characteristic and minimal poly-
nomials both equal p(x). Furthermore, the Smith form of xI - H(p(x)) is  
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1 0 ! 0 0

0 1 ! 0 0

" " " "

0 0 ! 1 0

0 0 ! 0 p(x)

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

!!. 

 

 Theorems 8.14 and 8.17 show that given the polynomial p(x) = (x - a)n ! 
ç[x], both C = C(p(x)) and H = H(p(x)) have precisely the same similarity 
invariants. Using Theorem 8.16, we then see that C and H are similar over ç. 
Now, if A ! Mñ(ç), we know that the elementary divisors of xI - A will be of 

the form (x - a)k. Furthermore, Theorem 8.16 shows us that A is similar over 
ç to the direct sum of the companion matrices of these elementary divisors. 
But each companion matrix is similar over ç to the corresponding hyper-
companion matrix, and hence A is similar over ç to the direct sum of the 
hypercompanion matrices of the elementary divisors of xI - A. 
 It may be worth briefly showing that the notions of similarity and direct 
sums may be treated in the manner just claimed. In other words, denoting 
similarity over ç by –  , we suppose that A – Cè • Cì = SîAS for some non-
singular matrix S ! Mñ(ç). We now also assume that Cá – Há = TáîCáTá for 
each i = 1, 2. Then we see that 
 

H
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which (in an obvious shorthand notation) may be written in the form H = 
TîCT if we note that 
 

T
1

!1
0

0 T
2

!1

"

#
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$

%
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We therefore have H = TîCT = TîSîAST = (ST)îA(ST) which shows that 
A is indeed similar to the direct sum of the hypercompanion matrices. In any 
case, we have proved the difficult part of the next very important theorem (see 
also Theorem 7.42). 
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Theorem 8.18 (Jordan Canonical Form)   If A ! Mñ(ç), then A is similar 
over ç to the direct sum of the hypercompanion matrices of all the elementary 
divisors of xI - A, and this direct sum is unique except for the order of the 
blocks. Moreover, the numbers appearing on the main diagonal of the Jordan 
form are precisely the eigenvalues of A. (Note that the field ç can be replaced 
by an arbitrary field F if all the eigenvalues of A lie in F.) 
 
Proof   Existence was proved in the above discussion, so we now consider 
uniqueness. According to our general prescription, given a matrix A ! Mñ(ç), 
we would go through the following procedure to find its Jordan form. First we 
reduce the characteristic matrix xI - A to its unique Smith form, thus obtain-
ing the similarity invariants of A. These similarity invariants are then factored 
(over ç) to obtain the elementary divisors of xI - A. Finally, the correspond-
ing hypercompanion matrices are written down, and the Jordan form of A is 
just their direct sum. 
 All that remains is to prove the statement about the eigenvalues of A. To 
see this, recall that the eigenvalues of A are the roots of the characteristic 
polynomial det(xI - A). Suppose that J = SîAS is the Jordan form of A. Then 
the eigenvalues of J are the roots of 
 

det(xI - J)  =  det(xI - SîAS)  =  det[Sî(xI - A)S]  =  det(xI - A) 
 
so that A and J have the same eigenvalues. But J is an upper-triangular matrix, 
and hence the roots of det(xI - J) are precisely the diagonal entries of J.  ˙ 
  
Example 8.9   Referring to Example 8.8, we regard C as a matrix over M6(ç). 

Then its elementary divisors are eè(x) = (x - 1)2, eì(x) = (x + i)2 and e3(x) = 

(x - i)2. The corresponding hypercompanion matrices are 
 

H1 = H (e1(x)) =
1 1

0 1

!

"
#

$

%
&

H2 = H (e2 (x)) =
'i !!1

!!0 'i

!

"
#

$

%
&

H3 = H (e3(x)) =
i 1

0 i

!

"
#

$

%
&

 

 
and therefore A is similar over ç to its Jordan form Hè • Hì • H3.  " 
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 Our next theorem is really a corollary to Theorem 8.18, but it is a suffi-
ciently important result that we single it out by itself. 
 
Theorem 8.19   The geometric multiplicity of an eigenvalue ¬á (i.e., dim V¬á) 
belonging to a matrix A ! Mñ(ç) is the number of elementary divisors of the 
characteristic matrix xI - A that correspond to ¬á. In other words, the number 
of basic Jordan blocks (i.e., hypercompanion matrices) belonging to ¬á in the 
Jordan canonical form of A is the same as the geometric multiplicity of ¬á. 
 
Proof   Suppose that there are ná elementary divisors belonging to ¬á, and let 
{Háè, . . . , Hiná} be the corresponding hypercompanion matrices. By suitably 
numbering the eigenvalues, we may write the Jordan form of A as 
 

A  =  Hèè • ~ ~ ~ • H1nè • ~ ~ ~ • Hr1 • ~ ~ ~ • Hrn‹ 

 
where we assume that there are r distinct eigenvalues of A. For definiteness, 
let us arbitrarily consider the eigenvalue ¬è and look at the matrix ¬èI - A. 
Since ¬è - ¬á " 0 for i " 1, this matrix takes the form 
 

¬èI - A  =  Bèè • ~ ~ ~ • B1nè • Jìè • ~ ~ ~ • J2nì • ~ ~ ~ • Jr1 • ~ ~ ~ • Jrn‹ 
 
where each Báé is of the form 
 

 

0 !1 !!0 ! !!0

0 !!0 !1 ! !!0

" !!" !!" !!"

0 !!0 !!0 ! !1

0 !!0 !!0 ! !!0

"
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and each Jáé looks like 
 

 

!
1
" !

i
"1 !!0 ! 0 0

0 !
1
" !

i
"1 ! 0 0

" " !!" " "

0 0 !!0 ! !
1
" !

i
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0 0 !!0 ! 0 !
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" !
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!!.  

 
It should be clear that each Jáé is nonsingular (since they are all equivalent to 
the identity matrix of the appropriate size), and that each Báé has rank equal to 
one less than its size. Since A is of size n, this means that the rank of ¬èI - A 
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is n - nè (just look at the number of linearly independent rows in ¬èI - A). But 
from Theorem 5.6 we have 
 

   dim V¬è  =  dim Ker(¬èI - A)  =  nul(¬èI - A)  =  n - r(¬èI - A)  =  nè  . 
 
In other words, the geometric multiplicity of ¬è is equal to the number of 
hypercompanion matrices corresponding to ¬è in the Jordan form of A. Since 
¬è could have been any of the eigenvalues, we are finished.  ˙ 
 
Example 8.10   Suppose A ! M6(ç) has characteristic polynomial 
 

ÎA(x)  =  (x - 2)4(x - 3)2 

 
and minimal polynomial 
 

   m(x)  =  (x - 2)2(x - 3)2  . 
 
Then A has eigenvalue ¬è = 2 with multiplicity 4, and ¬ì = 3 with multiplicity 
2, and these must lie along the diagonal of the Jordan canonical form. We 
know that (see the proof of the corollary to Theorem 8.10) 
 

ÎA(x)  =  m(x)qn-1(x) ~ ~ ~ qè(x) 
 
where qñ(x) = m(x), . . . , qè(x) are the similarity invariants of A, and that the 
elementary divisors of xI - A are the powers of the prime factors of the qá(x). 
What we do not know however, is whether the set of elementary divisors of 

xI - A is {(x - 2)2, (x - 3)2, (x - 2)2} or {(x - 2)2, (x - 3)2, x - 2, x - 2}. 
 Using Theorem 8.18, we then see that the only possible Jordan canonical 
forms are (up to the order of the blocks) 
 

2 1

2

2 1

2

3 1

3

!

"

#
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#
#
#
#
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!!!!!!or !!!!!!
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Note that in the first case, the geometric multiplicity of ¬è = 2 is two, while in 
the second case, the geometric multiplicity of ¬è = 2 is three. In both cases, the 
eigenspace corresponding to ¬ì = 3 is of dimension 1.  " 
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Example 8.11   Let us determine all possible Jordan canonical forms for the 
matrix A ! ç(3) given by 

2 !!a !!b

0 !!2 !!c

0 !!0 !1

"

#

$
$
$

%

&

'
'
'
!!.  

 
The characteristic polynomial for A is easily seen to be 
 

ÎA(x)  =  (x - 2)2(x + 1) 
 
and hence (by Theorem 7.12) the minimal polynomial is either the same as 
ÎA(x), or is just (x - 2)(x + 1). If m(x) = Î(x), then (using Theorem 8.18 
again) the Jordan form must be 
 

2 1

2

!1

"

#

$
$
$

%

&

'
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while in the second case, it must be 
 

2

2
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If A is to be diagonalizable, then (either by Theorem 7.26 or the fact that the 
Jordan form in the second case is already diagonal) we must have the second 
case, and hence 

0 = m(A) = (A ! 2I )(A+ I ) =

0 3a ac

0 0 0

0 0 0

"

#

$
$
$

%

&

'
'
'

 

 
so that A will be diagonalizable if and only if a = 0.  " 
 
 As another application of Theorem 8.16 we have the following useful 
result. Note that here the field F can be either ® or ç, and need not be alge-
braically closed in general. 
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Theorem 8.20   Suppose Bá ! Mná(F) for i = 1, . . . , r and let A = Bè • ~ ~ ~ • 
Br ! Mñ(F) (so that n = ÍiÂ=1ná). Then the set of elementary divisors of xI - A 
is the totality of elementary divisors of all the xI - Bá taken together. 
 
Proof   We prove the theorem for the special case of A = Bè • Bì. The general 
case follows by an obvious induction argument. Let S = {eè(x), . . . , em(x)} 
denote the totality of elementary divisors of xI - Bè and xI - Bì taken 
together. Thus, the elements of S are powers of prime polynomials. Following 
the method discussed at the end of Theorem 8.8, we multiply together the 
highest powers of all the distinct primes that appear in S to obtain a polyno-
mial which we denote by qñ(x). Deleting from S those eá(x) that we just used, 
we now multiply together the highest powers of all the remaining distinct 
primes to obtain qn-1(x). We continue this procedure until all the elements of 
S are exhausted, thereby obtaining the polynomials qk+1(x), . . . , qñ(x). Note 
that our construction guarantees that qé(x)|qj+1(x) for j = k + 1, . . . , n - 1. 
Since fñ(x) = qè(x) ~ ~ ~ qñ(x), it should also be clear that 

degqj (x) = n1 + n2 = n!!.

i=k+1

n

!  

 Denote the companion matrix C(qé(x)) by simply Cé, and define the matrix 
 

   Q  =  Ck+1 • ~ ~ ~ • Cñ  !  Mñ(F)  . 
 

Then 
   xI - Q  =  (xI - Ck+1) • ~ ~ ~ • (xI - Cñ)  . 

 
But according to Theorem 8.14, xI - Cé — diag(1, . . . , 1, qé(x)), and hence 
 

   xI - Q  —  diag(1, . . . , 1, qk+1(x)) • ~ ~ ~ • diag(1, . . . , 1, qñ(x))  . 
 
Then (since the Smith form is unique) the nonunit similarity invariants of Q 
are just the qé(x) (for j = k + 1, . . . , n), and hence (by definition of elementary 
divisor) the elementary divisors of xI - Q are exactly the polynomials in S. 
Then by Theorem 8.16, Q is similar to the direct sum of the companion matri-
ces of all the polynomials in S. 
 On the other hand, Theorem 8.16 also tells us that Bè and Bì are each simi-
lar to the direct sum of the companion matrices of the elementary divisors of 
xI - Bè and xI - Bì respectively. Therefore Bè • Bì = A is similar to the direct 
sum of the companion matrices of all the polynomials in S. We now see that A 
is similar to Q, and hence (by Theorem 8.9, Corollary 1) xI - A and xI - Q 
have the same elementary divisors. Since the elementary divisors of xI - Q are 
just the polynomials in S, and S was defined to be the totality of elementary 
divisors of xI - Bè and xI - Bì, the proof is complete.  ˙ 
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 The notion of “uniqueness” in Theorem 8.18 is an assertion that the Jordan 
form is “uniquely defined” or “well-defined.” Suppose A ! Mñ(ç) has Jordan 
form Hè • ~ ~ ~ • Hp where each Há is a basic Jordan block, and suppose that 
Gè • ~ ~ ~ • Gq is any other matrix similar to A which is a direct sum of basic 
Jordan blocks. Then it follows from Theorem 8.20 that the Gá must, except for 
order, be exactly the same as the Há (see Exercise 8.6.4). We state this in the 
following corollary to Theorem 8.20. 
 
Corollary  (Uniqueness of the Jordan form)   Suppose A ! Mñ(ç), and let 
both G = G1 • ~ ~ ~ • Gp and H = H1 • ~ ~ ~ • Hq be similar to A, where each 
Gá and Há is a basic Jordan block. Then p = q and, except for order, the Gá are 
the same as the Há. 
 
 We saw in Section 7.5 that if a vector space V is the direct sum of T-
invariant subspaces Wá (where T ! L(V)), then the matrix representation A of 
T is the direct sum of the matrix representations of Tá = T\Wá (Theorem 7.20). 
Another common way of describing this decomposition of A is the following. 
We say that a matrix is reducible over F if it is similar to a block diagonal 
matrix with more than one block. In other words, A ! Mñ(F) is reducible if 
there exists a nonsingular matrix S ! Mñ(F) and matrices B ! Mp(F) and C ! 
Mq(F) with p + q = n such that SîAS = B • C. If A is not reducible, then we 
say that A is irreducible. A fundamental result is the following. 
 
Theorem 8.21   A matrix A ! Mñ(F) is irreducible over F if and only if A is 
nonderogatory and the characteristic polynomial ÎA(x) is a power of a prime 
polynomial. Alternatively, A is irreducible if and only if xI - A has only one 
elementary divisor. 
 
Proof   If A is irreducible, then xI - A can have only one elementary divisor 
(which is then necessarily a prime to some power) because (by Theorem 8.16) 
A is similar to the direct sum of the companion matrices of all the elementary 
divisors of xI - A. But these elementary divisors are the factors of the similar-
ity invariants qÉ(x) where qÉ(x)|qk+1(x), and therefore it follows that 
 

   qè(x)  =  ~ ~ ~  =  qn-1(x)  =  1  . 
 
Hence A is nonderogatory (corollary to Theorem 8.10). 
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 Now assume that A is nonderogatory and that ÎA(x) is a power of a prime 
polynomial. From Theorem 8.10 and its corollary we know that qè(x) = ~ ~ ~ = 
qn-1(x) = 1, and hence qñ(x) = m(x) = ÎA(x) is now the only elementary 
divisor of xI - A. If A were reducible, then (in the above notation) it would be 
similar over F   to a matrix of the form B • C = SîAS, and by Corollary 1 of 
Theorem 8.9, it would then follow that xI - A has the same elementary divi-
sors as xI - (B • C) = (xI - B) • (xI - C). Note that by the corollary to 
Theorem 8.8, xI - A and Sî(xI - A)S = xI - SîAS have the same elementary 
divisors. But xI - B and xI - C necessarily have at least one elementary 
divisor each (since their characteristic polynomials are nonzero), and (by 
Theorem 8.20) the elementary divisors of xI - SîAS are the totality of the 
elementary divisors of xI - B plus those of xI - C. This contradicts the fact 
that xI - A has only one elementary divisor, and therefore A must be irre-
ducible.  ˙ 
 
 For example, we see from Theorem 8.17 that the hypercompanion matrix 

H((x - a)k) is always irreducible. One consequence of this is that the Jordan 
canonical form of a matrix is the “simplest” in the sense that there is no simi-
larity transformation that will further reduce any of the blocks on the diagonal. 
Similarly, since any elementary divisor is a power of a prime polynomial, we 
see from Theorem 8.14 that the companion matrix of an elementary divisor is 
always irreducible. Thus the rational canonical form can not be further 
reduced either. Note that the rational canonical form of a matrix A ! Mñ(ç) 
will have the same “shape” as the Jordan form of A. In other words, both 
forms will consist of the same number of blocks of the same size on the 
diagonal. 
 In Sections 7.2 and 7.7 we proved several theorems that showed some of 
the relationships between eigenvalues and diagonalizability. Let us now relate 
what we have covered in this chapter to the question of diagonalizability. It is 
easiest to do this in the form of two simple theorems. The reader should note 
that the companion matrix of a linear polynomial x - aà is just the 1 x 1 matrix 
(aà). 
 
Theorem 8.22   A matrix A ! Mñ(F) is similar over F to a diagonal matrix 
D ! Mñ(F) if and only if all the elementary divisors of xI - A are linear. 
 
Proof   If the elementary divisors of xI - A are linear, then each of the corre-
sponding companion matrices consists of a single scalar, and hence the 
rational canonical form of A will be diagonal (Theorem 8.16). Conversely, if 
A is similar to a diagonal matrix D, then xI - A and xI - D will have the same 
elementary divisors (Theorem 8.9, Corollary 1). Writing D = Dè • ~ ~ ~ • Dñ 
where Dá = (dá) is just a 1 x 1 matrix, we see from Theorem 8.20 that the ele-
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mentary divisors of xI - D are the linear polynomials {x - dè, . . . , x - dñ} 
(since the elementary divisor of xI - Dá = (x - dá) is just x - dá).  ˙ 
 
Theorem 8.23   A matrix A ! Mñ(F) is similar over F to a diagonal matrix 
D ! Mñ (F) if and only if the minimal polynomial for A has distinct linear 
factors in P = F[x]. 
 
Proof   Recall that the elementary divisors of a matrix in Mñ(P) are the 
powers of prime polynomials that factor the invariant factors qÉ(x), and 
furthermore, that qÉ(x)|qk+1(x). Then all the elementary divisors of such a 
matrix will be linear if and only if its invariant factor of highest degree has 
distinct linear factors in P. But by Theorem 8.10, the minimal polynomial for 
A ! Mñ(F) is just its similarity invariant of highest degree (i.e., the invariant 
factor of highest degree of xI - A ! Mñ(P)). Then applying Theorem 8.22, we 
see that A will be diagonalizable if and only if the minimal polynomial for A 
has distinct linear factors in P.  ˙ 
 
 While it is certainly not true that any A ! Mñ(ç) is similar to a diagonal 
matrix, it is an interesting fact that A is similar to a matrix in which the off-
diagonal entries are arbitrarily small. To see this, we first put A into its Jordan 
canonical form J. In other words, we have 
 

 

J = S
!1
AS =

j
11

j
12

0 0 ! 0 0

0 j
22

j
23

0 ! 0 0

" " " " " "

0 0 0 0 ! jn!1 n!1 jn!1 n

0 0 0 0 ! 0 jnn

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

!!.  

 

If we now define the matrix T = diag(1, ", "2, . . . , "n-1), then we leave it to 
the reader to show that 
 

 

T
!1
JT = (ST )

!1
A(ST )

=

j11 " j12 0 0 ! 0 0

0 j22 " j23 0 ! 0 0

" " " " " "

0 0 0 0 ! jn!1 n!1 " jn!1 n

0 0 0 0 ! 0 jnn
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(
(
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!!.
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By choosing ! as small as desired, we obtain the form claimed. 
 
 
Exercises 
 
1. If all the eigenvalues of A " Mñ(F) lie in F, show that the Jordan canoni-

cal form of A has the same “block structure” as its rational canonical 
form. 

 
2. Prove Theorem 7.25 using the Jordan canonical form (Theorem 8.18). 
 
3. Prove Theorem 7.26 using the Jordan canonical form. 
 
4. Finish proving the corollary to Theorem 8.20. 
 
5. State and prove a corollary to Theorem 8.16 that is the analogue of the 

corollary to Theorem 8.20. 
 
6. (a)  Suppose a matrix A has characteristic polynomial 
 

ÎA(x)  =  (x - 2)4(x - 3)3 
 
 and minimal polynomial 
 

   m(x)  =  (x - 2)2(x - 3)2  . 
 
 What are the possible Jordan forms for A? 

 (b)  Suppose A has characteristic polynomial ÎA(x) = (x - 2)3(x - 5)2. 
What are the possible Jordan forms? 

 
7. Find all possible Jordan forms for those matrices with characteristic and 

minimal polynomials given by: 

 (a) Î(x) = (x - 2)4(x - 3)2 and m(x) = (x - 2)2(x - 3)2. 

 (b) Î(x) = (x - 7)5 and m(x) = (x - 7)2. 

 (c) Î(x) = (x - 2)7 and m(x) = (x - 2)3. 

 (d) Î(x) = (x - 3)4(x - 5)4 and m(x) = (x - 3)2(x - 5)2. 
 
8. Show that every complex matrix is similar to its transpose. 
 

9. Is it true that all complex matrices A " Mn(ç) with the property that An = 

I but Ak # I for k < n are similar? Explain. 
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10. (a)  Is it true that an eigenvalue ¬ of a matrix A ! Mn(ç) has multiplicity 

1 if and only if ¬I - A has rank n - 1? 
 (b)  Suppose an eigenvalue ¬ of A ! Mn(ç) is such that r(¬I - A) = n - 1. 

Prove that either ¬ has multiplicity 1, or else r(¬I - A)2 = n - 2. 
 

11. Suppose A ! Mn(ç) is idempotent, i.e., A2 = A. What is the Jordan form 
of A? 

 
12. Suppose A ! Mn(ç) is such that p(A) = 0 where 
 

p(x)  =  (x - 2)(x - 3)(x - 4) . 
 
 Prove or disprove the following statements: 
 (a)  The minimal polynomial for A must be of degree 3. 
 (b)  A must be of size n ¯ 3. 
 (c)  If n > 3, then the characteristic polynomial of A must have multiple 

roots. 
 (d)  A is nonsingular. 
 (e)  A must have 2, 3 and 4 as eigenvalues. 
 (f)  If n = 3, then the minimal and characteristic polynomials of A must 

be the same. 
 (g)  If n = 3 then, up to similarity, there are exactly 10 different choices 

for A. 
 
13. Recall that A ! Mn(ç) is said to be nilpotent of index k if k is the 

smallest integer such that Ak = 0.  
 (a)  Describe the Jordan form of A. 
 Prove or disprove each of the following statements about A ! Mn(ç): 
 (b)  A is nilpotent if and only if every eigenvalue of A is zero. 

 (c)  If A is nilpotent, then r(A) - r(A2) is the number of elementary divi-
sors of A. 

 (d)  If A is nilpotent, then r(A) - r(A2) is the number of p x p Jordan 
blocks of A with p > 1. 

 (e)  If A is nilpotent, then the nul(A) is the number of Jordan blocks of A 
(counting 1 x 1 blocks). 

 (f)  If A is nilpotent, then nul(Ak +1) - nul(Ak) is the number of Jordan 
blocks of size greater than k. 
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14. Suppose A ! Mn(ç) has eigenvalue ¬ of multiplicity m. Prove that the 
elementary divisors of A corresponding to ¬ are all linear if and only if  

r(¬I - A) = r((¬I - A)2). 
 
15. Prove or disprove the following statements about matrices A, B ! Mn(ç): 
 (a)  If either A or B is nonsingular, then AB and BA have the same mini-

mal polynomial. 
 (b)  If both A and B are singular and AB " BA, then AB and BA are not 

similar. 
 
16. Suppose A ! Mn(ç), and let adj A be as in Theorem 4.11. If A is nonsin-

gular, then (SASî)î = SAîSî implies that adj(SASî) = S(adj A)Sî by 
Theorem 4.11. By using “continuity” arguments, it is easy to show that 
this identity is true even if A is singular. Using this fact and the Jordan 
form, prove: 

 (a)  If det A = 0 but Tr(adj A) " 0, then 0 is an eigenvalue of A with 
multiplicity 1. 

 (b)  If det A = 0 but Tr(adj A) " 0, then r(A) = n - 1. 
 
 
8.7   CYCLIC SUBSPACES * 
 
It is important to realize that the Jordan form can only be found in cases where 
the minimal polynomial is factorable into linear polynomials (for example, if 
the base field is algebraically closed). On the other hand, the rational canoni-
cal form is valid over non-algebraically closed fields. In order to properly 
present another way of looking at the rational canonical form, we first intro-
duce cyclic subspaces. Again, we are seeking a criterion for deciding when 
two matrices are similar. The clue that we now follow up on was given earlier 
in Theorem 7.37. 
 Let V " 0 be a finite-dimensional vector space over an arbitrary field F  , 
and suppose T ! L(V). We say that a nonzero T-invariant subspace Z of V is 
T-cyclic if there exists a nonzero v ! Z and a positive integer k ˘ 0 such that 

Z is spanned by the set {v, T(v), . . . , Tk(v)}. An equivalent way of defining 
T-cyclic subspaces is given in the following theorem. 
 
Theorem 8.24   Let V be finite-dimensional and suppose T ! L(V). A 
subspace Z ™ V is T-cyclic if and only if there exists a nonzero v ! Z such 
that every vector in Z can be expressed in the form f(T)(v) for some f(x) ! 
F[x]. 
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Proof   If Z is T-cyclic, then by definition, any u ! Z may be written in terms 

of the set {v, T(v), . . . , Tk(v)} as 
 

u  =  aàv + aèT(v) + ~ ~ ~ + akTk(v)  =  (aà + aèT + ~ ~ ~ + aÉTk)(v)  =  f(T)(v) 
 

where f(x) = aà + aèx + ~ ~ ~ + aÉxk ! F[x]. On the other hand, if every u ! Z is 

of the form f(T)(v), then Z must be spanned by the set {v, T(v), T2(v), . . . }. 
But Z is finite-dimensional (since it is a subset of the finite-dimensional space 
V), and hence there must exist a positive integer k such that Z is spanned by 

the set {v, T(v), . . . , Tk(v)}.  ˙ 
 
 Generalizing these definitions slightly, let v ! V be nonzero. Then the set 
of all vectors of the form f(T)(v) where f(x) varies over all polynomials in 
F[x] is a T-invariant subspace called the T-cyclic subspace of V generated 

by v. We denote this subspace by Z(v, T). We also denote the restriction of T 
to Z(v, T) by Tv = T\Z(v, T). That Z(v, T) is a subspace is easily seen since for 
any f, g ! F[x] and a, b ! F we have 
 

af(T)(v) + bg(T)(v)  =  [af(T) + bg(T)](v)  =  h(T)(v)  !  Z(v, T) 
 
where h(x) = af(x) + bg(x) ! F[x] (by Theorem 7.2). It should be clear that 
Z(v, T) is T-invariant since any element of Z(v, T) is of the form f(T)(v), and 
hence 

T[f(T)(v)]  =  [Tf(T)](v)  =  g(T)(v) 
 
where g(x) = x f(x) ! F[x]. In addition, Z(v, T) is T-cyclic by Theorem 8.24. 
In the particular case that Z(v, T) = V, then v is called a cyclic vector for T. 
 Let us briefly refer to Section 7.4 where we proved the existence of a 
unique monic polynomial mv(x) of least degree such that mv(T)(v) = 0. This 
polynomial was called the minimal polynomial of the vector v. The existence 
of mv(x) was based on the fact that V was of dimension n, and hence for any 

v ! V, the n + 1 vectors {v, T(v), . . . , Tn(v)} must be linearly dependent. 
This showed that deg mv(x) ¯ n. Since mv(x) generates the ideal NT(v), it 
follows that mv(x)|f(x) for any f(x) ! NT(v), i.e., where f(x) is such that 
f(T)(v) = 0. Let us now show how this approach can be reformulated in terms 
of T-cyclic subspaces. 
 Using Theorem 8.24, we see that for any nonzero v ! V we may define 
Z(v, T) as that finite-dimensional T-invariant subspace of V spanned by the 

linearly independent set {v, T(v), . . . , Td-1(v)}, where the integer d ˘ 1 is de-

fined as the smallest integer such that the set {v, T(v), . . . , Td(v)} is linearly 
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dependent. This means that Td(v) must be a linear combination of the vectors 

v, T(v), . . .   , Td-1(v), and hence is of the form 
 

Td(v)  =  aàv + ~ ~ ~ + ad-1Td-1(v) 
 
for some set of scalars {aá}. Defining the polynomial 
 

mv(x)  =  xd - ad-1xd-1 - ~ ~ ~ - aà 
 
we see that mv(T)(v) = 0, where deg mv(x) = d. All that really remains is to 
show that if f(x) ! F[x] is such that f(T)(v) = 0, then mv(x)|f(x). This will 
prove that mv(x) is the polynomial of least degree with the property that 
mv(T)(v) = 0. 
 From the division algorithm, there exists g(x) ! F[x] such that 
 

f(x)  =  mv(x)g(x) + r(x) 
 
where either r(x) = 0 or deg r(x) < deg mv(x). Substituting T and applying this 
to v we have (using mv(T)(v) = 0) 
 

   0  =  f(T)(v)  =  g(T)mv(T)(v) + r(T)(v)  =  r(T)(v)  . 
 
But if r(x) " 0 with deg r(x) < deg mv(x), then (since Z(v, T) is T-invariant) 

r(T)(v) is a linear combination of elements in the set {v, T(v), . . . , Td-1(v)}, 
and hence the equation r(T)(v) = 0 contradicts the assumed linear inde-
pendence of this set. Therefore we must have r(x) = 0, and hence mv(x)|f(x). 
 Lastly, we note that mv(x) is in fact the unique monic polynomial of least 
degree such that mv(T)(v) = 0. Indeed, if mæ(x) is also of least degree such that 
mæ(T)(v) = 0, then the fact that deg mæ(x) = deg mv(x) together with the result 
of the previous paragraph tells us that mv(x)|mæ(x). Thus mæ(x) = åmv(x) for 
some å ! F, and choosing å = 1 shows that mv(x) is the unique monic poly-

nomial of least degree such that mv(T)(v) = 0. 
 We summarize this discussion in the following theorem. 
 
Theorem 8.25   Let v ! V be nonzero and suppose T ! L(V). Then there 
exists a unique monic polynomial mv(x) of least degree such that mv(T)(v) = 
0. Moreover, for any polynomial f(x) ! F[x] with f(T)(v) = 0 we have 
mv(x)|f(x). 
 
Corollary   If m(x) is the minimal polynomial for T on V, then mv(x)|m(x) for 
every nonzero v ! V. 
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Proof   By definition of minimal polynomial we know that m(T) = 0 on V, so 
that in particular we have m(T)(v) = 0. But now Theorem 8.25 shows that 
mv(x)|m(x).  ˙ 
 
 For ease of reference, we bring together Theorems 8.24 and 8.25 in the 
next basic result. 
 
Theorem 8.26   Let v ! V be nonzero, suppose T ! L(V), and let 
 

mv(x)  =  xd - ad-1 xd-1 - ~ ~ ~ - aà 
 

be the minimal polynomial of v. Then {v, T(v), . . . , Td-1(v)} is a basis for the 
T-cyclic subspace Z(v, T), and hence dim Z(v, T) = deg mv(x) = d. 
 

Proof   From the way that mv(x) was constructed, the vector Td(v) is the first 

vector in the sequence {v, T(v), T2(v), . . . } that is a linear combination of the 

preceding vectors. This means that the set S = {v, T(v), . . . , Td-1(v)} is lin-
early independent. We must now show that f(T)(v) is a linear combination of 
the elements of S for every f(x) ! F[x]. 

 Since mv(T)(v) = 0 we have T d
(v) = !

i=0
d"1
a
i
T
i
(v) . Therefore 

 

T
d+1
(v) = a

i
T
i+1
(v)+ a

d!1T
d
(v)

i=0

d!2

" = a
i
T
i+1
(v)+ a

d!1 a
i
T
i
(v)

i=0

d!2

"
i=0

d!2

" !!. 

 

This shows that Td+1(v) is a linear combination of the elements of S. We can 

clearly continue this process for any Tk(v) with k ˘ d, and therefore f(T)(v) is 

a linear combination of v, T(v), . . . , Td-1(v) for every f(x) ! F[x]. Thus S is a 
basis for the T-cyclic subspace of V generated by v.  ˙ 
 
 The following example will be used in the proof of the elementary divisor 
theorem given in the next section. 
 
Example 8.12   Suppose that the minimal polynomial of v is given by mv(x) = 

p(x)n where p(x) is a monic prime polynomial of degree d. Defining W = 

Z(v, T), we will show that p(T)s(W) is a T-cyclic subspace generated by 
p(T)(v), and is of dimension d(n - s) if s < n, and dimension 0 if s ˘ n. It 

should be clear that p(T)s(W) is a T-cyclic subspace since every element of W 
is of the form f(T)(v) for some f(x) ! F[x] and W is T-invariant. 
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 Since p(x) is of degree d, we see that deg mv(x) = deg p(x)n = dn (see 
Theorem 6.2(b)). From Theorem 8.26, we then follows that W has the basis 

{v, T(v), . . .   , Tdn-1(v)}. This means that any w ! W may be written as 
 

w  =  aàv + a1T(v) + ~ ~ ~ + adn-1Tdn-1(v) 
 

for some set of scalars aá. Applying p(T)s to w we have 
 

p(T)s(w)  =  aàp(T)s(v) + ~ ~ ~ + aá[Tip(T)s](v) + ~ ~ ~ + adn-1[Tdn-1p(T)s](v)  . 
 

But mv(T)(v) = p(T)n(v) = 0 where deg mv(x) = dn, and deg p(x)s = ds. 

Therefore, if s ˘ n we automatically have p(T)s(w) = 0 so that p(T)s(W) is of 
dimension 0. If s < n, then the maximum value of i in the expression for 

p(T)s(w) comes from the requirement that i + ds < dn which is equivalent to 
i < d(n - s). This leaves us with 
 

p(T)s(w)  =  aà[p(T)s(v)] + ~ ~ ~ + ad(n-s)-1Td(n-s)-1 [p(T)s(v)] 
 

and we now see that any element in p(T)s(W) is a linear combination of the 

terms aáTi[p(T)s(v)] for i = 0, . . . , d(n - s) - 1. Therefore if s < n, this shows 

that p(T)s(W) is a T-cyclic subspace of dimension d(n - s) generated by 

p(T)s(v).  " 
 
 In Section 7.4 we showed that the minimal polynomial for T was the 
unique monic generator of the ideal NT = ⁄v´VNT(v). If we restrict ourselves 
to the subspace Z(v, T) of V then, as we now show, it is true that the minimal 
polynomial mv(x) of v is actually the minimal polynomial for Tv  = T\Z(v, T). 
 
Theorem 8.27   Let Z(v, T) be the T-cyclic subspace of V generated by v. 
Then mv(x) is equal to the minimal polynomial for Tv = T\Z(v, T). 
 

Proof   Since Z(v, T) is spanned by {v, T(v), T2(v), . . . , Td-1(v)}, the fact that 
mv(T)(v) = 0 means that mv(T) = 0 on Z(v, T) (by Theorem 7.2). If p(x) is the 
minimal polynomial for Tv, then Theorem 7.4 tells us that p(x)|mv(x). On the 
other hand, from Theorem 7.17(a), we see that p(T)(v) = p(Tv)(v) = 0 since 
p(x) is the minimal polynomial for Tv . Therefore, Theorem 8.25 shows us 
that mv(x)|p(x). Since both mv(x) and p(x) are monic, this implies that mv(x) 
= p(x).  ˙ 
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 Theorem 8.27 also gives us another proof of the corollary to Theorem 
8.25. Thus, since mv(x) = p(x) (i.e., the minimal polynomial for Tv), Theorem 
7.17(b) shows that mv(x)|m(x). Moreover, we have the next result that ties 
together these concepts with the structure of quotient spaces. 
 
Theorem 8.28   Suppose T ! L(V), let W be a T-invariant subspace of V and 
let Tä ! A( Vä) be the induced linear operator on Vä = V/W (see Theorem 7.35). 
Then the minimal polynomial mùv(x) for võ ! V/W divides the minimal 
polynomial m(x) for T. 
 
Proof   From the corollary to Theorem 8.25 we have mùv(x)|mù(x) where mù(x) 
is the minimal polynomial for Tä. But mù(x)|m(x) by Theorem 7.35.  ˙ 
 
Corollary   Using the same notation as in Theorems 8.25 and 8.28, if the 

minimal polynomial for T is of the form p(x)n where p(x) is a monic prime 

polynomial, then for any v ! V we have mv(x) = p(x)nè and mùv(x) = p(x)nì for 
some nè, nì ¯ n. 
 

Proof   From the above results we know that mv(x)|p(x)n and mùv(x)|p(x)n. The 
corollary then follows from this along with the unique factorization theorem 
(Theorem 6.6) and the fact that p(x) is monic and prime.  ˙ 
 
 In the discussion that followed Theorem 7.16 we showed that the (unique) 
minimal polynomial m(x) for T ! L(V) is also the minimal polynomial mv(x) 
for some v ! V. (This is because each basis vector vá for V has its own mini-
mal polynomial m á(x), and the least common multiple of the má(x) is both the 
minimal polynomial for some vector v ! V and the minimal polynomial for 
T.)  Now suppose that v also happens to be a cyclic vector for T, i.e., Z(v, T) = 
V. By Theorem 8.26 we know that 
 

   dim V  =  dim Z(v, T)  =  deg mv(x)  =  deg m(x)  . 
 
However, the characteristic polynomial ÎT(x) for T must always be of degree 
equal to dim V, and hence the corollary to Theorem 7.42 (or Theorems 7.11 
and 7.12) shows us that m(x) = ÎT(x). 
 On the other hand, suppose that the characteristic polynomial ÎT(x) of T is 
equal to the minimal polynomial m(x) for T. Then if v ! V is such that mv(x) 
= m(x) we have 
 

   dim V  =  deg ÎT(x)  =  deg m(x)  =  deg mv(x)  . 
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Applying Theorem 8.26 again, we see that dim Z(v, T) = deg mv(x) = dim V, 
and hence v is a cyclic vector for T. We have thus proven the following useful 
result. 
 
Theorem 8.29   Let V be finite-dimensional and suppose T ! L(V). Then T 
has a cyclic vector if and only if the characteristic and minimal polynomials 
for T are identical. Thus the matrix representation of T is nonderogatory. 
 
 In view of Theorem 8.12, our next result should have been expected. 
 
Theorem 8.30   Let Z(v, T) be a T-cyclic subspace of V, let Tv = T\Z(v, T) 
and suppose that the minimal polynomial for v is given by 
 

   mv(x)  =  xd - ad-1xd-1 - ~ ~ ~ - aà  . 
 

Then the matrix representation of Tv relative to the basis v, T(v), . . . , Td-1(v) 
for Z(v, T) is the companion matrix 
 

 

C(m
v
(x)) =

0 0 0 ! 0 a0

1 0 0 ! 0 a1

0 1 0 ! 0 a2

" " " " "

0 0 0 ! 0 a
d!2

0 0 0 ! 1 a
d!1

"

#

$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'

!!.  

 
Proof   Simply look at Tv applied to each of the basis vectors of Z(v, T) and 

note that mv(T)(v) = 0 implies that Td(v) = aàv + ~ ~ ~ + ad-1Td-1(v). This 
yields 

 

T
v
(v) = 0v+T (v)

T
v
(T (v)) = 0v+ 0T (v)+T

2
(v)

!

T
v
(T

d!2
(v)) = 0v+"+T

d!1
(v)

T
v
(T

d!1
(v)) = T

d
(v) = a0v+"+ a

d!1T
d!1
(v)

 

 
As usual, the ith column of the matrix representation of Tv is just the image 
under Tv of the ith basis vector of Z(v, T) (see Theorem 5.11).  ˙ 
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Exercises 
 
1. If T ! L(V) and v ! V, prove that Z(v, T) is the intersection of all T-

invariant subspaces containing v. 
 
2. Suppose T ! L(V), and let u, v ! V have relatively prime minimal poly-

nomials mu(x) and mv(x). Show that mu(x)mv(x) is the minimal polyno-
mial of u + v. 

 
3. Prove that Z(u, T) = Z(v, T) if and only if g(T)(u) = v where g(x) is rela-

tively prime to mu(x). 
 
 
8.8   THE ELEMENTARY DIVISOR THEREOM * 
 
The reader should recall from Section 7.5 that if the matrix representation A 
of an operator T ! L(V) is the direct sum of smaller matrices (in the appro-
priate basis for V), then V is just the direct sum of T-invariant subspaces (see 
Theorem 7.20). If we translate Theorem 8.16 (the rational canonical form) 
into the corresponding result on the underlying space V, then we obtain the 
elementary divisor theorem. 
 
Theorem 8.31 (Elementary Divisor Theorem)   Let V " {0} be finite-
dimensional over an arbitrary field F, and suppose T ! L(V). Then there exist 
vectors vè, . . . , vr in V such that: 

(a) V = Z(vè, T) • ~ ~ ~ • Z(vr, T). 

(b) Each vá has minimal polynomial pá(x)ná where pá(x) ! F[x] is a monic 
prime. 

(c) The number r of terms in the decomposition of V is uniquely deter-

mined, as is the set of minimal polynomials pá(x)ná. 
 
Proof   This is easy to prove from Theorem 8.16 (the rational canonical form) 
and what we know about companion matrices and cyclic subspaces (partic-
ularly Theorem 8.30). The details are left to the reader.  ˙ 
 

 From Theorem 8.26 we see that dim Z(vá, T) = deg pá(x)ná, and hence from 
the corollary to Theorem 2.15 we have 

dimV = deg pi (x)
ni

i=1

r

! !!.  

The polynomials pá(x)ná defined in Theorem 8.31 are just the elementary divi-
sors of x1 - T. For example, suppose that T ! L(V) and x1 - T has the ele-
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mentary divisors x + 1, (x - 1)2, x + 1, x2 + 1 over the field ®. This means that 
V is a vector space over ® with 
 

V  =  Z(vè, T) • Z(vì, T) • Z(v3, T) • Z(v4, T) 
 

and the minimal polynomials of vè, vì, v3, v4 are x + 1, (x - 1)2, x + 1, x2 + 1 
respectively. Furthermore, T = Tè • Tì • T3 • T4 where Tá = T\Z(vá, T) and 
the minimal polynomial for Tá is just the corresponding minimal polynomial 

of vá (Theorem 8.27). Note that if the field were ç instead of ®, then x2 + 1 
would not be prime, and hence could not be an elementary divisor of x1 - T. 
 It is important to realize that Theorem 8.31 only claims the uniqueness of 
the set of elementary divisors of x1 - T. Thus the vectors vè, . . . , vr and 
corresponding subspaces Z(vè, T), . . . , Z(vr, T) are themselves not uniquely 
determined by T. In addition, we have seen that the elementary divisors are 
unique only up to a rearrangement. 
 It is also possible to prove Theorem 8.31 without using Theorem 8.16 or 
any of the formalism developed in Sections 8.2 - 8.7. We now present this 
alternative approach as a difficult but instructive application of quotient 
spaces, noting that it is not needed for anything else in this book. We begin 
with a special case that takes care of most of the proof. Afterwards, we will 
show how Theorem 8.31 follows from Theorem 8.32. It should also be 
pointed out that Theorem 8.32 also follows from the rational canonical form 
(Theorem 8.16). 
 

Theorem 8.32   Let T ! L(V) have minimal polynomial p(x)n where p(x) is a 
monic prime polynomial. Then there exist vectors vè, . . . , vr ! V such that 
 

   V  =  Z(vè, T) • ~ ~ ~ • Z(vr, T)  . 
 
In addition, each vá has corresponding minimal polynomial (i.e., order) given 

by p(x)ná where n = n1 ˘ nì ˘ ~ ~ ~ ˘ nr . Furthermore, any other decomposition 
of V into the direct sum of T-cyclic subspaces has the same number r of 
components and the same set of minimal polynomials (i.e., orders). 
 
Proof   Throughout this (quite long) proof, we will use the term “order” rather 
than “minimal polynomial” for the sake of clarity. Furthermore, we will refer 
to the T-order of a vector rather than simply the order when there is a 
possible ambiguity with respect to the operator being referred to. 
 We proceed by induction on the dimension of V. First, if dim V = 1, then 
T(V) = V and hence f(T)(V) = V for any f(x) ! F[x]. Therefore V is T-cyclic 
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and the theorem holds in this case. Now assume dim V > 1, and suppose that 
the theorem holds for all vector spaces of dimension less than that of V.  

 Since p(x)n is the minimal polynomial for T, we know that p(T)n(v) = 0 

for all v ! V. In particular, there must exist a vè ! V such that p(T)n(vè) = 0 

but p(T)n-1(vè) " 0 (or else p(x)n-1 would be the minimal polynomial for T). 

This means that p(x)n must be the T-order of vè (since the minimal polynomial 
of vè is unique and monic). Now let Zè = Z(vè, T) be the T-invariant T-cyclic 
subspace of V generated by vè. We also define Vä = V/Zè along with the 
induced operator Tä ! A(Vä). Then by Theorem 7.35 we know that the minimal 

polynomial for Tä divides the minimal polynomial p(x)n for T, and hence the 

minimal polynomial for Tä is p(x)nì where nì ¯ n. This means that Vä and Tä 
satisfy the hypotheses of the theorem, and hence by our induction hypothesis 
(since dim Vä < dim V), Vä must be the direct sum of T-cyclic subspaces. We 
thus write 

Vä  =  Z( võì, Tä ) • ~ ~ ~ • Z( võr, Tä ) 
 

where each võá has corresponding Tä-order p(x)ná with n ˘ nì ˘ ~ ~ ~ ˘ nr . It is 
important to remember that each of these või is a coset of Zè in V, and thus may 
be written as või = uá + Zè for some uá ! V. This means that every element of võá 
is of the form uá + zá for some zá ! Zè. 
 We now claim that there exists a vector vì in the coset võì such that the T-

order of vì is just the Tä-order p(x)nì of võì. To see this, let w ! võì be arbitrary 
so that we may write w = uì + zì for some uì ! V and zì ! Zè ™ V. Since 

p(Tä)nì(v õì) = 0ä = Zè, we have (see Theorem 7.35) 
 

Zè  =  p(Tä)nì(võì)  =  p(Tä)nì(uì + Zè)  =  p(T)nì(uì) + Zè 
 

and hence p(T)nì(uì) ! Zè. Using the fact that Zè is T-invariant, we see that 
 

   p(T)nì(w)  =  p(T)nì(uì) + p(T)nì(zì)  !  Zè  . 
 
Using the definition of Zè as the T-cyclic subspace generated by vè, this last 
result implies that there exists a polynomial f(x) ! F[x] such that 
 

  p(T )
n2 (w) = f (T )(v1)!!.  (1) 

 

But p(x)n is the minimal polynomial for T, and hence (1) implies that 
 

   0  =  p(T)n(w)  =  p(T)n-nìp(T)nì(w)  =  p(T)n-nìf(T)(vè)  . 
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Since we showed that p(x)n is also the T-order of vè, Theorem 8.25 tells us 

that p(x)n divides p(x)n -nìf(x), and hence there exists a polynomial g(x) ! 

F[x] such that p(x)n -nì f(x) = p(x)ng(x). Rearranging, this may be written as 

p(x)n -nì[f(x) - p(x)nìg(x)] = 0. Since F[x] is an integral domain, this implies 
(see Theorem 6.2, Corollary 2) 
 

  f (x) = p(x)
n2 g(x)!!. (2) 

 
We now define 
  v2 = w ! g(T )(v1)!!. (3) 
 
By definition of Zè we see that w - vì = g(T)(vè) ! Zè, and therefore (see 
Theorem 7.30) 
 

   vì  !  w + Zè  =  uì + zì + Zè  =  uì + Zè  =  võì  . 
 
 Since võì = uì + Zè and vì ! võì, it follows that vì = uì + z for some z ! Zè. 
Now suppose that h(x) is any polynomial such that h(T)(vì) = 0. Then 
 

0  =  h(T)(vì)  =  h(T)(uì + z)  =  h(T)(uì) + h(T)(z) 
 
so that h(T)(uì) = -h(T)(z) ! Zè (since Zè is T-invariant). We then have 
 

   h(Tä)(võì)  =  h(Tä)(uì + Zè)  =  h(T)(uì) + Zè  =  Zè  =  0ä  . 
 
According to Theorem 8.25, this then means that the Tä-order of võì divides 
h(x). In particular, choosing h(x) to be the T-order of vì, we see that the T-
order of vì is some multiple of the Tä-order of võì. In other words, the T-order 

of vì must equal p(x)nìq(x) for some polynomial q(x) ! F[x]. However, from 
(3), (1) and (2) we have  
 

p(T )
n2 (v2 ) = p(T )

n2 [w ! g(T )(v1)]

= p(T )
n2 (w)! p(T )

n2 g(T )(v1)

= f (T )(v1)! f (T )(v1)

= 0!!.

 

 

This shows that in fact the T-order of vì is equal to p(x)nì as claimed. 
 In an exactly analogous manner, we see that there exist vectors v3 , . . . , vr 

in V with vá ! võá and such that the T-order of vá is equal to the Tä-order p(x)ná 
of võá. For each i = 1, . . . , r we then define the T-cyclic subspaces Zá = Z(vá, T) 
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where Zè was defined near the beginning of the proof. We must show that V = 
Zè • ~ ~ ~ • Zr . 

 Let deg p(x) = d so that deg p(x)ná = dná (see Theorem 6.2(b)). Since p(x)ná 
is the T-order of vá , Theorem 8.26 shows that Z(vá, T) has basis 
 

   {vá, T(vá), . . .   , Tdná-1(vá)}  . 
 

Similarly, p(x)ná is also the Tä-order of võá  for i = 2, . . . , r and hence Z(võá, Tä) 
has the basis 

   {võá, Tä(võá), . . . , Tädná-1(või)}  . 
 
Since Vä = Z(võì, Tä) • ~ ~ ~ • Z(võr, Tä), we see from Theorem 2.15 that Vä has 
basis 

   {võì, . . . , Tädnì-1(võì), . . . , võr, . . . , Tädë-1(võr)}  . 
 
 Recall that võá = uá + Zè and vá ! võá. This means that vá = uá + zá for some 
zá ! Zè so that 

võá  =  vá - zá + Z1  =  vá + Z1 
 
and hence (see the proof of Theorem 7.35) 
 

   Täm(võá)  =  Täm(vá + Zè)  =  T”m”(vá + Zè)  =  Tm(vá) + Zè  . 
 
Using this result in the terms for the basis of Vä, Theorem 7.34 shows that V 
has the basis (where we recall that Zè is just Z(vè, T)) 
 

   {vè, . . . , Tdnè-1(vè), vì, . . . , Tdnì-1(vì), . . . , vr, . . . , Tdë-1(vr)}  . 
 
Therefore, by Theorem 2.15, V must be the direct sum of the Zá = Z(vá, T) for 
i = 1, . . . , r. This completes the first part of the proof. 
 We now turn to the uniqueness of the direct sum expansion of V. Note that 
we have just shown that V = Zè • ~ ~ ~ • Zr where each Zá = Z(vá, T) is a T-
cyclic subspace of V. In addition, the minimal polynomial (i.e., order) of vá is 

p(x)ná where p(x) is a monic prime polynomial of degree d, and p(x)n is the 
minimal polynomial for T. Let us assume that we also have the decomposition 
V = Zæè • ~ ~ ~ • Zæs where Zæá = Z(væá, T) is a T-cyclic subspace of V, and væá 

has minimal polynomial p(x)má with mè ˘ ~ ~ ~ ˘ ms. (Both vá and væá have 
orders that are powers of the same polynomial p(x) by the corollary to 
Theorem 8.25.) We must show that s = r and that má = ná for i = 1, . . . , r. 
 Suppose that ná " má for at least one i, and let k be the first integer such 
that nÉ " mÉ while né = mé for j = 1, . . . , k - 1. We may arbitrarily take nÉ > 
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mÉ. Since V = Zæè • ~ ~ ~ • Zæs , any u ! V may be written in the form u = 

uæè + ~ ~ ~ + uæs where uæá ! Zæá. Furthermore, since p(T)má is linear, we see that 
 

p(T)má(u)  =  p(T)má(uæè) + ~ ~ ~ + p(T)má(uæs) 
 
and hence we may write 
 

   p(T)má(V)  =  p(T)má(Zæè) • ~ ~ ~ • p(T)má(Zæs)  . 
 
Using the definition of the T-cyclic subspace ZæÉ along with the fact that 

p(T)mÉ(væÉ) = 0, it is easy to see that p(T)mÉ(ZæÉ) = 0. But the inequality mÉ ˘ 

mk+1 ˘ ~ ~ ~ ˘ ms implies that p(T)mÉ(Zæá) = 0 for i = k, k + 1, . . . , s and hence 
we have 

   p(T)mÉ(V)  =  p(T)mÉ(Zæè) • ~ ~ ~ • p(T)mÉ(Zæk-1)  . 
 

From Example 8.12, we see that p(T)má(Zæé) is of dimension d(mé - má) for 
má ¯ mé . This gives us (see the corollary to Theorem 2.15) 
 

   dim p(T)mÉ(V)  =  d(mè - mÉ) + ~ ~ ~ + d(mk-1 - mÉ)  . 
 
 On the other hand, we have V = Zè • ~ ~ ~ • Zr, and since k ¯ r it follows 
that Zè • ~ ~ ~ • ZÉ ™ V. Therefore 
 

p(T)mÉ(V) ! p(T)mÉ(Zè) • ~ ~ ~ • p(T)mÉ(ZÉ) 

 

and hence, since dim p(T)má(Zé) = d(né - má) for má ¯ né , we have 
 

   dim p(T)mÉ(V)  ˘  d(nè - mÉ) + ~ ~ ~ + d(nk-1 - mÉ) + d(nÉ - mÉ)  . 
 
However, ná = má for i = 1, . . . , k - 1 and nÉ > mÉ. We thus have a contradic-

tion in the value of dim p(T)mÉ(V), and hence ná = má for every i = 1, . . . , r 
(since if r < s for example, then we would have 0 = ns " ms for every s > r). 
This completes the entire proof of Theorem 8.32.  ˙ 
 
 In order to prove Theorem 8.31 now, we must remove the requirement in 

Theorem 8.32 that T ! L(V) have minimal polynomial p(x)n. For any finite-
dimensional V " {0}, we know that any T ! L(V) has a minimal polynomial 
m(x) (Theorem 7.4). From the unique factorization theorem (Theorem 6.6), 
we know that any polynomial can be factored into a product of prime 

polynomials. We can thus always write m(x) = pè(x)nè ~ ~ ~ pr(x)ë where each 
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pá(x) is prime. Hence, from the primary decomposition theorem (Theorem 
7.23), we then see that V is the direct sum of T-invariant subspaces Wá = 

Ker pá(T)ná for i = 1, . . . , r such that minimal polynomial of Tá = T\Wá is 

pá(x)ná. 
 Applying Theorem 8.32 to each space Wá and operator Tá ! L(Wá), we see 
that there exist vectors wiÉ ! Wá for k = 1, . . . , rá such that Wá is the direct 
sum of the Z(wiÉ, Tá). Moreover, since each Wá is T-invariant, each of the Tá-
cyclic subspaces Z(wiÉ, Tá) is also T-cyclic, and the minimal polynomial of 
each generator wiÉ is a power of pá(x). This discussion completes the proof of 
Theorem 8.31. 
 Finally, we remark that it is possible to prove the rational form of a matrix 
from this version (i.e., proof) of the elementary divisor theorem. However, we 
feel that at this point it is not terribly instructive to do so, and hence the inter-

ested reader will have to find this approach in one of the books listed in the 
bibliography. 
 
 
Exercise 
 
 Prove Theorem 8.31 using the rational canonical form. 
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